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ABSTRACT:  

Unidominating function concept was introduced by V. Anantha Lakshmi and B. 

Maheshwari in 2015. In this paper we present unidominating   functions for root product of 

path graphs 𝑃𝑚𝑜𝑃𝑛  with pendant vertex as root and determine the unidomination number of 

𝑃𝑚𝑜𝑃𝑛 .  
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1.INTRODUCTION 

Unidominating functions was introduced by V. Anantha Lakshmi and B. Maheshwari 

[15]in 2015, where they presented unidominating  function for path graph. In this paper we 

studied unidominating function for rooted product of two path graph 𝑃𝑚  and 𝑃𝑛with 

pendent vertex as root. We find the unidomination number of 𝑃𝑚𝑜𝑃𝑛  and then determine 

the number of unidominating function of minimum weight for 𝑃𝑚𝑜𝑃𝑛  

Definition 1.1: The rooted product of two graphs of 𝐺1 and 𝐺2 denoted by 𝐺1 ∘ 𝐺2 , is the 

graph obtained by choosing one vertex of 𝐺2 as root and then attaching the root vertex of 

copy of 𝐺2 to each of the vertices of 𝐺1 . 

 For the rooted product of two path graphs𝑃𝑚  with 𝑃𝑛 . Let V(𝑃𝑚 ) = { 

𝑣1 , 𝑣2, 𝑣3 , ………… . 𝑣𝑚 } and 𝑉 𝑃𝑛 = {𝑢1, 𝑢2, 𝑢3, ………𝑢𝑛} be the vertex sets of  𝑃𝑚  and 

𝑃𝑛  respectively. Let the root vertex chosen from 𝑃𝑛  be the pendant vertex 𝑢1. So the root 

vertex set of 𝑃𝑚 ∘  𝑃𝑛  with m-copies of   𝑃𝑛  becomes  

{ (𝑢1, 𝑣1),  𝑢1 , 𝑣2 , …………… .  𝑢1, 𝑣𝑚 } 

Definition 1.2: Let G(V,E) be a graph. A function 𝑓: 𝑉 → {0,1} is said to be a 

unidominating function 



International Journal of Engineering, Science and Mathematics 
Vol.9 Issue 1,January 2020,  
ISSN: 2320-0294 Impact Factor: 6.765 
Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com  
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & 
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A 

  
 

165 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

 If   𝑓(𝑢) ≥ 1𝑢∈𝑁[𝑣]  and 𝑓 𝑣 = 1 

      𝑓 𝑢 = 1𝑢∈𝑁[𝑣]  and 𝑓 𝑣 = 0 

    𝑓 𝑉 =  𝑓(𝑢)𝑢∈𝑣  is called the weight of the function f and is denoted by 𝛾𝑢(𝐺). 

Definition 1.3 : The uni domination number of a graph G (V,E) is 

𝛾𝑢(𝐺) = min {𝑓(𝑉) 𝑓  𝑖𝑠 𝑎 𝑢𝑛𝑖 𝑑𝑜𝑚𝑖𝑛𝑎𝑡𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑓 𝑜𝑛 𝐺} 

 

1.UNIDOMINATING FUNCTION OF 𝑷𝒎𝒐𝑷𝒏 

In this section we find the unidominating function of minimum weight on 𝑃𝑚𝑜𝑃𝑛  and 

hence find the unidomination number. 

Theorem 2.1: The Unidomination number of rooted product of 𝑃𝑚𝑜𝑃𝑛  with pendant vertex 

as root is 

    

𝛾𝑢 𝑃𝑚𝑜𝑃𝑛 =

 
X + 2a + 1 + k                  for m ≡ 2  mod3 , n ≡ 2 (mod3)                   

   𝑋 + 𝑟1𝑎 +  
𝑟1

2
 + 2  

𝑟2

2
 𝑘     for m ≡ 0,1  mod3 , n ≡ 0,1 (mod3)                       

   

  Where m= 3k+𝑟1, n = 3a+𝑟2 , 𝑋 =  𝑘 3𝑎 + 1  

Proof: Consider the rooted product graph 𝑃𝑚𝑜𝑃𝑛 .Let the vertex set of 𝑃𝑚  be V(𝑃𝑚 ) = 

