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  ABSTRACT  

 
 

 In this article we presented a concept of an eigenvalues 

on Riemannian manifolds, we estimated a value of 

aconstant 𝑐𝑚 [ 𝑔 ] that Korevaar [3 ], used it to estimated 

a value of  𝜆𝑘 𝑀,𝑔  . We proved theorems 4 and 5   by 

theorem 2.1 of [1] and we applyed this theorem to the 

Steklov eigenvalue problem.  
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INTRODUCTION: 

    Let (𝑴,𝒈) Is a compact orientable 𝒎-dimensional Riemannian manifold. the spectrum of the Laplace 

operator acting on functionsis discrete and consists of a nondecreasing sequence  𝝀𝒌 𝑴,𝒈  𝒌=𝟏
∞  of 
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eigenvalues each occurring with finite multiplicity. By Weyl's law, the asymptotic behavior of 𝝀𝒌 is 

given by (see [2]). 

𝜆𝑘 𝑀,𝑔 ~𝛼𝑚  
𝑘

𝜇𝑔 𝑀 
 

2

𝑚

, 𝑘 ⟶ ∞            

    where 𝜇𝑔  is the Riemannian measure associated with𝑔,𝛼𝑚 = 4𝜋2𝑤𝑚

−
2

𝑚  and 𝑤𝑚  is the volume of the unit 

ball in the standard ℝ𝑚 . 

 Korevaar [3], obtained the following upper bounds: 

(i) If (𝑀𝑚 ,𝑔) is a compact Riemannian manifold of dimension 𝑚, then for every 𝑘 ∈ 𝑁∗, 

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝑐𝑚  𝑔  𝑘
2

𝑚 ,                       1  

where 𝑐𝑚([𝑔]) is a constant depending only on the conformal class [𝑔] of the metric 𝑔. 

(ii) If (Σ𝛾 ,𝑔) is a compact orientable surface of genus 𝛾, then for every 𝑘 ∈ 𝑁∗, 

𝜆𝑘 Σ𝛾 ,𝑔 𝜇𝑔 Σ𝛾 ≤ 𝐶 𝛾 + 1 𝑘,                    2  

where 𝐶 is a universal constant. 

   N. Korevaar [3], proved that If a compact Riemannian manifold (𝑀,𝑔) of dimension 𝑚 ≥ 2 is conformally 

equivalent to a Riemannian manifold with nonnegative Ricci curvature  

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝐵𝑚𝑘
2

𝑚 ,                    3  

where 𝐵𝑚  is a constant depending only on 𝑚. 

Corollary .1 we show that for each integer 𝑚 ≥ 2 

     (i) 𝑐𝑚 [ 𝑔 ] ≥ 𝐵𝑚  

(ii) 𝑉𝑜𝑙  
𝐵𝑚

𝐶𝑚
 

2 𝑚 

≥ 0   

Proof.  (i) when 𝑚 = 2 Korevaar  obtain the following bound in inequality (1)  

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝑐𝑚  𝑔  𝑘
2

𝑚 ,       

With (3)  

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝐵𝑚𝑘
2

𝑚 ,    

Hence we have  𝐶𝑚 [ 𝑔 ] ≥ 𝐵𝑚  

       Where 𝐶𝑚   𝑔   is a constant depending on the conformal class [𝑔]of metric  .  

          (ii) Theorem .5 with (3) give that  

𝐴𝑚𝑉𝑜𝑙  𝑔  
2 𝑚 + 𝐵𝑚𝐾

2 𝑚 ≥ 𝐶𝑚  𝑔  𝐾
2 𝑚  

𝐴𝑚𝑉𝑜𝑙  𝑔  + 𝐶𝑚  𝑔  ≥ 𝐶𝑚  𝑔   
For (i) .By which we get  

𝐴𝑚𝑉𝑜𝑙  𝑔  ≥ 0 , 
𝑉𝑜𝑙  𝑔  ≥ 0  . 

