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Abstract

We derive some properties of co-relation operator and its spectral measure. We
derive theorems related to Lebesque decomposition theorem and Hellinger
integrals. The stationary sequence play a crucial role in determining spectral
measure and angle between the part and future of a stationary sequence. we
derive here the characteristic properties of the spectral measures on stochastic
processes and its regularity condition. We discuss characteristic properties of
the regularized version of a stochastic process equivalent to the modified
application of random variables and its application to Ito’s construction of
simple paths of a given process. The significant aspect in Ito’s construction
consists of the regularization of the sample paths of the given process.

Keywords:- co-relation operator, characteristic properties, cylindrical
probability, Gaussian measures, separable Banach spaces, Gaussian random
element,

Introduction

Let (B, (B)u) be a real separable Banach space with a man —zero Gaussian
measures p defined on the Borel o-algebra (B). we know that for these spaces
the measure p may be obtained as a [J-extension of the canonical cylindrical
probability measure Hi concentrated on a separable Hilbert space, H: such that

Bx cH, = H,cB ..(1.1)

The embedding of H- into B is a continuous linear injection, and each
continuous linear functional on B restricted to the space H-[Jin the norm of B.
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The problem for separable Banach spaces was considered by L. Gross and J.
Kuelbs, H. Sato. These results were generalized to locally convex Hausdorff
for real vector spaces by Ch. Borell. In spaces Ly, the canonical measureable
stochastic process play an important role. The elements of Ly are classes of
almost measurable equivalent functions. We simplify this problem in Ly spaces
by considering the canonical measurable stochastic process & (t). we consider
here that for each fixed x. §(t) is defined for almost all t. in the space Ly the
canonical measurable process play s the same role as the evolutions []: in the
space C(T). we modify here the results of A. T. Bawniczak in more simple and
elegant. We extend here the results derived by J. Rajput.

(i) Definition (linear space)

Let us denote by (x, F, [1) a measurable linear space with complete [I-algebra,
F in a probability measure [0 and by (R, 8B) the real line with Borel [1-algebra
of subsets.

(i) Definition (Quasi —additive)

F is a quasi-additive measureable functional (q.m.f) defined on (X, F) if
(1) F is a measurable mapping from (X, F) into (R, B),
(i) F(x+ty)=FX)£F(y) [O0x O] a.e

We state the following significant direction (i) Each finite linear combination
of g. m. f. is a g.m.f. Let F be a g.m.f. we identify f with the equivalence class
of measurable functions equal to F- a.e., and by X" we denote the space of all
q.m.f. with topology generated by convergence in measure (ii) The space X"
is a linear space with the ordinary operations of addition and scalar-
multiplication.

(iii) Definition (Gaussian random element)

A random element Y on (X F) is a Gaussian random element if for each arbitrary
independent random elements Y1, Y2 with the same distribution as Y, the random
elements Y1 + Y2 +, Y1 — Y2 are independent. A probability measure [ defined
on measureable linear space (X, F) is a Gaussian measure if [J is the distribution
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of a Gaussian element Y. we now establish a lemma related to Gaussian
measures. we state a lemma before proving the main theorem.

Lemma

Let (X, F, (1) be a measurable linear space with Gaussian measure []; then each
quasi-additive measureable functional F has a Gaussian distribution. when [J is
a symmetric measure then F has a symmetric distribution.

Theorem

Let (X, F, [J) be a measurable linear space with [J-algebra F completed in a
symmetric Probability measure [J. Also {F: : t € TI'} of quasi-additive
measurable functional generates F, then

Ln{E, : T e T} =X, ...(1.2)

Where the closure of lin{F: : t € T'} is taken with respect to convergence in
measure.

Proof

It is sufficient to prove that

t LOLin{F, : T € T} DX}

Let us suppose that there exists a g.m.f. Fo such that Fo € X" and Fo ¢ L(I").
Since L(T") is a closed linear subspace of L2([1), then there exists an orthogonal
projection on this subspace

P(G) = Proj L(n (9) ...(1.3)

From assertion of previous theorem, it follows that Fo — P(Fo) is a non-
degenerate Gaussian random variable, which is independent of F and
measureable with respect to F, this is a contradiction thus the theorem is proved
we derive properties of probability measure in Orlicz space. Let (T, F, m) be an
arbitrary [1-finite measure space with [Jlalgebra F. Let S be the space of
equivalence classes of all real —valued measurable functions with convergence
in measure m. Let So be the subset of S consisting of elements equivalent to
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functions of the form 1g, where E € F, m(E) < . We assume here that So is
separable with respect to the topology induced from S. Let Lo = Lo(m) be the
closed linear subspace in S generated by So. Let ¢ be continuous, non-negative,
non-decreasing function defined for u > 0 such that ¢(u) = 0 if and only if u =
0. we also that the function ¢(u) satisfies the condition (1.3), i.e., there is a
positive constant k such that