 𝑣1 , 𝑣2 , 𝑣3, ………𝑣𝑚   and vertex set of 𝑃𝑛  be V(𝑃𝑛) =  𝑢1, 𝑢2, 𝑢3, …… . . 𝑢𝑛  in the rooted 

product 𝑃𝑚𝑜𝑃𝑛 . Let the root vertex be the pendent vertex 𝑢1of 𝑃𝑛  identified with jth vertex 

of 𝑣𝑗  of 𝑃𝑚 , so  

V (𝑃𝑚𝑜𝑃𝑛 ) =   𝑢𝑖 , 𝑣𝑗  ∶    𝑖 = 1 𝑡𝑜 𝑛 , 𝑗 = 1 𝑡𝑜 𝑚   

The unidomination number of 𝑃𝑛  is based on the following minimum weight function for a 

path 𝑃𝑛as 

 

1    for n ≡ 0 mod3 

 
𝑛

3
 for n ≡ 1  mod3 

2  for n ≡ 2  mod3 

  

We use this result proved by V.Anantha Lakshmi and B.Maheshwari in [15] . We extend 

the function definition for the root vertex in 𝑃𝑚𝑜𝑃𝑛  as  

𝑓 𝑢1, 𝑣𝑗  =  
1   for j ≡ 2 mod3 

0   for j ≡ 0,1 mod3 
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As there are m-copies of𝑃𝑛  from [15] we get,  𝛾𝑢(𝑃𝑚𝑜𝑃𝑛) ≥ 𝑚𝛾𝑢(𝑃𝑛) ------------- (1)  

 but as these m-paths have adjacency between root vertices we need to check for the 

minimal function value. 

For any vertex   f (𝑢𝑖 , 𝑣𝑗 ) = 1  

 𝑓(𝑥, 𝑦) ≥ 1 𝑥 ,𝑦 𝜖𝑁 [𝑢𝑖 ,𝑣𝑗 ]  is natural as f(𝑢𝑖 , 𝑣𝑗 ) = 1 

For f (𝑢𝑖 , 𝑣𝑗 ) = 0 then 

 𝑓 𝑥, 𝑦 = 𝑓 𝑢𝑖−1, 𝑣𝑗  + 𝑓 𝑢𝑖 , 𝑣𝑗  + 𝑓 𝑢𝑖+1, 𝑣𝑗  = 1
 𝑥 ,𝑦 𝜖𝑁[𝑢𝑖 ,𝑣𝑗 ]

 

                                                                   Or 𝑓 𝑢𝑖 , 𝑣𝑗−1 + 𝑓 𝑢𝑖 , 𝑣𝑗  + 𝑓 𝑢𝑖 , 𝑣𝑗+1 = 1 

For unidominating condition to be satisfied it is essential that exactly one of  

 𝑓 𝑢𝑖−1, 𝑣𝑗  , 𝑓 𝑢𝑖+1, 𝑣𝑗  should be equal to one. 

Therefore we need to check unidominating condition for only those for which  𝑓 𝑢𝑖 , 𝑣𝑗  =

0 

Case(i): For 𝒎 ≡ 𝟎(𝒎𝒐𝒅𝟑) 

                 For m=3k, the 2k vertices are (𝑢1 , 𝑣1),  𝑢1 , 𝑣3  𝑢1 , 𝑣4  𝑢1, 𝑣6 ……… .. are 

assigned the function value zero, the remaining k- vertices (𝑢1 , 𝑣2),  𝑢1 , 𝑣5  𝑢1 , 𝑣8 …….. 

are assigned the function value one. For the copy of 𝑃𝑛  attached with these vertices, (n-1) 

path vertices  𝑢2, 𝑣𝑗   𝑢3, 𝑣𝑗  ……… . (𝑢𝑛 , 𝑣𝑗 ) at the vertex (𝑢1, 𝑣𝑗 ) for j= 1,2,3……m as 

follows 

We define the function value as follows. 