 

      Now we apply Theorem 2.1, of [1] to a special case of 𝑚 −𝑚 spaces which are Riemannian manifolds, 

in order to prove Theorem .5, and Theorem .4 . The arguments we use to prove these two theorems are 

similar. We start by giving in details the proof of Theorem .4. 
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Definition .2let(𝑀𝑚 ,𝑔) be a Riemannian manifold of dimension 𝑚.The capacity of a capacitor (𝐹,𝐺) in 𝑀 

is defined by. 

𝑐𝑎𝑝𝑔 𝐹,𝐺 = inf
𝜑∈𝒯

  ∇𝑔𝜑 
2

𝑀

𝑑𝜇𝑔 , 

Where 𝒯 = 𝒯 𝐹,𝐺  is the set of all compactly supported Lipschitz functions on 𝑀 such that supp 𝜑 ⊂ 𝐺∘ =
𝐺 ∖ 𝜕𝐺 and 𝜑 ≡ 1 in a neighborhood of 𝐹. If 𝒯 𝐹,𝐺  is empty, then 𝑐𝑎𝑝𝑔 𝐹,𝐺 = +∞. Similarly, we can 

define the 𝑚-capacity as. 

𝑐𝑎𝑝 𝑔 
 𝑚  𝐹,𝐺 = inf

𝜑∈𝒯
  ∇𝑔𝜑 

𝑚

𝑀

𝑑𝜇𝑔 , 

Since 𝑚 is the dimension of 𝑀, it is clear that the 𝑚-capacity depends onlyon the conformal class [𝑔] of the 

metric 𝑔. 

Proposition .3Under the assumptions of Theorem .4, take the𝑚 −𝑚space(Ω,𝑑𝑔0,𝜇), where 𝑑𝑔0 is the 

Riemannian distance corresponding to themetric 𝑔0 and 𝜇 is a non-atomic finite measure on Ω. Then for 

every 𝑛 ∈ ℕ∗, there exists a family of capacitors𝒜 =   𝐹𝑖 ,𝐺𝑖  𝑖=1
𝑛  with the following properties: 

(i) 𝜇 𝐹𝑖 ≥
𝜇 Ω 

8𝑐𝑚
2 𝑛

; 

(ii) The 𝐺𝑖’s are mutually disjoint; 

(iii) The family 𝒜 is such that either. 

(a) All the 𝐹𝑖’s are annuli, 𝐺𝑖 = 2𝐹𝑖  and 𝑐𝑎𝑝 𝑔 
 𝑚  𝐹𝑖 , 2𝐹𝑖 ≤ 𝑄𝑚 , or  

(b) All the 𝐹𝑖’s are domains in Ω and 𝐺𝑖 = 𝐹𝑖
𝑟0 , 

Where 𝑟0 =
1

1600
 and, 𝑐𝑚  and 𝑄𝑚  are constants depending only on the dimension,  

Proof. Let us start with the observation that the metric space (Ω,𝑑𝑔0
) satisfies the (2,𝑁; 1)-covering 

property. For each ball 𝐵(𝑥, 𝑟) with center in Ω and radius smaller than 1, take a maximal family 𝐵 𝑥𝑖 , 𝑟/4   
of disjoint balls with centers in 𝐵(𝑥, 𝑟). Let 𝑘 be the cardinal of that family. The family of balls  𝐵 𝑥𝑖 , 𝑟/2   
covers 𝐵(𝑥, 𝑟). Hence. 

𝑘min
𝑖
𝜇𝑔0

 𝐵 𝑥𝑖 , 𝑟/4  ≤ 𝜇𝑔0

𝑖

 𝐵 𝑥𝑖 , 𝑟/4  ≤ 𝜇𝑔0
 𝐵 𝑥, 𝑟 + 𝑟/4  . 