¢(2u) < ko(u)
For x € S, let us put
Ro(x) = [ &(Ix(t)]) m (dt) ...(1.4)

and let Ly be the set of all x € S such that Ry¢(ax) < « for a positive constant a.
The set Ly is a linear space under the usual addition and scalar multiplication.
Hence, it becomes a complete metric linear space under the semi norm || . ||¢ :

[I1X||¢ = inf{c : ¢ >0, Ry (C* x) <c} ...(1.5)

we extend it to Orlicz space to Weiner space that Ly < Lo (endowed with the
Borel [J-field induced by the topology of convergence in measure m). it is
denoted by 8B (L¢), B (Lo) the Borel [1-algebras in Lg, Lo respectively, then

B(Lys) — Ly n B (L)
We illustrate Orlicz spaces by examples

If (u) = u/l+u; T =[0, 1] and m is Lebesgue measure on F the [1-algebra of all
Lebesgue measurable sets, then Ly = Lo[O, 1].

If $(u) € uP, 0 < p <o and T =[0, 1] with m Lebesgue measure on F the (-
algebra of all Lebesgue measureable sets, then Ly = Lp [0, 1].

Let & = {&(t) : t € T} be a measurable stochastic process defined on a
probability space (Q, £, P), such that £(., ®) € Ly a.e. Let & : Q + Ly be defined
as follows.
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(&l if &, w) €Ly
SE10 ifd o) €L,

...(1.6)

Since ¥ has a separable range, it is a random element (r.e) with values in L.
The probability distribution of Xis denoted by (I, and called the measure
induced by the process [1.

Modified version of Probability measures on stochastic process

We suitably apply the techniques for proving earlier results which depend on
properties of locally convex vector spaces. Here the dual space of continuous
linear function play an important role. However, there are metric linear spaces,
natural from the Point of view of probability theory, having no non-trivial
continuous linear functional. A stochastic process [J = {{J(t) :t € T} is called
Gaussian if there is a measureable subset To, m(To) — 0 such that for every t,....,
tk € T\To; <[I(t1),... [J(tk)> is a Gaussian random vector. Let [1[Jbe a Gaussian
mesure on a separable Orlicz space (Lo, (L¢)). Then there exists a measurable
Gaussian stochastic process [1 on T x Q, (Q, X, P) = (L¢ , B(Ly), 1) including
measure [J. Let 6(t) = ECI(t), K(s, t) = E(TI(s)) - 6(s) (I(t) - 6(t)) then 6 € Ly
and (for the diagonal of K) K'2 e Ly. T. Bycz knows had shown that for each
probability measure [ on (L¢, (L¢)) we construct a measurable stochastic
process [ = {[J(t) : t € T} with sample paths in Ly such that ¥(x) = x p a., €;
the induced measure [1- equals [J and for every par (s, u) of real numbers.

O(t; sx £uy) =sl(t, x) zull(t ey) mx O x O0O000a.e. ...(1.7)

We thus find that if [1 = {[J(t) :t € T} is a measurable stochastic process which
satisfies assertion of theorem. By including measure [1 on a separable Orlicz
space (L¢, B(Ly)) and To € F is an arbitrary subset, m(To) = 0, then there exists
a countable family {{J(ti) : ti € T/To} of quasi additive measureable functional
obtained from the process [ which generates the [J[lalgebra 8 (Ls) (mod [J)
(i.e., there exists N € B(Ly), [J(N) = 0) such that the famility {{I(ti) : ti € T\To}
generates N® m B(Ly) in N n Ly. Let [1) be some measurable stochastic process
with sample paths in Ly ; i=1, 2 and let [J, denote the measure induced by (], on
Lo, i =1, 2. Then [0y = [0 iff there is a To € F. m (To) = 0 such that the
corresponding finite dimensional distributions of [Jy and [J. based on points T\to
are equal. Let [0 = {[J(t) : t € T} be an arbitrary stochastic process of the second
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order. By Hs([1) we will denote the subspace of L2(Q, X, P) generated by the set
of random variables {[1(t) : t € S}. we now establish a related to non-degenerate
Gaussian measure.

Theorem

If [ is a non-degenerate Gaussian measure on (Lg, (L)), then the space (Lg)"
is a non-trivial closed liner subspace of L2(Lsy), B(Ly), [J). Let [ = {0(t) : t €
T} be an arbitrary measurable stochastic process defined on (Q, X, P) = (Lo,
B(Ly), [1), inducing the measure [], such that x(x) = x [] a.e.