Subcase (IA): For  n≡ 𝟎 (mod3)    let n =3a 

For the m-copies of 𝑃𝑛  we define the function value as , 

For j≡ 0,1(mod3) 

                  f(𝑢𝑖 , 𝑣𝑗 )=  
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡2(mod3) 

                   f(𝑢𝑖 , 𝑣𝑗 ) =  
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

(i) For j≢ 2(𝑚𝑜𝑑3) when 𝑓 𝑢𝑖 , 𝑣𝑗  = 0 
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          f(𝑢𝑖 , 𝑣𝑗 )=  
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

(ii) For j≡ 2(𝑚𝑜𝑑3), when 𝑓 𝑢𝑖 , 𝑣𝑗  = 1 

               f(𝑢𝑖 , 𝑣𝑗 ) =  
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
        

         and f(𝑢𝑛−1, 𝑣𝑗 ) = 1 

                For f(𝑢𝑖 , 𝑣𝑗 ) =   
0     for j ≡ 0 𝑜𝑟 1 mod3 𝑎𝑛𝑑 i ≡ 1, 𝑜𝑟 2 mod3  

1           for j ≡ 2 mod3 𝑎𝑛𝑑 i ≡ 0 𝑜𝑟 2 mod3 
  

To check the unidomination condition for function f at vertices when f(𝑢𝑖 , 𝑣𝑗 ) = 0 

  Case (a): For  j≡ 0(mod3), i≡ 1(mod3) 

1. f(𝑢1, 𝑣𝑗 ) = 𝑓 𝑢1, 𝑣𝑗−1 + 𝑓 𝑢1 , 𝑣𝑗  + 𝑓 𝑢1 , 𝑣𝑗+1 + 𝑓(𝑢2, 𝑣𝑗 )  = 1+0+0+0=1 

                2.  𝑓(𝑢1, 𝑣𝑚 ) = 𝑓(𝑢1 , 𝑣𝑚−1) + 𝑓(𝑢1 , 𝑣𝑚 ) + 𝑓(𝑢2, 𝑣𝑚 ) = 1+0+0=1 

                3.  f(𝑢𝑖 , 𝑣𝑗 ) = f 𝑢𝑖−1, 𝑣𝑗  + f 𝑢𝑖 , 𝑣𝑗  + f(𝑢𝑖+1, 𝑣𝑗 )= 1+0+0=1 

                4.  f(𝑢𝑖 , 𝑣𝑚 ) =f(𝑢𝑖−1, 𝑣𝑚 ) +f(𝑢𝑖 , 𝑣𝑚 ) + f(𝑢𝑖+1 , 𝑣𝑚 )= 1+0+0=1 

 Case (b): For j≡ 0 𝑚𝑜𝑑3 ,    𝑖 ≡ 2(𝑚𝑜𝑑3) 

              5. f(𝑢𝑖 , 𝑣𝑗 ) = f 𝑢𝑖−1, 𝑣𝑗  + f 𝑢𝑖 , 𝑣𝑗  + f(𝑢𝑖+1, 𝑣𝑗 )= 0+0+1=1 

 Case (c): For j≡ 1 𝑚𝑜𝑑3 ,    𝑖 ≡ 1(𝑚𝑜𝑑3) 

6. f(𝑢1 , 𝑣1) =f(𝑢2, 𝑣1) +f(𝑢1, 𝑣1) +f(𝑢1 , 𝑣2) =0+0+1=1 

7. f(𝑢𝑖 , 𝑣1) =f(𝑢𝑖+1, 𝑣1) +f(𝑢𝑖 , 𝑣1) +f(𝑢𝑖 , 𝑣2) =0+0+1=1 

8. f(𝑢1 , 𝑣𝑗 ) =f(𝑢1 , 𝑣𝑗−1) +f(𝑢1, 𝑣𝑗 ) +f(𝑢1, 𝑣𝑗+1) +f(𝑢2, 𝑣𝑗 ) =0+0+1+0=1 

9. f(𝑢𝑖 , 𝑣𝑗 ) = f 𝑢𝑖−1, 𝑣𝑗  + f 𝑢𝑖 , 𝑣𝑗  + f(𝑢𝑖+1, 𝑣𝑗 ) = 1+0+0=1 

Case (d): For j≡ 1 𝑚𝑜𝑑3 ,    𝑖 ≡ 2(𝑚𝑜𝑑3) 

