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1.INTRODUCTION 

 Let X be the real Banach algebra with convenient norm .  . Let x ,y ∈ X .Then 

the line segment  xy   in X is defined by 

                     xy =   | ,0 1z X z x r y x r                       

(1.1) 
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Let   ox  ∈ X be a fixed point and  z ∈ X. Then for any 0x x z   We define the sets xS  and

xS                                
 

 

1

1

x

x

S rx z r

S rx z r

    

    
     }                            

(1.2) 

Let 1 2,x x xy  be arbitrary .We say 1 2x x  if 
1 2x xS S  or ,equivalently 0 1 0 2x x x x  .In 

this case we also write 2 1x x . 

 Let M denotes the σ-algebra of all subsets of X such that such that (X,M) is a 

measurable space .Let ca(X,M) be the space of all vector measures (real signed measures)  

and define a norm .  on ca(X,M) by  

                     (X)p p                   

(1.3) 

Where p  is a total variation measure of p and is given by  

                    
1

(X) sup (E ) ,i i

i

p p E X




   ,   

 (1.4) 

Where supremum is taken over all possible partitions  :iE i N  of X. It is known that 

ca(X,M) is a Banach space with respect to the norm .  ,given by (1.3) .for any nonempty 

subset S of X, let 
1 (S,R)L  denote the space of 𝜇 –integrable real valued- functions on S 

which is equipped with the norm  1.
L 

 is given by  

                                            1 (x) .
L

S

d


      

For 
1 (S,R)L   . Let 

1, 2 (X,M)p p ca  and define a multiplication composition   in 

(X,M)ca  by 

                                                               1 2p p E  = 1 2(E)p (E)p     

For all E M  .Then we have . 

Lemma 1.1. (X,M)ca  is a Banach algebra. 

Let µ be a  finite measure on X,and let  p (X,M)ca   .We say p is absolutely 

continuous with respect to the measure µ if µ(E) =0 for some E  M. In this case we also 

wright  
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p   . 

 Let 0x X  be a fixed and let 0M  denote the   algebra on 
0xS  .Let z X  be 

such that  0z x  and let zM  denotes the  algebra of all sets containing  0M and the sets 

of the form 0,xS x x z .  

Given a (X,M)p ca  with p  ,consider the abstract measure integro random 

differential equation of the form  

 

 
  

    , , ,
, ,

x

x

x t

Sx

p Sd
g x p S h t p S d

d f x p S


 

   
    

  
  

  a.e. [µ] on 0x z       

(1.5) 

And            p E q E       , 0E M         

 (1.6) 

Where q is a given known vector measure , X ,  
 
  , ,

x

x

x

p S
S

f x p S



   is a signed 

measure such that ,
d

d


 


  is a Radon-Nikodym derivative of   with respect to   ,

: {0},xf S R X R     : zg S R R R    and the map x    

    , , ,

x

x t

S

g x p S h t p S d
 
 
 
 

  is µ- integrable for each  , zp ca X M  . 

Definition 1.1. Given an initial real measure q  on 0M  ,a vector  ,z zp ca S M   0z x  

is said to be solution of problem (1.5)-(1.6),if  

(i)    p E q E  , 0E M   

(ii) p   on 0x z   ,and  

(Iii) p satisfies (5.2.5) a.e.     on  0x z  

Remark1.1.The problem (1.5)-(1.6),is equivalent to the abstract measure integral equation 

         1, , , , ,

x

x t

E S

P E f x p E g x p S h t p S d d  
 

       
 

   zE M
0,E x z                   

(1.7) 
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                                                                       and      

                                
   p E q E   if 0E M                                                                         

(1.8) 

A solution p  of problem (5.2.5)-(5.2.6) in 0x z will be denoted by  
0
, .xp S q                        

Note that our problem(1.5)-(1.6),includes the abstract measure differential equation 

considered in Dhage and Bellale [6] as a special case .To see this ,define  , , 1f x y    for 

all 0x x z  and y R  .then problem(5.2.5)-(5.2.6) reduces to           

    , , ,

x

x t

S

dp
g x p S h t p S d

d




 
 
 
 

         a.e.     on 0x z   ,                           

(1.9) 

And      p E q E  ,   0E M                              

(1.10) 

Thus ,problem (1.5)-(1.6),is more general. 

