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  Abstract  

 
 

A  (𝑝, 𝑞) graph is said to admit vertex triangular labeling 

if its vertices can be labeled by the first 𝑝 triangular 

numbers such that the edge labels obtained by adding the 

labels of its end vertices are distinct. A graph which 

admits a vertex triangular labeling is called a vertex 

triangular graph. In this paper we discuss some properties 

of vertex triangular labeling and we give some classes of 

graphs which are vertex triangular.  
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1. Introduction  

For all terminology and notation in graph theory, not specifically defined in this paper we 

refer the reader to the text-book by Harary[1] and for number theory we follow Burton[2]. 

Unless mentioned otherwise, all graphs in this paper are finite, simple and undirected.    

     A graph labeling is an assignment of integers, real numbers, sets etc to the vertices or 

edges or both subject to certain conditions. Most of the labeling problems have three 

important ingredients. A set of numbers from which vertex labels are chosen, a rule that 

assigns a value to each edge, a condition that these values must satisfy. Vast amount of 

literature about different types of graph labeling is available and more than 1000 research 

papers have been published so far in last four decades. A dynamic survey of graph labeling 

is regularly updated by Gallian[3] and is published by Electronic Journal of Combinatory.  

In this paper we introduce and study a new type of graph labeling which we call the Vertex 

Triangular Graph labeling. 
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Definition 1.1[2] 

 

A number is triangular if and only if it is of the form 
𝑛 𝑛+1 

2
, 𝑛 ≥ 1 

 If the 𝑛𝑡  triangular number is denoted by 𝑇𝑛  then  𝑇𝑛 = 1 + 2 + 3 + ⋯ + 𝑛 

The triangular numbers are 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78…… We denote the set 

of first p triangular numbers by 𝛥 p. That is   𝛥 p =   𝑇1,𝑇2, ……𝑇𝑝  

 

Result 1.2[2] 

 

 The sum of  𝑛 triangular numbers is   
𝑛 𝑛+1  𝑛+2 

6
 , 𝑛 ≥ 1            

 

2.  VERTEX TRIANGULAR GRAPHS 

 

Definition 2.1 

 

A vertex triangular labeling of a graph 𝐺 = (𝑝, 𝑞) is a bijective function  𝑓: 𝑉 𝐺 → 𝛥 p 

such that the induced function𝑓+: E 𝐺 → {4,5, … . 𝑝2 } defined  by 𝑓+ 𝑢𝑣 = 𝑓 𝑢 +
𝑓(𝑣) is injective. A graph G is said to be a Vertex Triangular Graph if it  admits a Vertex 

Triangular labeling. 

 

Observation 2.2 

For any (𝑝, 𝑞)  Vertex Triangular Graph  4 ≤ 𝑓+(𝑒) ≤  𝑇𝑝  +𝑇𝑝−1.   

 

PROPERTIES OF VERTEX TRIANGULAR GRAPHS 

 

Theorem 2.3 

 If 𝐺 =  𝑝, 𝑞  is a  Vertex Triangular 𝑘 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟  graph then Σ𝑓+ (e)=
𝑘𝑝 𝑝+1  𝑝+2 

6
 

 

Proof 

Since  𝐺  is 𝑘 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 ,  each vertex is counted 𝑘  times in Σ𝑓+ (e) 

That is Σ𝑓+ (e)= 𝑘(𝑇1 + 𝑇2 + ⋯𝑇𝑝  ) = 
𝑘𝑝 𝑝+1  𝑝+2 

6
  by result 1.2    ∎ 

 

Illustration 2.4 

1. For  𝐶5 , Σ𝑓+ (e) =
2.5.6.7

6
= 70  

2. For  𝐾4 , Σ𝑓
+  e =

3.4.5.6

6
= 60 

 

Theorem 2.5 

 

In any Vertex Triangular Graph we cannot label 𝑇3𝑛−2  & 𝑇6𝑛−1  to adjacent vertices if 