Take 𝑥𝑖0  such that 𝜇𝑔0
 𝐵 𝑥𝑖0 , 𝑟/4  = min𝑖 𝜇𝑔0

 𝐵 𝑥𝑖 , 𝑟/4  . We have 

𝑘 ≤
𝜇𝑔0

 𝐵 𝑥, 𝑟 + 𝑟/4  

min𝑖 𝜇𝑔0
 𝐵 𝑥𝑖 , 𝑟/4  

≤
𝜇𝑔0

 𝐵 𝑥, 2𝑟  

𝜇𝑔0
 𝐵 𝑥𝑖0 , 𝑟/4  

≤
𝜇𝑔0

 𝐵 𝑥𝑖0 , 4𝑟  

𝜇𝑔0
 𝐵 𝑥𝑖0 , 𝑟/4  

. 

Since𝑅𝑖𝑐𝑐𝑖𝑔0
 Ω ≥ − 𝑚 − 1 , we have ∀0 < 𝑠 < 𝑟, 

𝜇𝑔0
 𝐵 𝑥, 𝑟  

𝜇𝑔0
 𝐵 𝑥, 𝑠  

≤
 sinhm−1 𝑡𝑑𝑡
𝑟

0

 sinhm−1 𝑡𝑑𝑡
𝑠

0

. 

Since for every positive 𝑡 one has𝑡 ≤ sinh 𝑡 ≤ 𝑡𝑒𝑡 , we get 

𝜇𝑔0
 𝐵 𝑥, 𝑟  

𝜇𝑔0
 𝐵 𝑥, 𝑠  

≤  
𝑟

𝑠
 
𝑚

𝑒 𝑚−1 𝑟 . 

In particular, we have 
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𝜇𝑔0
 𝐵 𝑥, 𝑟  ≤ 𝑟𝑚𝑒 𝑚−1 𝑟 4  

And, ∀𝑟 < 1, 

𝑘 ≤
𝜇𝑔0

 𝐵 𝑥𝑖0 , 4𝑟  

𝜇𝑔0
 𝐵 𝑥𝑖0 , 𝑟/4  

≤ 24𝑚𝑒4 𝑚−1 𝑟 =:𝐶 𝑟 ≤ 𝐶 1 .      5  

One can take 𝑁 = 𝐶(1) and deduce that (Ω,𝑑𝑔0
) has the (2,𝑁; 1) covering property where 𝑁 depends only 

on the dimension. 

    Now the proof of Proposition.3,  is a straightforward consequence of Theorem2.1 of [1] recall that in the 

statement of Theorem 2.1 of [1], the constant 𝑐 depends only on 𝑁. Therefore, in our case 𝑐 depends only on 

the dimension. It remains to verify that in the case of annuli, there exists a constant 𝑄𝑚  depending only on 

the dimension such that for each 𝑖, we have 

𝑐𝑎𝑝 𝑔0 
 𝑚  𝐹𝑖 , 2𝐹𝑖 ≤ 𝑄𝑚  

    According to Theorem 2.1 of [1], the outer radii of the annuli we consider are smaller than one. It is 

enough to show that for each point 𝑥 ∈ Ω and0 ≤ 𝑟 < 𝑅 ≤ 1/2, we have 

𝑐𝑎𝑝 𝑔0 
 𝑚  𝐴, 2𝐴 ≤ 𝑄𝑚 6  

Where 𝐴 = 𝐴 𝑥, 𝑟,𝑅 . Set 

𝑓 𝑥 =

 
  
 

  
 

1 if 𝑥 ∈ 𝐴 𝑥, 𝑟,𝑅 

2𝑑𝑔0
 𝑥,𝐵 𝑥, 𝑟/2  

𝑟
if 𝑥 ∈ 𝐴 𝑥, 𝑟/2, 𝑟 = 𝐵 𝑥, 𝑟 ∖ 𝐵 𝑥, 𝑟/2 

1 −
𝑑𝑔0

 𝑥,𝐵 𝑥,𝑅  

𝑅
if 𝑥 ∈ 𝐴 𝑥,𝑅, 2𝑅 = 𝐵 𝑥, 2𝐵 ∖ 𝐵 𝑥,𝑅 

0 if 𝑥 ∈ 𝑀 ∖ 𝐴 𝑥, 𝑟/2,2𝑅 

  

It is clear that 𝑓 ∈ 𝒯 𝐴, 2𝐴  and 

 ∇𝑔0
𝑓 ≤

2

𝑟
, on 𝐵 𝑥, 𝑟 ∖ 𝐵 𝑥, 𝑟/2  

 ∇𝑔0
𝑓 ≤

1

𝑅
, 𝑥 ∈ 𝐵 𝑥, 2𝑅 ∖ 𝐵 𝑥,𝑅 . 