2. AUXILIARY RESULTS  

Let X be a Banach algebra and let :T X X   .T  is called as compact if  T X  is a 

compact subset of X. T is called as totally bounded if for any bounded subset S  of X  , 

 T S  is totally bounded subset of  X . T  is called as completely continuous if T  is 

continuous and totally bounded on X  .Every compact operator is totally bounded but 

converse may not be true ,however ,two notions are equivalent on a bonded subset of X  . 

 An operator :T X X  is called D -Lipschitz if there exist a continuous and non 

decreasing function : R R    such that   

                        Tx Ty x y        

 (2.1) 

For all ,x y X  ,where  0 0   .The function   is called  D  function of T  on X  .In 

particular ,if   , 0r r     . T is called a Lipschitz with Lipschitz constant   .Further 

if 1   ,then T is called contraction with contraction constant   .Again if  r r   for 

0r   ,then T is called a nonlinear contraction on X  with D  -function   . 

      Now we are ready to prove the main result of this section. 
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Theorem2.1. (Dhage [4]).Let U  and U  denote respectively the open and closed bounded 

subset of a  Banach algebra X  such that 0 U  . Let , :A B U X   be two operators such 

that, 

a) A  is D  Lipschitz  

b) B  is completely continuous ,and  

c)   , 0M r r r    ,where  M B U  , 

then either  

i) the equation AxBx x  has a solution in U         or 

ii) there is a point u U  such that u AuBu  for some 0 1   ,where U  is a 

boundary of   

    U  in X  . 

An interesting corollary to theorem 2.1 in the applicable form is  

Corollary 2.1.  Let  0rB  and  0rB  denote respectively the open and closed balls in a 

Banach algebra centered at origin O of radius r for some real number 0r   .Let 

 , : 0rA B B X   be two operators such that  

)a  A  is Lipschitz with Lipschitz constant    

)b  B  is compact and continuous and  

)c  1M   ,where   0rM B B  . 

Then either  

(i) the operator equation AxBx x  has a solution x  in X  with x r  , or  

(ii) there is an u X  with u r  such that AuBu u   for some 0 1    

We define an order relation    in  ,z zca S M  with the help of cone K in  ,z zca S M  given 

by  

      , | 0z zK p ca S M p E     for all zE M     

 (2.2) 

Thus for any  1 2, ,p p ca X M  we have  

1 2p p  if and only if 2 1p p K                 

(2.3) 



 ISSN: 2320-0294 Impact Factor: 6.765  

122 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

Or equivalently 1 2p p       1 2p E p E  for all zE M                                                 

(2.4)  

Obviously  the cone K  is positive in  ,z zca S M  . To see this ,let 1 2,p p K  .then  1 0p E    

and  2 0p E   for all zE M  .By multiplication composition 

         1 2 1 2 0p p E p E p E     

For all zE M  .As a result 1 2p p K   , so K is positive cone in  ,z zca S M  . 

     The following lemmas follow immediately from the definition of positive cone K in

 ,z zca S M   

Lemma 2.1(Dhage1).If 1 2 1 2, , v ,u u v K are such that 1 1u v  and 2 2u v  ,then 1 2 1 2u u v v  . 

Lemma 2.2.  The cone K  is normal in  ,z zca S M  . 

Proof. To finish it is enough to prove that the norm .   is semi-monotone on K. Let

1 2,p p K be such that 1 2p p  on zM  .Then we have  

       1 20 p E p E    

For all zE M  . 

Now for a countable partition  :nE n N    of zS  ,one has 

                                              
 1 zp p S   

                                                     1

1

sup i

i

p E






    

                                                      2

1

sup i

i

p E






    

                                                      2 zP S   

                                                      2p   

As a result .  is semi-monotone on K   and consequently the cone K  is normal in 

 ,z zca S M  . 

Proof of the lemma is complete . 