𝑇3𝑛   & 𝑇6𝑛−2   are labels of adjacent vertices  𝑛 = 1,2, ……  
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Proof 

Let G be a Vertex Triangular Graph. Let 𝑢 & 𝑣   are two adjacent vertices with labels  

𝑓 𝑢 = 𝑇3𝑛  & 𝑓 𝑣 = 𝑇6𝑛−2   

Let 𝑒1  =  𝑢𝑣   

 Then 𝑓+(𝑒1  )= 𝑓 𝑢 + 𝑓 𝑣 =
3𝑛 3𝑛+1 

2
+

 6𝑛−2  6𝑛−1 

2
=

45 𝑛2−15𝑛+2

2
  , 𝑛 = 1,2, …… 

Now if 𝑢1 𝑎𝑛𝑑 𝑣1 are also adjacent vertices with       𝑓 𝑢1 = 𝑇3𝑛−2  𝑎𝑛𝑑  𝑓 𝑣1 = 𝑇6𝑛−1   

 𝑓+( 𝑒1 )= 𝑓 𝑢1 + 𝑓 𝑣1 =
(3𝑛−2) 3𝑛−1 

2
+

 6𝑛−1  6𝑛 

2
=

45 𝑛2−15𝑛+2

2
 ,  𝑛 = 1,2, …… 

Where  𝑒1 =   𝑢1𝑣1  

That is   𝑓+(𝑒1 ) = 𝑓+(𝑒1 ), not possible.    ∎ 

 

Theorem 2.6 

Let 𝐺 =  𝑝, 𝑞  be a Vertex Triangular Graph with a Vertex Triangular labeling 𝑓. 

If  𝑓+ 𝑒 ≡ 1 𝑚𝑜𝑑 2  ∀𝑒 ∊ 𝐸(𝐺)  then G is bipartite. 

 

Proof 

Suppose  𝑓+ 𝑒 ≡ 1 𝑚𝑜𝑑 2  ∀𝑒 ∊ 𝐸(𝐺)   
Let 𝑒 ∊ 𝐸(𝐺) , then  𝑓+ 𝑒 =  𝑇𝑖  +  𝑇𝑗    for some  𝑇𝑖  , 𝑇𝑗    ∊  𝛥 p 

and  𝑇𝑖  + 𝑇𝑗   ≡1(mod2) 

Since   𝑇𝑖  + 𝑇𝑗   is an odd number, we have   𝑇𝑖  & 𝑇𝑗   are of opposite parity. 

 Let 𝑋 =  𝑢 ∊  𝑉(𝐺) ∶ 𝑓 𝑢 𝑖𝑠 𝑒𝑣𝑒𝑛  & 𝑌 =  𝑣 ∊  𝑉(𝐺) ∶ 𝑓 𝑣 𝑖𝑠 𝑜𝑑𝑑  
Then the sets X & Y form a disjoint partition of 𝑉(𝐺) and any edge with  𝑓+ 𝑒 ≡
1 𝑚𝑜𝑑 2  is of one end in X and the other end in Y.    ∎ 

 

 

Corollary 2.7 

 

If G is a graph with  𝑓+ 𝑒 ≡ 1 𝑚𝑜𝑑 2𝑛  ∀𝑒 ∊ 𝐸(𝐺)  then G is bipartite. 

 

Proof 

If 𝑓+ 𝑒 ≡ 1 𝑚𝑜𝑑 2𝑛  ∀𝑒 ∊ 𝐸(𝐺)  ⇒ 𝑓+ 𝑒 ≡ 1 𝑚𝑜𝑑 2  ∀𝑒 ∊ 𝐸(𝐺)   
Then by theorem 2.6, G is bipartite.    ∎ 

 

Remark 2.8 

 

Every spanning subgraph 𝐻 of a Vertex Triangular Graph 𝐺 is Vertex Triangular, since 

𝑉 𝐻 = 𝑉 𝐺  & 𝑓 𝑉 𝐻  = 𝑓 𝑉 𝐺  =  { 𝑇1 ,𝑇2,𝑇3, … . , 𝑇𝑝  }. In general subgraphs of a 

Vertex Triangular Graph need not be Vertex Triangular. For example 5K  with one pendant 

vertex is vertex triangular but 5K  is not vertex triangular. Hence Vertex Triangular 

labeling is not a hereditary property.  