O, x 2y) = 0, x) 20(t,y) mx Ox 000000000000
Then there exists a measurable subset To m(To) = 0 such that
Hr\To(0) = (Ly) ...(1.8)
Proof

Let OOO{0(t) : t € T} be a stochastic process as asserted in the theorem. Then
there exists a measurable subset To,m(To) = 0. And a measurable subset N. [J(N)
= 0, such that {[I(t) : t € T\To} is a family of gq. m. f defined on Ly which
separates points of Ly m N since the measure [J is non-degenerate then the
space (Ls)" Jis non-trivial thus, it follows that

Hr\ Ty (&) = n{&(t): t € T\To} = (Ly)}, ...(1.9)
The comparative analysis of Gaussian measure vrs Probability measure

Let [J be a Gaussian measure on a separable Banach space (E (E)), if and only
if each continuous linear functional on E is a Gaussian real random variable, for
a Banach space it is equivalent to the definition of quasi-additive linear
functions. We replace linear functional by the adjoint space of a vector space
by a space where as defined as follows.

Theorem
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Let (Lo, (Lg), [1) be a separable Orlicz space with a probability measure [J and
the dual space (Ls)" . Then [(Jis a Gaussian measure if and only if every gq.m.f.
F is a Gaussian real valued random variable.

Proof

If (1 is a Gaussian measures on (Lg¢, (L¢)), then for every q.m.f. F is a Gaussian
real valued random variable. Let [J be an arbitrary measure on (L, (L¢)) and let
us assume that each q.m.f. Fis distributed. Hence, we thus find that there exists
a measurable stochastic process. [1 = {[0(t : t € T)} defined on (Lo, B(Ly), )
such that ¥(x) = x [J a.e., and there exists a measurable subset To, m(To) = 0
such that {[1(t) : t € T\To} is a family of g.m.f. The assumption that any finite
dimensional vector <(I(t1), .... O(tn)>, {t1,....,tn} < T\To is Gaussian distributed
It implies that the measure [0 is Gaussian. We further obtain that for any
probability measure [10defined on (Lo, B(Le),) there corresponds a measurable
stochastic process DO OOMOO(t): t € T} with almost all sample paths in Ly,
inducing measure [J, i.e. ¥(xX) = x [1 a.e. let us consider the case where T is the
real line R, F = B(R) and m is Lebesgue measure; for a class of measurable
stochastic process with sample paths in Ly including measure [J, there is one
“nice” stochastic process, [1 = {[I(t) : t € T}, called a canonical measurable
stochastic process with is of great impotence. The advantage of using this
process lies in the fact that for each equivalence class x € Lg¢, [0(X) € x(t). if
x(t) is a continuous function then [J(x) = x. it developed the canonical
measurable stochastic process [1 = {[I(t) : t € T} based on the Lebesgue density
theorem which stats that each measurable, real — valued function defined on the
real line T with Lebesgue measure m is almost everywhere continuous in the
density topology d. By taking the approximate limit of elements of Lo. L to
obtained as selector of Lo of “nice functions” on T, the canonical measureable
function on T. Hence, for a given measurable stochastic process [1 = {[I(t) : t e
T} the canonical modification is obtained by means of the regularization of the
sample paths. ILo also proved that when a stochastic process is defined on
standard Borel space the canonical modification of it is a measureable stochastic
process. We extend its area of application by establishing a lemma.

lim &(s,w)if this limit exists
Stw) =4 a ...(1.10)
undefined if otherwise
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Let us assume that (Q2, 2, [J) = (L, B(L+), n). Let & be function defined on (L,
B(L[), n) as follows .

E(x) = x4, i.e.

lim x(s)if this limit exists and is finite
xi@t) =1{°q ..(1.11)
undefined if otherwise

The value of §(x) attimet € T, if itis defined and denoted by &(t,®). Since (L,
B (L.)u) is a standard Borel space, then by Ito’s theorem {§(t) : t € T} is a
canonical measurable stochastic process such that for each equivalence class x
e Lo, &(., X) € x, the distribution pe of the random element & equals p, and
Fubini’s Theorem implies that for almost all t E(t, X £y) = &(t, X) = &(t, y) u X
u a.e. if the probability measure p is Gaussian then the stochastic process {&(t)
-t e T} is a Gaussian process. We have used here the symbol & for the canonical
measureable random function defined on (Lr- BIOL-)u) by &(x) = x?, and we also
denote by {&(t) Lt € T} the canonical stochastic process obtained from it.

Interpretation on spectral measure

Let X be an L(H, K)- valued stationary sequence and let E(.) be the spectral
measure of the shift operator of X. The L*(H) — valued function defined as
follows.

F() = X(0)" E(1J) X(0) ...(1.12)

is said to be the spectral measure of the sequence X. According to derivation of
H. Shelah. F(.)x is a countable additive H-valued set function. Thus for every
bounded Borel measureable function f the integral f(t)F(dt)x is well defined
(3.12) implies that.

In)x = fel’”fF(dt)x ..(1.13)

For every x [0 Hand n [0 Z. we modify the result due to on spectral measure of
stationary sequence.
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