     An operator :T  X X   is called positive if the range  r T  of T  is contained in the 

cone K  in K  . 
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Theorem 2.2(Dhage[4]). Let  ,u v   be an order interval in the real Banach algebra X  and 

let    , : , ,A B u v u v  be positive and nondecreasing operators such that  

   a  A is Lipschitz with a Lipschitz constant   , 

   b  B is compact and continuous ,and  

   c  there exist elements ,u v X  with u v  satisfyu AuBu  and .AvBv v   

Further ,if the cone K  is positive and normal ,then the operator equation AxBx x  has a 

least and greatest positive solution in ,u v  ,whenever 1M   ,where 

                          , sup : ,M B u v Bx x u v     

Theorem 2.3  (Dhage [4] ). Let K  be a positive cone in a real Banach algebra X and let

, :A B K K  be nondecreasing operators such that  

      a  A is Lipschitz with a Lipschitz constant   , 

       b  B is totally bounded and  

       c  there exist elements ,u v K  with u v  satisfyu AuBu  and .AvBv v   

Further ,if the cone K  is positive and normal ,then the operator equation AxBx x  has a 

least and greatest positive solution in ,u v  ,whenever 1M   ,where 

                            , sup : ,M B u v Bx x u v     

3.Existence Results 

We need the following defination in the sequel . 

Defination 3.1.  A function : zS R R R     is called Caratheodory if  

      i   1 2, ,x x y y  is  -measurable for each 1 2,y y R , and 

     ii     1 2 1 2, , ,y y x y y  is continuous almost everywhere    on 0x z . 

A Carathe’odory function   on zS R R   is called 
1L  -Carathe’odory if  

For each real number 0r   there exists a function  1 ,r zh L S R   such that  

            1 2, , rx y y h x   a.e.    on 0x z  . 

For all 1 2,y y R  with 1y r  and 2y r . 

A function : R R    is called submultiplicative if    r r    for all real number 

0    
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Let  denotes the class of functions : R R    satisfying following properties :   

 i   is continuous , 

 ii   is nondecreasing, and 

 iii   is submultiplicative. 

A function     is called a D -function on R  .There do exist D functions ,in facts ,the 

function : R R    defined by   r    , 0   is a D -function on R . 

We consider the following set of assumptions : 

 0A  For any 0z x  ,the  - algebra zM  is compact with respect to the topology 

generated by  the Pseudo-metric d  defined on zM  by 

             1 2 1 2,D E E E E   , 1 2, zE E M  . 

1( )A  The function  , ,x f x o   is bounded with  0 sup ,0,
zx SF f x   . 

2( )A  The function f is continuous and there exists a bounded function functions 

: zS R    

 With bound   such that  

      1 2 1 2, , , , ,f x y f x y x y y         a.e.   , 0x x z   

For all 1 2,y y R  . 

 0( )B  q is continuous on zM  with respect to the Pseudo metric d  defined in  0A  . 

 1( )B  The function   , xx h x p S  is  integrable and satisfies  

     ,h t y x y  a.e. on 0x z   for all y R   

 2B   The function  1 2, ,g x y y  is Carathe’odory. 

 3( )B There exists a function  1 ,zL S R    such that   0x   a.e.   on 0x z   and a D -

function    : 0, 0,     such that  

      1 2 1 2, ,g x y y x y y     a.e.   on 0x z     for all 1 2,y y R  . 

We frequently use the following estimate of the function g in the subsequent part of the 

paper. For any  ,z zp ca S M  , one has  
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                             , , ,

x

x t

S

g x p S h t p S d
 
 
 
 

                           

                ,

x

x t

S

x p S k t p S d  
 

  
 
 

  

                              
x

z t

S

x p S x p S d   
 

  
 
 

  

                         
xS

x p x p d   
 

  
 
 

  

                          1L
x p p



     

               11
L

x p


      

 

Theorem 3.1. Suppose that the assumptions 0 2( ) (A )A    and 0 3( ) ( )B B  holds .Suppose 

that there exist a real number 0r   such that  

                    
 
 

1 1

1 1

0 1 ( )

1 1 ( )

L L

L L

F q r

r

q r

 

 

  

   

  
  
   
  

   

 (3.1) 

Where  1 11 ( ) 1
L L

q r
 

      
  

      and  0 sup ,0,
zx S

F f x 


  .Then the problem 

((1.5)-(1.6), has a solution on 0x z  . 