 

CLASSES OF VERTEX TRIANGULAR GRAPHS 
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Theorem 2.9 

 

Every path 𝑃𝑛   
is a Vertex Triangular Graph. 

 

Proof 

Let V(𝑃𝑛 )={𝑣1 , 𝑣2, 𝑣3  … . . , 𝑣𝑛   } where 𝑣1  𝑎𝑛𝑑 𝑣𝑛   are the end vertices with  

𝑣𝑖    adjacent to 𝑣𝑖+1   for             1 ≤ i ≤ n-1 

Define  𝑓: 𝑉 𝑃𝑛 → 𝛥 p  by  𝑓(𝑣𝑖   ) =𝑇 𝑖  ,  i=1,2,3,….n 

Since 𝑓 is increasing on the vertex set and  

 𝑓+(𝑣𝑖 𝑣𝑖+1    ) = 𝑇𝑖 + 𝑇𝑖+1,  𝑓+ is also an increasing function on the edge set. Hence 

𝑓+ is injective and 𝑓 is a Vertex Triangular labeling on  𝑃𝑛 .     ∎ 

 

Theorem 2.10 

 

The cycle 𝐶𝑛   is a Vertex Triangular Graph ∀𝑛. 
 

Proof   

Let 𝑣1,𝑣2,𝑣3 , … . , 𝑣𝑛   be the vertices of the cycle 𝐶𝑛   

Case 1:   𝒏 ≠ 𝟓.  
Define   𝑓: 𝑉 𝐶𝑛   → ∆𝑛  by  𝑓(𝑣𝑖  ) =𝑇 𝑖  , i=1, 2, 3,…n 

Then 

𝑓+ 𝑣𝑖  𝑣𝑖+1  =  𝑖 + 1 2 , i=1, 2, 3….n-1 

Also 𝑓+(𝑣1  𝑣𝑛  ) = 𝑓 𝑣1   + 𝑓 𝑣𝑛   = 1 +
𝑛 𝑛+1 

2
   

Since 

𝑓+(𝑣1  𝑣𝑛  ) is not a perfect square and 𝑓+is increasing on (𝑣𝑖  𝑣𝑖+1 ), 𝑖 = 1,2,3, … , 𝑛 − 1, 

𝑓+ is injective and hence  𝐶𝑛     is a Vertex Triangular Graph . 
𝑪𝒂𝒔𝒆 𝟐:  𝒏 = 𝟓 

When  𝒏 = 𝟓 the above labeling is not possible, since 𝑓+(𝑒5) = 𝑓+(𝑒3) and 𝑓+ is not 

injective. So we label 5 1 2 5: , ,...,C v v v as follows, 

1 2 3 4 5( ) 1, ( ) 6, ( ) 3, ( ) 10, ( ) 15f v f v f v f v f v        ∎ 

 

 

Theorem 2.11 

 

The complete graph 𝐾𝑛     is a Vertex Triangular Graph if and only if 𝑛 ≤ 4 

 

Proof 

The Vertex Triangular labeling of 𝐾𝑛    for 𝑛 ≤ 4 are as follows. ( ) , , 1,2,3,4i jf v T i j   

where iv are the vertices of 𝐾𝑛  . Then 𝑓+is injective and hence 𝐾𝑛     is a Vertex Triangular 

Graph. If 𝑛 ≥ 5 ,  𝑇3 + 𝑇4=  𝑇1+ 𝑇5 , So  𝑓+is not injective. So  𝐾𝑛  ,  𝑛 ≥ 5 is not a Vertex 

Triangular Graph. Therefore the complete graph 𝐾𝑛     is a Vertex Triangular Graph if and 

only if 𝑛 ≤ 4.    ∎ 
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Theorem 2.12  

 

Every star graph 𝐾1,𝑛   is a Vertex Triangular Graph. 