Therefore 

𝑐𝑎𝑝 𝑔0 
 𝑚  𝐴, 2𝐴 ≤   ∇𝑔0

𝑓 
𝑚
𝑑𝜇𝑔0

𝑀

≤  
2

𝑟
 
𝑚

𝜇𝑔0
 𝐴 𝑥, 𝑟/2, 𝑟  +  

1

𝑅
 
𝑚

𝜇𝑔0
 𝐴 𝑥,𝑅, 2𝑅  .

≤  
2

𝑟
 
𝑚

𝜇𝑔0
 𝐵 𝑥, 𝑟  +  

1

𝑅
 
𝑚

𝜇𝑔0
 𝐵 𝑥, 2𝑅  . 

    Now since 𝑟, 2𝑅 ∈ (0,1], Using inequality (4), one can control the last inequality by a constant 𝑄𝑚  

depending only on the dimension which completes the proof of inequality (6).  

   Now we show how Theorem.5, follows from Proposition.3. 

Theorem .4Let (𝑀,𝑔0) be a complete Riemannian manifold of dimension 𝑚 ≥ 2 with 𝑅𝑖𝑐𝑐𝑖𝑔0
 𝑀 ≥

−(𝑚− 1). 𝐿𝑒𝑡Ω ⊂ 𝑀 be a relatively compact domain with 𝐶1 boundary and 𝑔 be any metric conformal to 

𝑔0.Then for every𝑘 ∈ ℕ∗, we have, 
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𝜆𝑘 Ω,𝑔 𝜇𝑔 Ω 
2

𝑚 ≤ 𝐴𝑚
′ 𝜇𝑔0

 Ω 
2

𝑚 + 𝐵𝑚
′ 𝑘

2

𝑚 ,                       7  

where 𝐴𝑚
′  and 𝐵𝑚

′  are constants depending only on the dimension 𝑚. 

It is easy to see that we can derive from Theorem.5 and Theorem.6, inequalities 𝜆𝑘 𝑀,𝑔 ≤
 𝑚−1 2

4
𝑎2 +

𝛽𝑚  
𝑘

𝜇𝑔 𝑀 
 

2/𝑚

, as obtained by [4] and [5] but with different constants. 

Proof. Take the 𝑚 −𝑚space(Ω,𝑑𝑔0
, 𝜇Ω), where𝜇Ω =  𝜇𝑔 Ω

.According to Proposition.3, there exists a 

family  𝐹𝑖 ,𝐺𝑖  of 3𝑘 capacitors which satisfies the properties  i , (ii) and either(iii)(𝑎) or (iii)(𝑏) of the 

proposition. We consider each case separately. 

Case 1. If  𝐹𝑖 ,𝐺𝑖  𝑖=1
3𝑘 is a family with the properties  i , (ii) and (iii)(𝑎)of Proposition.3, then. 

𝜆𝑘 Ω,𝑔 ≤ 𝐴𝑚
′  

𝑘

𝜇𝑔 Ω 
 

2

𝑚

,                                                8  

Where 𝐴𝑚
′ = 24𝑐𝑚

2  2𝑄𝑚 
2

𝑚 . 

Indeed, we begin by choosing a family of 3𝑘 test functions  𝑓𝑖 :𝑓𝑖 ∈ 𝒯 𝐹𝑖 ,𝐺𝑖  𝑖=1
3𝑘   such that  

  ∇𝑔0
𝑓𝑖 

𝑚
𝑑𝜇𝑔0

𝑀

≤ 𝑐𝑎𝑝 𝑔0 
 𝑚  𝐹𝑖 ,𝐺𝑖 + 𝜖. 