Proof. Consider an open ball (0)rB  in  ,z zca S M   centered at the origin and radius r 

,where r satisfies the inqualities in (3.1).  Define two operators  

                 , : (0) ca ,r z zA B B S M   by 

          pA E  =  1                                           if 0E M                                                          

(3.2)               

          pA E     , ,f x p E             if  zE M  , 0E x z           

and  

        pB E  =  q E                                  if 0E M                                       

(3.3) 
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       pB E =     , , ,

x

x t

E S

g x p S h t p S d d 
 
 
 
 

                 if  zE M  , 0E x z     

 We shall show that the operators A  and B  satisfies all the condition of corollary2.1 on 

 0rB  .     

     Step I :  First, we show that A  is Lipschitz on (0)rB  .Let  1 2, 0rp p B  be arbitrary 

.Then by assumption 
2)(A  , 

           
1 2 1 2, , , ,p pA E A E f x p E f x p E      

        1 2(x, ) p E p E     

      1 2p p E   

For all zE M  .Hence by definition  of the norm in  ,z zca S M  one has  

 
1 2 1 2p pA A p p     

For all  1 2, ,z zp p ca S M  .As a result A is a Lipschitz operator on  0rB   with the 

Lipschitz constant   . 

  Step II : We show that B  is a continuous on  0rB  .Let np  be a sequence of vector 

measures in  0rB  converging to a vector measure p  .Then by dominated convergence 

theorem , 

           lim lim , , ,
n

x

p n x n t
n n

E S

B E g x p S h t p S d d 
 

 
  

 
 

    

                , , ,

x

x t

E S

g x p S h t p S d d 
 

  
 
 

    

            =  pB E   

For all zE M , oE x z  .Simillarly if 0E M  ,then  

       lim
np p

n
B E q E B E


   . 

And so B  is a continuous operator on  0rB  . 

Step III : Next ,we show that B  is a totally bounded operator on  0 .rB  Let  np  be a 

sequence in  0rB  .Then we have np r  for all n N .We shall show that the set 
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 :
npB n N is uniformly bounded and equi-continuous set in  ,z zca S M   . In this step, 

we first show that  
npB   is uniformly bounded. Then there exists two subsets 0F M  and 

zG M  , 0G x z  ,such that bounded. 

     Let zE M  . 

  E F G   and F G   . 

Hence by definition of B  , 

                                       
 

npB E        , , ,

x

n x n t

G S

q F g x p S h t p S d d 
 

   
 
 

    

                                           11 nL

G

q x p d


        

                                           11 nL

E

q x p d


        

                                            1 11 nL L
q p

 

                             for all 

zE M  . 

From (3.3) it follows that 

                     
n np p zB B S   

                                         =  sup
np i

i n

B E






   

                                                       =    1 11
L L

q p
 

      

                                                       =    1 11
L L

q r
 

     

For all n N .Hence the sequence  
npB  is uniformly bounded in  0rB   

     Step IV: Next we show that  :
npB n N  is a equi-continuous set in  ,z zca S M  .Let 

1 2, zE E M  . 

Then there exist subsets 1 2 0,F F M  and 1 2, zG G M  , 1 0G x z  , 2 0G x z  such that  

                                              1 1 1E F G    with 1 1F G      

 and                        

                                             2 2 2E F G   with 2 2F G     
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We know the identities  

           1 1 2 2 1( ) (G )G G G G                                                              

(3.4)   

                                                   2 2 1 1 2( ) (G )G G G G       

Therefore we have  

            
1 2

1 2 1 2 , , ,
n n

x

p p n x n t

G G S

B E B E q F q F g x p S h t p s d d 


 
     

 
 

    

            +     
2 1

, , ,

x

n x n t

G G S

g x p S h t p S d d 


 
 
 
 

    

Since g is Caratheodory and satisfies  ( 3B  )  , we have that   

            
1 2

1 2 1 2 , , ,
n n

x

p p n x n t

G G S

B E B E q F q F g x p S h t p s d d 


 
     

 
 

     

                 1

1 2

1 2 1 nL

G G

q F q F x p d


   


       

Assume that      

   1 2 1 2, 0d E E E E    .  