 

Proof 

Let  𝑢 be the apex vertex and 𝑣1,𝑣2,𝑣3…… ,𝑣𝑛   be the pendant vertices of the star graph 

𝐾1,𝑛  . 

Define,   𝑓 𝑢 = 1 and  𝑓 𝑣𝑖   = 𝑇𝑖+1  , 𝑖 = 1,2,3 … . , 𝑛 

Then the edge labels are, 𝑓+ 𝑢𝑣𝑖   = 1 + 𝑇𝑖+1  = 1 +
 𝑖+1  𝑖+2 

2
  

Since 𝑓 is increasing on 𝑉 𝐺 , 𝑓+ is also increasing. So 𝑓+ is injective.  
Hence   𝐾1,𝑛   is a Vertex Triangular Graph.    ∎ 

 

Theorem 2.13 

 

The graph    𝐺 =  𝐾2   + 𝑚 𝐾1 is a Vertex Triangular Graph. 

 

Proof 

Let    𝑉 𝐺 = {𝑣1, 𝑣2  , 𝑣3  , . . . , 𝑣𝑚+2 } where 𝑉 𝐾2   = {𝑣1,𝑣2 } 

define 𝑓: 𝑉(𝐺) →  { 𝑇1 , 𝑇2 , 𝑇3 , … . , 𝑇𝑚+2 } by  𝑓 𝑣𝑖  =  𝑇 𝑖  , for i=1,2,3,….m+2 

The induced function is injective, for if   𝑓+ 𝑣1 𝑣𝑖    = 𝑓+ 𝑣2 𝑣𝑗     where 𝑖, 𝑗 ≠ 1,2 

By taking, 𝑓 𝑣𝑖  ) = 𝑥 & 𝑓(𝑣𝑗    = 𝑦, we get an equation of the form 𝑥 − 𝑦 = 2  then x =

3 & 𝑦 = 1 , which is not possible by definition. Hence G is a Vertex Triangular Graph.    

∎ 
 

Theorem 2.14 

 

Every wheel graph   𝑊𝑛   = 𝐾1 + 𝐶𝑛−1 is a Vertex Triangular Graph. 

 

Proof 

Let  𝑣 be the apex vertex and  𝑣1 ,𝑣2, … . , 𝑣𝑛−1  be the other vertices.  

 Define 𝑓 𝑣 = 1 

Then label each 𝑣𝑖  with 𝑇𝑖+1 in the order that 6 & 10 will not be given to adjacent vertices 

if  𝑛 ≥ 4.    ∎ 

 

Theorem 2.15 

 

The ladder 𝐿𝑛  is a Vertex Triangular Graph. 

 

Proof 

Let 𝑉 𝐿𝑛 = {𝑎1, 𝑎2, ….,𝑎𝑛 , 𝑏1, 𝑏2, … . . , 𝑏𝑛} and 

 𝐸 𝐿𝑛 =  𝑎𝑖𝑏𝑖  /  1 ≤ 𝑖 ≤ 𝑛 ∪  𝑎𝑖𝑎𝑖+1 / 1 ≤ 𝑖 ≤ 𝑛 − 1 ∪ {𝑏𝑖𝑏𝑖+1/ 1 ≤ 𝑖 ≤ 𝑛 − 1} 

Define 𝑓: 𝑉(𝐿𝑛 )→ ∆2𝑛  as follows 

𝑓(𝑎𝑖) = 𝑇2𝑖−1,   1 ≤ 𝑖 ≤ 𝑛 

𝑓 𝑏𝑖 =  𝑇2𝑖 , 1 ≤ 𝑖 ≤ 𝑛    so that 
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𝑓+ 𝑎𝑖𝑏𝑖 = 4𝑖2,   1 ≤ 𝑖 ≤ 𝑛 