Therefore, 

𝑅 𝑓𝑖 =
  ∇𝑔𝑓𝑖 

2
𝑑𝜇𝑔Ω

  𝑓𝑖 
2𝑑𝜇𝑔Ω

≤
   ∇𝑔0

𝑓𝑖 
𝑚
𝑑𝜇𝑔0Ω

 
2

𝑚   1𝑠𝑢𝑝𝑝 𝑓𝑖𝑑𝜇𝑔Ω
 

1−
2

𝑚

  𝑓𝑖 
2𝑑𝜇𝑔Ω

≤
 𝑐𝑎𝑝 𝑔0 

 𝑚  𝐹𝑖 ,𝐺𝑖 + 𝜖 

2

𝑚
 𝜇Ω 𝐺𝑖  

1−
2

𝑚

𝜇Ω 𝐹𝑖 
.                 9  

    The first inequality follows from Hölder inequality and, because of the conformal invariance 

of  ∇𝑔𝑓𝑖 
𝑚
𝑑𝜇𝑔 , we have replaced 𝑔 by 𝑔0. Since the 𝐺𝑖’s are disjoint domains and  𝜇Ω

3𝑘
𝑖=1  𝐺𝑖 ≤ 𝜇𝑔 Ω , at 

least 𝑘 of them have measure smaller than 
𝜇𝑔 Ω 

𝑘
. Up to re-ordering, we assume that for the first 𝑘 of the 𝐺𝑖’s 

we have. 

𝜇Ω 𝐺𝑖 ≤
𝜇𝑔 Ω 

𝑘
.                                                10  

Now, we can takeϵ = Qm . Using Proposition.3, (i) and (iii)(𝑎) and inequality (48), we get from inequality 

(9). 

𝑅 𝑓𝑖 ≤ 𝐴𝑚
′
 
𝜇𝑔 Ω 

𝑘
 

1−
2

𝑚

𝜇𝑔 Ω 

𝑘

= 𝐴𝑚
′  

𝑘

𝜇𝑔 Ω 
 

2

𝑚

, 

With 𝐴𝑚
′ = 24𝑐𝑚

2  2𝑄𝑚 
2

𝑚 , which completes the proof of Case 1. 

Case 2. If   𝐹𝑖 ,𝐺𝑖  𝑖=1
3𝑘  is a family with the properties (𝑖), (𝑖𝑖) and (𝑖𝑖𝑖)(𝑏) of Proposition.3, then. 
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𝜆𝑘 Ω,𝑔 ≤ 𝐵𝑚
′  

𝜇𝑔0
 Ω 

𝜇𝑔 Ω 
 

2

𝑚

,                                   11  

Where 𝐵𝑚
′ =

24𝑐𝑚
2

𝑟0
2 . 

Indeed, we define the test function 𝑓𝑖  as follows.  

𝑓𝑖 𝑥 =

 
 

 
1 if 𝑥 ∈ 𝐹𝑖

1 −
𝑑𝑔0

 𝑥,𝐹𝑖 

𝑟0
if 𝑥 ∈  𝐺𝑖 ∖ 𝐹𝑖 

0 if 𝑥 ∈ 𝐺𝑖
𝑐

  

We have  ∇𝑔0
𝑓𝑖 ≤

1

𝑟0
. Therefore, 

𝑅 𝑓𝑖 =
  ∇𝑔𝑓𝑖 

2
𝑑𝜇𝑔Ω

  𝑓𝑖 
2𝑑𝜇𝑔𝑀

≤
   ∇𝑔0

𝑓𝑖 
𝑚
𝑑𝜇𝑔0Ω

 
2

𝑚   1𝑠𝑢𝑝𝑝 𝑓𝑖𝑑𝜇𝑔Ω
 

1−
2

𝑚

  𝑓𝑖 
2𝑑𝜇𝑔Ω

≤

1

𝑟0
2  𝜇𝑔0

 𝐺𝑖 ∩ Ω  

2

𝑚
 𝜇𝑔0

 𝐺𝑖  
1−

2

𝑚

𝜇Ω 𝐹𝑖 
 12  

Since the 𝐺𝑖’s are disjoint, we have. 