10. f(𝑢𝑖 , 𝑣𝑗 ) = f(𝑢𝑖−1, 𝑣𝑗 ) + f 𝑢𝑖 , 𝑣𝑗  + f(𝑢𝑖+1 , 𝑣𝑗 ) =0+0+1=1 

Case (e): For j≡ 2 𝑚𝑜𝑑3 ,    𝑖 ≡ 0(𝑚𝑜𝑑3) 

11. f(𝑢𝑖 , 𝑣𝑗 ) = f 𝑢𝑖−1, 𝑣𝑗  + f 𝑢𝑖 , 𝑣𝑗  + f 𝑢𝑖+1, 𝑣𝑗   =0+0+1=1 

12. f(𝑢𝑛 , 𝑣𝑗 ) = f(𝑢𝑛−1, 𝑣𝑗 ) +f(𝑢𝑛 , 𝑣𝑗 )= 1+0=1 

Case (f): For  j≡ 2 𝑚𝑜𝑑3 ,    𝑖 ≡ 2(𝑚𝑜𝑑3) 
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         13.f(𝑢𝑖 , 𝑣𝑗 ) = f 𝑢𝑖−1, 𝑣𝑗  + f 𝑢𝑖 , 𝑣𝑗  + f 𝑢𝑖+1, 𝑣𝑗   =1+0+0=1 

As at all 13 cases above when f(𝑢𝑖 , 𝑣𝑗 ) = 0,   𝑓 = 1𝑢∈𝑁  we get that for 𝑚 ≡ 0(𝑚𝑜𝑑3) 

and 𝑛 ≡ 0(𝑚𝑜𝑑3) the function f satisfies unidomination condition with weight of the 

function f(V) equal to  

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = 2k(0+0+1+0+0+1+-----------------0+0+1) 

           +k(1+0+0+1+0+0+----------------+0+1+1+0) 

       =  2𝑘  
𝑛

3
 + 𝑘[ 

𝑛

3
 + 1] 

      = 2 
𝑚

3
  𝑎 +  

𝑚

3
 (𝑎 + 1) 

Subcase (IB): n≡ 𝟏 (mod3) let n = 3a+1 

For j≢ 2(𝑚𝑜𝑑3)  when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 )=  
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3)  when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 =  
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

              The function definition is identical to the definition given in subcase IA except at 

values i= n-1, n-2 for j≡ 2(𝑚𝑜𝑑3). Therefore we check the unidomination condition only 

for these two values of i  

f ( 𝑢𝑛−2 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−3, 𝑣𝑗  + 𝑓 𝑢𝑛−2 , 𝑣𝑗  + 𝑓(𝑢𝑛−1 , 𝑣𝑗 ) = 1+0+0 =1 

f ( 𝑢𝑛−1 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−2, 𝑣𝑗  + 𝑓 𝑢𝑛−1 , 𝑣𝑗  + 𝑓(𝑢𝑛 , 𝑣𝑗 ) = 0+0+1 =1 

Hence the uni domination condition satisfiedfor all (𝑢𝑖 , 𝑣𝑗 ) with weight of the function as, 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = 2k(0+0+1+0+0+1+-----------------0+0+1+0) 

           +k(1+0+0+1+0+0+----------------+1+0+0+1) 

  = 2𝑘  
𝑛

3
 + 𝑘( 

𝑛

3
 + 1) 

   = 2 
𝑚

3
  𝑎 +  

𝑚

3
 (𝑎 + 1) 

Subcase (IC): n≡ 𝟐 (mod3)  let n=3a+2 

For j≢ 2(𝑚𝑜𝑑3) when f(𝑢1 , 𝑣𝑗 ) = 0 
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f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

As the function definition is identical to the definition given in subcase IB except at four 

values  i= n, n-1, n-2, n-3 for j ≡ 2 mod3 Therefore we check the unidomination 

condition for j≢ 2(𝑚𝑜𝑑3) and i = n , n-3 when the functional value is zero. 