𝑓+ 𝑎𝑖𝑎𝑖+1 =  4𝑖2 +  2𝑖 + 1, 𝑖 = 1,2, …𝑛 − 1 

𝑓+ 𝑏𝑖𝑏𝑖+1 = 4𝑖2 + 6𝑖 + 3,   𝑖 = 1,2, …𝑛 − 1 

Since 𝑓+(𝑎𝑖𝑏𝑖) is an even number for 1 ≤ 𝑖 ≤ 𝑛 and 𝑓+ 𝑎𝑖𝑎𝑖+1  & 𝑓+(𝑏𝑖𝑏𝑖+1) are odd 

number for 1 ≤ 𝑖 ≤ 𝑛 − 1, 

𝑓+ 𝑎𝑖𝑏𝑖  ≠ 𝑓+ 𝑎𝑖𝑎𝑖+1  

𝑓+ 𝑎𝑖𝑏𝑖  ≠ 𝑓+ 𝑏𝑖𝑏𝑖+1  

Also 𝑓 is an increasing function on 𝑉(𝐺) and so 𝑓+ 𝑎𝑖,𝑏𝑖  ≠ 𝑓+ 𝑎𝑗𝑏𝑗   ∀𝑖 ≠ 𝑗 

And  𝑓+ 𝑎𝑖𝑎𝑖+1  ≠ 𝑓+ 𝑎𝑗𝑎𝑗+1 ,   𝑖 ≠ 𝑗,    1 ≤ 𝑖 ≤ 𝑛 − 1,   1 ≤ 𝑗 ≤ 𝑛 − 1 

Also and 1 1( ) ( ),1 , 1i i j jf bb f b b i j n 

     , since these numbers form an increasing 

sequence of odd numbers. 

Hence 𝑓+ is injective and 𝑓 is a Vertex Triangular labeling.    ∎ 

 

Theorem 2.16 

 

The complete bipartite graph  𝐾2,𝑛  is a vertex triangular graph for any 𝑛. 
 

Proof 

Let 𝑋 = {𝑢1, 𝑢2} & 𝑌 =   𝑣1, 𝑣2, … . . , 𝑣𝑛  be the bipartition of the vertices of  𝐾2,𝑛 . 

Define 𝑓 𝑢1 = 1 , 𝑓 𝑢2 = 3 and 𝑓 𝑣𝑖 = 𝑇𝑖+2 , 𝑖 = 1,2, … , 𝑛 

Then the edge labels are ∀𝑖, 

𝑓+ 𝑢1𝑣𝑖 = 1 + 𝑇𝑖+2 =
 𝑖 + 2  𝑖 + 3 

2
+ 1 =

𝑖2 + 5𝑖 + 8

2
 

𝑓+ 𝑢2𝑣𝑖 = 3 + 𝑇𝑖+2 =
 𝑖 + 2  𝑖 + 3 

2
+ 3 =

𝑖2 + 5𝑖 + 12

2
 

       If    𝑓+ 𝑢1𝑣𝑖 = 𝑓+ 𝑢2𝑣𝑗  , for some 𝑖, 𝑗. 

Then,  

𝑖2 + 5𝑖 + 8

2
=

𝑗2 + 5𝑗 + 12

2
 

𝑗2 − 𝑖2 + 5 𝑗 − 𝑖 +  12 − 8 = 0 
 𝑖 − 𝑗  𝑖 + 𝑗 + 5 = 6                          …… . (1) 

Since &i j  are positive integers (1) is true only if 

  𝑖 − 𝑗 = 1 and 𝑖 + 𝑗 + 5 = 6 or  𝑖 − 𝑗 = 2 and 𝑖 + 𝑗 + 5 = 3 

If  𝑖 − 𝑗 = 1 and 𝑖 + 𝑗 + 5 = 6, then 𝑖 = 1 𝑎𝑛𝑑 𝑗 = 0, not possible. 