 𝜇𝑔0

3𝑘

𝑖=1

 𝐺𝑖 ∩ Ω ≤ 𝜇𝑔0
 Ω 𝑎𝑛𝑑 𝜇Ω

3𝑘

𝑖=1

 𝐺𝑖 ≤ 𝜇𝑔 Ω . 

Hence, there exist at least 2𝑘 sets among 𝐺1,… ,𝐺3𝑘  such 𝜇𝑔0
 𝐺𝑖 ≤

𝜇𝑔0 Ω 

𝑘
. Similarly, there exist at least 2𝑘 

sets (not necessarily the same ones) such that 𝜇𝑔 𝐺𝑖 ≤
𝜇𝑔 Ω 

𝑘
. Therefore, up to re-ordering, we assume that 

the first 𝑘 of  𝐺𝑖’s satisfy both of the two following inequalities. 

𝜇Ω 𝐺𝑖 ≤
𝜇𝑔 Ω 

𝑘
𝑎𝑛𝑑𝜇𝑔0

 𝐺𝑖 ∩ Ω ≤
𝜇𝑔0

 Ω 

𝑘
.                       13  

Using Proposition.3, (i) and inequalities (13), we get from inequality (12) 

𝑅 𝑓𝑖 ≤ 𝐵𝑚
′
 
𝜇𝑔0

 Ω 

𝑘
 

2

𝑚
 
𝜇𝑔 Ω 

𝑘
 

1−
2

𝑚

𝜇𝑔 Ω 

𝑘

 

≤ 𝐵𝑚
′  

𝜇𝑔0
 Ω 

𝜇𝑔 Ω 
 

2

𝑚

 

With 𝐵𝑚
′ =

24𝑐𝑚
2

𝑟0
2 , which completes the proof of Case 2. 

In both cases, 𝜆𝑘(Ω,𝑔) is bounded above by the sum of the right-hand sides of (8) and (11), which completes 

the proof.  

Theorem .5There exist, for each integer 𝑚 ≥ 2, two constants 𝐴𝑚  and 𝐵𝑚  such that, for every compact 

Riemannian manifold (𝑀,𝑔) of dimension 𝑚 and every 𝑘 ∈ 𝑁∗, we have. 

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝐴𝑚Vol  𝑔  
2

𝑚 + 𝐵𝑚𝑘
2

𝑚 .                      14  

It is important to notice that the constant 𝐵𝑚  in inequality (14) cannot be equal to the constant 𝛼𝑚  in the 

Weyl law. Indeed, it follows from [6. Corollary.1] that such a 𝐵𝑚  must satisfy: 𝐵𝑚 ≥ 𝑚𝑤𝑚

2

𝑚 . On the other 
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hand, inequality (14) also gives an upper bound on the conformal spectrum introduced by [6] and shows that 

its asymptotic behavior obeys a Weyl type law. 

Proof.  Consider the 𝑚−𝑚 space (𝑀,𝑑𝑔0
, 𝜇𝑔), where𝑑𝑔0

 isthe distance associated with the metric 𝑔0 and 

𝜇𝑔  is the measure associated with the metric 𝑔. We easily see that we can follow the same arguments asin the 

proof of Theorem.4, to derive the following inequality. 

𝜆𝑘 𝑀,𝑔 𝜇𝑔 𝑀 
2

𝑚 ≤ 𝐴𝑚𝜇𝑔0
 𝑀 

2

𝑚 + 𝐵𝑚𝑘
2

𝑚 .                       15  

The left hand side does not depend on 𝑔0. Hence, we can take the infimum with respect to 𝑔0 ∈  [𝑔] such that 

𝑅𝑖𝑐𝑐𝑖𝑔0
 ≥ −(𝑚− 1), which leads to the desired conclusion. 