 f ( 𝑢𝑛 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−1, 𝑣𝑗  + 𝑓(𝑢𝑛 , 𝑣𝑗 )= 1+0 =1 

f ( 𝑢𝑛−3 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−4, 𝑣𝑗  + 𝑓 𝑢𝑛−3 , 𝑣𝑗  + 𝑓 𝑢𝑛−2 , 𝑣𝑗  = 0+0+1 =1 

Hence the uni domination condition is satisfied with weight of the function. 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = 2k(0+0+1+0+0+1+-----------------0+1+1+0) 

           +k(1+0+0+1+0+0+----------------+1+0+0+1) 

                  = 2k ( [
𝑛

3
] + 1) + 𝑘( 

𝑛

3
 + 1) 

                  = 2k (a+1) +k (a+1)  

Case (II): For m=1 (mod3)  let m= 3k +1  

Subcase (IIA): n≡ 𝟎 (mod3)    let n =3a 

 For  j≢ 2(𝑚𝑜𝑑3) and  j≠ n-1 when f(𝑢1, 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1 when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

 The function definition is identical to the definition given in subcase (IA) except at values 

j = m, m-1,m-2, m-3 for i=1. Therefore we check only the unidomination condition for 

these values  

 i = 1, j =m , m-3 only when the function value is zero.  

f ( 𝑢1 , 𝑣𝑚−3) = 𝑓 𝑢1 , 𝑣𝑚−4 + 𝑓 𝑢1, 𝑣𝑚−3 + 𝑓 𝑢1, 𝑣𝑚−2 + 𝑓 𝑢1, 𝑣𝑚−3  = 0+0+1+0 = 1 

f ( 𝑢1 , 𝑣𝑚 ) = 𝑓 𝑢1, 𝑣𝑚−1 + 𝑓 𝑢1, 𝑣𝑚 + 𝑓 𝑢2, 𝑣𝑚  = 1 + 0 + 0 = 1 

Hence the unidomination condition is satisfied with weight of the function. 
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f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

         = 2k (0+0+1+0+0+1+………………….+0+0+1) 

            + (k+1)(1+0+0+1+0+0+……………..+0+1+1+0) 

                       = 2k[
𝑛

3
] +(k+1) ( 

𝑛

3
 + 1) 

                      = 2k(a) +(k+1)(a+1)  

Subcase ( II B): n≡ 𝟏 (mod3)    let n= 3a+1 

For j≢ 2(𝑚𝑜𝑑3)  when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1, when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

     The function definition is identical to the definition given in subcase IA except at values 

n-1, n-2 for i=1. Therefore we check the unidomination condition for these four values i for 

all j≡ 2(𝑚𝑜𝑑3) when the function value is zero. 

f ( 𝑢𝑛−2 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−3, 𝑣𝑗  + 𝑓 𝑢𝑛−2 , 𝑣𝑗  + 𝑓 𝑢𝑛−1 , 𝑣𝑗  = 0+0+1 =1 

f ( 𝑢𝑛−1 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−2, 𝑣𝑗  + 𝑓 𝑢𝑛−1 , 𝑣𝑗  + 𝑓 𝑢𝑛 , 𝑣𝑗  = 0+1+0 =1 

Hence the unidomination condition is satisfied with weight of the function. 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = 2k (0+0+1+0+0+1+………………….+0+0+1+0) 

            + (k+1)(1+0+0+1+0+0+……………..+1+0+0+1) 

                     = 2k[
𝑛

3
] +(k+1) ( 

𝑛

3
 + 1) 

                    = 2k(a) +(k+1)(a+1) 

Subcase( II C): n≡ 𝟐 (mod3)    let n= 3a+2 

For j≢ 2(𝑚𝑜𝑑3) when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1,when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
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       The function definition is identical to the definition given in the subcase II B except at 

values i  = n , n-1, n-2, n-3 for j≢ 2(𝑚𝑜𝑑3) . Therefore we check the unidomination 

condition  for j≢ 2(𝑚𝑜𝑑3) and i = n, n-3 when the function value is zero.  