Then we have       1 2E E  .    As a result 1 2F F   and  1 2 0G G     .As q is 

continuous  on a compact zM  , it is uniformly continuous and so 

            1

1 2

1 2 1 2 1
n np p nL

G G

B E B E q F q F x p d


   


        

                                  0   as 1 2E E   

This shows that   :
npB n N   is a equi-continuous set in  , .z zca S M  Now an application 

of the Arzela-Ascolli  theorem yields that B  is a totally bounded operator on  rB o  .Now 

B  is continuous and totally bounded operator on   rB o  ,it is completely continuous 

operator on  rB o  . 

     Step V: Finally we show that the hypothesis  (c) of corollary 2.1 .The Lipschitz 

constant of A  is   .Here the number M  in the hypothesis (c) is given by  

      0rM B B   
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    =  sup : (r)p rB p B    

        sup : 0p z rB S p B   

Now let zE M  .Then there are sets 0F M  and zG M  , 0G x z  such that  

    E F G   and F G    . 

From the definition of of B  it follows that  

         , , ,

x

p x t

G S

B E q F g x p S h t p S d d 
 

   
 
 

    

                          , , ,

x

p x t

G S

B F q F g x p S h t p S d d 
 

   
 
 

    

     1(x) 1
L

G

q p d


        

                                1

0

(x) 1
L

x z

q p d


        

     1 11
L L

q p
 

      . 

Hence ,from (4.4.6 ) it follows that  

         1 11p L L
B q p

 

       

For all (0)rp B  .As a results we have  

     1 1(0) 1r L L
M B B q p

 

         

Now  

   1 11 1
L L

M q r
 

        
  

  

And so hypothesis  (c) of corollary2.1 yields that either the operator AxBx x  has a 

solution , or there is a  ,z zu ca S M such that u r  satisfyingu AxBx  for some 

0 1   .We show that this later assertion does not hold. Assume the contrary .Then we 

have  

         , , ,u , ,u

x

x t

E S

u E f x u G g x S h t S d d   
  

        
  

     , if   zE M      , 0E x z  

, 
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            =  q E  , if 0E M   

For some 0 1   . 

If zE M  ,then the sets 0F M  and
zG M   , 0G x z   such that E F G   and

F G    Then we have  

     u E Au E Bu E   

                      , , ,u , ,u

x

x t

G S

f x u G q F g x S h t S d d   
 

       
 

   

             =            , , ,0, ,u , ,u

x

x t

G S

f x u G f x q F g x S h t S d d    
  

         
  

    

                    +         ,0, ,u , ,u

x

x t

G S

f x q F g x S h t S d d   
  
        

  
    

Hence  

             , , ,0, ,u , ,u

x

x t

G S

u E f x u G f x q F g x S h t S d d    
  
     

  
  

   

               ,0, ,u , ,u

x

x t

G S

f x q F g x S h t S d d  
  
    

  
  

    

                     10 (x) 1
L

G

x u G F q u d


     
 

    
 

   

                  1

0

0 (x) 1
L

x z

u E F q u d


    
 
        
 

   

                 1 10 1
L L

u F q u
 

             
  

(1.1) Which further implies that  

                                           
   1 11

L L
u u q u

 

           
  

                                          1 10 1
L L

F q u
 

     
  

  

                                                
   

   

1 1

1 1

0 1

1 1

L L

L L

F q u

q u
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Substituting  u r in the above inequality yields  

                                          

 

 

1 1

1 1

0 1 (r)

1 1 (r)

L L

L L

F q

r

q

 

 

  

   

  
  

        

                                      

(3.6) 

Which is a contradiction to the first inequality  (3.1) .In consequence ,the operator equation 

     p Pp E A E B E  has a solution  ,
oxu S q  in  ,z zca S M  with u r  . This further 

implies that the problem  (1.5)-(1.6),has a  random solution  on 0x z  .This complete the 

proof . 
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