     Now we give an application of Theorem.2.1 of [1], to the Steklov eigenvalue problem. 

       Let Ω be a bounded subdomain of a complete 𝑚-dimensional Riemannian manifold (𝑀,𝑔) and assume 

that Ω has nonempty smooth boundary 𝜕Ω. Given a function 𝑢 ∈ 𝐻
1

2(𝜕Ω), we denote by 𝑢  theunique 

harmonic extension of 𝑢 to Ω, that is. 

 
∆𝑔𝑢 = 0 𝑖𝑛 Ω

𝑢 = 𝑢 𝑜𝑛𝜕Ω
  

Let 𝑣 be the outward unit normal vector along 𝜕Ω. The Steklov operator isthe map. 

𝐿:𝐻
1

2 𝜕Ω  ⟶𝐻−
1

2 𝜕Ω  

𝑢 ⟼
𝜕𝑢 

𝜕𝑣
 

The operator 𝐿 is an elliptic pseudo differential operator (see [7. Pages, 37-38]) which admits a discrete 

spectrum tending to infinity denoted by. 

0 = 𝜎1 ≤ 𝜎2 ≤ 𝜎3 … ↗ ∞ 

The eigenvalue 𝜎𝑘  of 𝐿 can be characterized variationally as follows (see[8]): 

𝜎𝑘 Ω = inf
𝑉𝑘

sup  
  ∇𝑔𝑢  

2
𝑑𝜇 𝑔Ω

  𝑢  2𝑑𝜇 𝑔𝜕Ω

: 0 ≠ 𝑢 ∈ 𝑉𝑘 ,                      16  

where 𝑉𝑘  is a 𝑘-dimensional linear subspace of 𝐻1(Ω) and 𝜇 𝑔  is the Riemannian measure associated to 𝑔 on 

the boundary. 

  The relationships between the geometry of the domain and the spectrum of the corresponding Steklov 

operator have been investigated by (see for example [8],[9] and [10]). Recently, [9] proved the following 

inequality for the Steklov eigenvalues of a compact Riemannian surface (Σ𝛾 ,𝑔) of genus 𝛾 and 𝑘 boundary 

components: 

𝜎2 Σ𝛾 ℓ𝑔 𝜕Σ𝛾 ≤ 2 𝛾 + 𝑘 𝜋, 

Where ℓ𝑔 𝜕Σ  is the length of the boundary. This result was generalized to higher eigenvalues by [8].Indeed, 

he the following inequality for every 𝑘 ∈ ℕ∗. 

𝜎𝑘 Σ𝛾 ℓ𝑔 𝜕Σ𝛾 ≤ 𝐶 𝛾 + 1 𝑘,                            (17) 

Where 𝐶 is a universal constant. 
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   For a domain in a higher dimensional manifold, [8] also obtained an upper bound for 𝜎𝑘  depending on the 

isoperimetric ratio of the domain. More precisely, if (𝑀,𝑔) is conformally equivalent to a complete manifold 

with non-negative Ricci curvature, then for every bounded domain  Ω  of 𝑀and every 𝑘 ∈ ℕ∗, 

 

𝜎𝑘 Ω 𝜇 𝑔 𝜕Ω 
1

𝑚−1 ≤ 𝐶𝑚
𝑘

2

𝑚

𝐼𝑔 Ω 
1−

1

𝑚−1

,                      18  

Where 𝐼𝑔 Ω  is the isoperimetric ratio  𝐼𝑔 Ω =
𝜇 𝑔 𝜕Ω 

𝜇𝑔 Ω 
𝑚−1
𝑚

  and 𝐶𝑚  is constant depending only on 𝑚. 

The theorem below is motivated by the work of [8], and we obtain an improvement of inequalities (17) and 

(18) using Proposition. 3, 

Corollary .6let ( ,𝑔𝛾 ) be a compact oriented Riemannian surface with genus 𝛾, and Ω be a subdomain ofΣ𝛾 . 