f ( 𝑢𝑛 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−1, 𝑣𝑗  + 𝑓(𝑢𝑛 , 𝑣𝑗 )= 1+0 =1 

f ( 𝑢𝑛−3 , 𝑣𝑗 ) = 𝑓 𝑢𝑛−4, 𝑣𝑗  + 𝑓 𝑢𝑛−3 , 𝑣𝑗  + 𝑓 𝑢𝑛−2 , 𝑣𝑗  = 0+0+1 =1 

Hence the unidomination condition is satisfied with weight of the function. 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = 2k (0+0+1+0+0+1+………………….+0+1+1+0) 

            + (k+1)(1+0+0+1+0+0+……………..+1+0+0+1+0) 

                     = 2k ([
𝑛

3
] + 1) +(k+1) ( 

𝑛

3
 + 1) 

                    = 2k (a+1) +(k+1)(a+1) 

Case (III): For m=2 (mod3)   let m= 3k +2  

Subcase (IIIA): n≡ 𝟎 (mod3)    let n =3a 

For j≢ 2(𝑚𝑜𝑑3) ,when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1,when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

  The function definition is identical to the definition given in subcase (IA) except at values 

j = m , m-1, m-2, m-3 for i=1. Therefore we check the unidomination condition for these 

four values i=1, j=m, m-2 only when the function value is zero. 

 f ( 𝑢1 , 𝑣𝑚−3) = 𝑓 𝑢1 , 𝑣𝑚−4 + 𝑓 𝑢1, 𝑣𝑚−3 + 𝑓 𝑢1, 𝑣𝑚−2 + 𝑓 𝑢2, 𝑣𝑚−3 = 0+1+0+0 = 1 

f ( 𝑢1 , 𝑣𝑚 ) = 𝑓 𝑢1, 𝑣𝑚−1 + 𝑓 𝑢1, 𝑣𝑚 + 𝑓 𝑢2, 𝑣𝑚  = 1 + 0 + 0 = 1 

Hence the uni domination condition is satisfied with weight of the function. 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = (2k+1) (0+0+1+0+0+1+………………….+0+0+1) 

            + (k+1)(1+0+0+1+0+0+……………..+0+1+1+0)  

                  =(2k+1)([
𝑛

3
])+ (k+1) ([

𝑛

3
]+1) 

                  =(2k+1)(a)+(k+1)(a+1) 
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Subcase (IIIB): n≡ 𝟏 (mod3)     

For j≢ 2(𝑚𝑜𝑑3) , when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1, when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

 The function definition is identical to the definition given in subcase IA except at values 

j= m , m-1, m-2, m-3 for i=1. Therefore we check the unidomination condition for these 

values i=1, j=m,m-2 only when the function value is zero.  

f ( 𝑢1 , 𝑣𝑚−3) = 𝑓 𝑢1 , 𝑣𝑚−4 + 𝑓 𝑢1, 𝑣𝑚−3 + 𝑓 𝑢1, 𝑣𝑚−2 + 𝑓 𝑢2, 𝑣𝑚−3  = 0+1+0+0 = 1 

f ( 𝑢1 , 𝑣𝑚 ) = 𝑓 𝑢1, 𝑣𝑚−1 + 𝑓 𝑢1, 𝑣𝑚 + 𝑓 𝑢2, 𝑣𝑚  = 1 + 0 + 0 = 1 

Hence the uni domination condition is satisfied with weight of the function. 

f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

        = (2k+1) (0+0+1+0+0+1+………………….+0+0+1+0) 

            + (k+1)(1+0+0+1+0+0+……………..+1+0+0+1)  

                   =(2k+1)([
𝑛

3
])+ (k+1) ([

𝑛

3
]+1) 

                  =(2k+1)(a)+(k+1)(a+1) 

From all the above cases we can combine the equation into one common expression for 

function value as, 

𝒇(𝑽) = 𝑿 + 𝒓𝟏𝒂 +  
𝒓𝟏

𝟐
 + 𝟐  

𝒓𝟐

𝟐
 𝒌 

                                              Where m= 3k+𝒓𝟏,   n = 3a+𝒓𝟐 ,  X= k(3a+1) 