If  𝑖 − 𝑗 = 2 and 𝑖 + 𝑗 + 5 = 3 then,𝑖 = 0 𝑎𝑛𝑑 𝑗 = −2, not possible,  

Therefore  𝑓+ is injective. 

Therefore the complete bipartite graph 𝐾2,𝑛  is a vertex triangular graph for any 𝑛. ∎ 

                   

Theorem 2.17 

 

 The graphs 
, , 1 6m mK m  are Vertex Triangular Graphs. 

Proof 

http://www.ijesm.co.in/
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Let 1 2 1 2{ , ,... }& { , ,... }m mX u u u Y v v v  be the bipartition of  
, ,1 6.m mK m 

 
Define 

2 1 2( ) & ( ) .i i i if u T f v T 
 
Suppose if possible  ( )& ( )i j i j m n m ne u v e u v  are two different 

edges with ( ) ( )i j mnf e f e   

Then, 
(2 1)(2 ) (2 )(2 1) (2 1)(2 ) (2 )(2 1)

2 2

i i j j m m n n     
  

That is, 2 2 2 22 2 2 2i i j j m m n n        

That is, 2 2 2 22( )i j m n i j m n        

So 2 2 2 22( ) ( ) ( )i m j n i m j n               …………(1) 

(1) Is true only if both sides of (1) are zero. That is &i m j n  , a contradiction to the 

choice of  ( )& ( )i j i j m n m ne u v e u v  . Hence f  is injective and
, ,1 6m mK m  are vertex 

triangular. ∎ 

 

Theorem 2.18 

 

The comb 𝑃𝑛⦿𝐾1 admits a Vertex Triangular labeling. 

 

 

Proof 

Let 𝑃𝑛 : 𝑢1, 𝑢2, … . . , 𝑢𝑛  be the path and let 𝑤𝑖 = 𝑢𝑖𝑢𝑖+1(1 ≤ 𝑖 ≤ 𝑛 − 1) be the edges. Let  

𝑣1, 𝑣2 , … . , 𝑣𝑛  be the pendant vertices adjacent to 𝑢1 , 𝑢2, … . , 𝑢𝑛  respectively and 

let 𝑡𝑖 = 𝑢𝑖𝑣𝑖(1 ≤ 𝑖 ≤ 𝑛) be the edges. 

For 𝑖 = 1,2, … . 𝑛, define 2( )i if u T  and 2 1( )i if v T  . 

Then, 
2

1 2 2( 1)( ) ( ) ( ) 4 6 3i i i i if w f u f u T T i i

        , an odd number and 

2 2

2 2 1( ) ( ) ( ) 4 (2 )i i i i if t f u f v T T i i

      ,an even number and hence 

( ) ( ), ,i jf w f t i j    

Also ( ) ( )i jf t f t   and ( ) ( ),i jf w f w i j    . 

Therefore 𝑓+ is injective and 𝑓 is a Vertex Triangular labeling.       ∎ 

 

Theorem 2.19 

 

Bistar graph 
,m nB  is a Vertex Triangular Graph ,m n . 

 

Proof   

Let, 

 
 

 
,

,

( ) , , , ,1 ,1

( ) , , ,1 ,1

m n i j

m n i j

V B u v u v i m j n

E B uv uu vv i m j n

    

    
 

Define ( ) 1f u  , ( ) 3f v  , 2( ) , 1,2,...,i if u T i m  and 
2( ) , 1,2,..,j m jf v T j n    
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Then ( ) ( ) ( ), ,i jf uv f uu f vv i j     . Therefore the induced edge labels are distinct and 

hence Bistar graph 
,m nB  is a Vertex Triangular Graph ,m n .    ∎ 

 

Conclusion 

 

In this paper we introduced a new concept of vertex triangular graphs using triangular 

numbers and state some properties of vertex triangular graphs. We identified many classes 

of graphs which are vertex triangular.  
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