Then 

σ𝑘 Ω ℓ𝑔 ∂Ω ≤ 𝐴𝛾 + 𝐵𝑘,                                    19  

Where 𝐴𝑎𝑛𝑑𝐵 are constants. 

Theorem .7let(𝑀,𝑔0) be a complete Riemannian manifold of dimension 𝑚 ≥ 2 with𝑅𝑖𝑐𝑐𝑖𝑔0
 𝑀 ≥ −(𝑚−

1). Let Ω ⊂ 𝑀 be a relatively compact  domain with 𝐶1 boundary and 𝑔 be any metric conformal to 𝑔0. Then 

wehave. 

𝜎𝑘 Ω 𝜇 𝑔 𝜕Ω 
1

𝑚−1 ≤
𝐴𝑚𝜇𝑔0

 Ω 
2

𝑚 + 𝐵𝑚𝑘
2

𝑚

𝐼𝑔 Ω 
1−

1

𝑚−1

 20  

Where 𝐴𝑚  and 𝐵𝑚  are constants depending only on 𝑚 

Proof. We consider the 𝑚−𝑚space  Ω,𝑑𝑔0
, 𝜇  , where 𝜇  𝐴 ≔ 𝜇 𝑔 𝐴 ∩ 𝜕Ω . We apply again Proposition.3, 

Therefore, there exist family of 3𝑘 capacitors  𝐹𝑖 ,𝐺𝑖   satisfying properties  i , (ii) and either (iii)(𝑎),or 

(iii)(𝑏) of Proposition.3. We proceed analogously to the proof of Theorem.4. Using the variational 

characterization of 𝜎𝑘 , we construct a familyof test functions as in Case 1 and Case 2 of the proof of Theorem 

.4. In both cases, we have. 

𝜎𝑘 Ω ≤
  ∇𝑔𝑓𝑖 

2
𝑑𝜇𝑔Ω

  𝑓𝑖 
2𝑑𝜇 𝑔𝜕Ω

≤
   ∇𝑔0

𝑓 
𝑚
𝑑𝑢𝑔0Ω

 
2

𝑚𝜇𝑔 𝐺𝑖 
1−

2

𝑚

𝜇  𝐹𝑖 
 

If the family   𝐹𝑖 ,𝐺𝑖   satisfies the properties (i) and (iii) (𝑎) of Proposition.3, then. 

𝜎𝑘 Ω ≤ 𝐴𝑚
 
𝜇𝑔 Ω 

𝑘
 

1−
2

𝑚

𝜇 𝑔 𝜕Ω 

𝑘

≤ 𝐴𝑚
𝑘

2

𝑚

𝜇 𝑔 𝜕Ω 
1

𝑚−1𝐼𝑔 Ω 
1−

1

𝑚−1

           (21) 

If on the other hand, the family   𝐹𝑖 ,𝐺𝑖   satisfies the properties (i), (ii) and (iii) (𝑏) of Proposition.3, then. 

𝜎𝑘 Ω ≤ 𝐵𝑚
 
𝜇𝑔0

 Ω 

𝑘
 

2

𝑚
 
𝜇𝑔 Ω 

𝑘
 

1−
2

𝑚

𝜇 𝑔 𝜕Ω 

𝑘

≤ 𝐵𝑚
𝜇𝑔0

 Ω 
2

𝑚

𝜇 𝑔 𝜕Ω 
1

𝑚−1𝐼𝑔 Ω 
1−

1

𝑚−1

       (22) 

where the constant coefficients 𝐴𝑚  and 𝐵𝑚  are the same as 𝐴𝑚
′  and𝐵𝑚

′  in  Theorem.4. 
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     The proof of inequalities (21) and (22) are along the same lines as Theorem.4. In both cases,𝜎𝑘 Ω  is 

bounded above by the sum on the right-hand sides of (21) and (22), and it completes the proof. 
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