Subcase (IIIC): n≡ 𝟐 (mod3)     

 For j≢ 2(𝑚𝑜𝑑3) , when f(𝑢1 , 𝑣𝑗 ) = 0 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1   for i ≡ 0 mod3 

0   for i ≡ 1,2 mod3 
  

For j≡ 2(𝑚𝑜𝑑3) and j= n-1,when f(𝑢1 , 𝑣𝑗 ) = 1 

f(𝑢𝑖 , 𝑣𝑗 ) =   
1                         for i ≡ 1 mod3 

0     for i ≡ 0,2 mod3 and i ≠ n − 1
  

Hence the unidomination condition is satisfied with weight of the function. 
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f (V) =   𝑓(𝑢𝑖 , 𝑣𝑗 )𝑚
𝑗=1

𝑛
𝑖=1  

         = (2k+1) (0+0+1+0+0+1+………………….+0+1+1+0) 

            + (k+1)(1+0+0+1+0+0+……………..+0+0+1+0)  

                    =(2k+1) ([
𝑛

3
]+1) +(k+1) [

𝑛

3
] 

                    =(2k+1)(a+1)+(k+1)(a) 

For last case we can write 

    f(V) = X+2a+1+k                       

Where m= 3k+𝒓𝟏,  n = 3a+𝒓𝟐 , X= k(3a+1)  

 

 Using the minimality of the function definition on path graph [ 15] and equation (1) state 

the function has minimal weight f(V) 

Hence combining all the three cases we get  unidomination  number of rooted product of  

𝑃𝑚𝑜𝑃𝑛  is  

   𝛾𝑢 𝑃𝑚𝑜𝑃𝑛 = 

 
X + 2a + 1 + k                  for m ≡ 2  mod3 , n ≡ 2 (mod3)                                                          

   𝑋 + 𝑟1𝑎 +  
𝑟1

2
 + 2  

𝑟2

2
 𝑘     for m ≡ 0,1  mod3 , n ≡ 0,1 (mod3)                                                         

  

Where   m= 3k+𝑟1, n = 3a+𝑟2, 𝑋 =  𝑘 3𝑎 + 1 , , 

3. ILLUSTRATIONS : 

Example 3.1: Let  𝑚 = 6, 𝑛 = 6  

Clearly 6 ≡ 0(𝑚𝑜𝑑3). 

The functional values of a unidominating function f defined in case I and subcase IA of 

theorem 2.1 are given at the corresponding vertices of 𝑃6𝑜𝑃6 

 

 

 

        m=3k m=3k+1 m=3k+2 

n=3a 2k(a)+k(a+1) 2k(a)+(k+1)(a+1) (2k+1)(a)+(k+1)(a+1) 

n=3a+1 2k(a)+k(a+1) 2k(a)+(k+1)(a+1) (2k+1)(a)+(k+1)(a+1) 

n=3a+2 2k(a+1)+k(a+1) 2k(a+1)+(k+1)(a+1) (2k+1)(a+1)+(k+1)(a) 
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Unidomination number of 𝑃6𝑜𝑃6is    𝛾𝑢 𝑃6𝑜𝑃6 = 14 

Example 3.2: Let 𝒎 = 𝟕 , 𝒏 = 𝟔  

Clearly 7≡ 1(𝑚𝑜𝑑3) 

The functional values of a unidominating function f defined in case II and subcase IIA of 

theorem 2.1 are given at the corresponding vertices of 𝑃7𝑜𝑃6 

 

 

 

 

 

Unidomination number of  𝑃7𝑜𝑃6 is  𝛾𝑢(𝑃7𝑜𝑃6) = 17 

Example 3. 3: Let 𝒎 = 𝟖 , 𝒏 = 𝟔  

Clearly 8≡ 2(𝑚𝑜𝑑3) 

The functional values of a unidominating function f defined in case III and subcase IIIA of 

theorem 2.1 are given at the corresponding vertices of 𝑃8𝑜𝑃6 

 

 

 

 

 

Unidomination number of  𝑃8𝑜𝑃6 is  𝛾𝑢(𝑃8𝑜𝑃6) = 19 
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