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Abstract

The Fractional Fourier transform (FRFT) is the generalization
of classical Fourier transform. It can analyze the signal in
between the time and frequency domain. The most possible
application of the FRFT are optical signal processing, quantum
mechanics, optimal filtering. We defined two-dimensional

Offset Fractional Fourier transform.The Offset Fractional
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1. Introduction

Fourier-related transforms are of central importance in diverse application of science,
engineering and technology. It is well known that Fourier transform are powerful integral transform
and have innumerous application in variety of disciplines not only in engineering side like signal
processing [2], optics communication [3] but also in music, economics and geography like subjects.

FRFT has received much attention in recent years. Several applications if FRFT have been
suggested. In particular, many signal and image processing applications have been developed on
the basis of the FRFT [4, 5, and 6]. Several two-dimensional optical implementations have been
discussed previously by different researchers. Thus, FRFT is very useful tool for signal processing
and has many applications such as optical filter design, signal synthesis, solving differential
equations, phase retrieval, and pattern recognition, quantum mechanics, fractional convolution and
correlation, beam forming etc.
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Offset Fourier transform‘s are similar to original Fourier transform‘s, except that the kernel
e~wx js replace bye ~{l(»=*=1) That is the kernel is generalization by appending a space shifted
term and a frequency-modulated term [10]. Offset FRFT’s are useful in optics. It is especially
useful for analyzing optical systems with prisms or shifted lenses. In our previous work we have
defined the two dimensional Offset Fractional Fourier transform, testing function space E and E*as
follows

A. Two-Dimensional Offset Fractional Fourier Transform:

Two-Dimensional Offset Fractional Fourier Transform [F;’"’(’V f(t, x)] (s,u) of function f (t, x)

through an angle « is defined as

I:F;vrlr(ryf(t' x)] ( S, u) = j j f(t, x)ka (t; S—nx,u— V)dtdx
Where, K,(t,s—n,xu—y)

1—icota ei(51+ug)em[((s—n)2+t2+(u—}/)z+xz)cos a —2((s—n)t+(u —y)x)]

2n

B. Testing function space E:

An infinitely deferential complex valued smooth function on ¢(R™) belongs to E(R™), if for each
contact] € S,

Where,
Sap ={t;x:tx €R"}; |t| <al|x| <ba<0b<0},]€R"
sup .1,
yl,l,q (¢) = t,x, € I|Dt,z¢(t: X)
< oo, l,gq=012......

Thus E(R™) will denote the space of all ¢ € E(R™) with support contained in S, j, .
Note that the space E is complete and therefore a Frechet space. Moreover, we say that f is
Offset Fractional Fourier transformable if it is a member ofE™, the dual space of E .

In the present work, Two-Dimensional Offset Fractional Fourier transform is extended in
distributional generalized sense. Two-dimensional Offset Fractional Fourier transform of some
functions are obtained.

2. Distributional two-dimensional Offset Fractional Fourier transform

The Two-Dimensional Offset Fractional Fourier Transform [Fof AT £t x)] (s, u)of

generalization function f(t, x) through an angle « is defined as,

[Faf'"’(’yf(t, x)] (s,u) = (f(tx) K, (t,s —n,x,u—7v))

whereK, (t,s —n,x,u —y) = Claei(sr+u()ecza[((s—n)2+t2+(u—y)2+x2) cos a —2((s—m)t+u—y)x)]
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AndC;, = 1-tcorm and Cop =

2m

3. Examples on Generalized two-dimensional Offset Fractional Fourier transform

3.1. Result

Prove that [Faf””“’(l)] (s,u) = /W i(sT+u0) o 5 gl [ (s—n) 2+ (u=)?]
Proof:

747 £, (5,0

= j f Claei(sr+u{)ei62a[((s—n)2+t2+(u—y)2+x2)cos a —2((s—n)t+(u—y)x)]f(t’ x)dtdx

27 @] (s,u)

= joo foo C ei(sr+u()e—25iin | ((s=m)*+t2+u—y)*+x2) cos a —2((s—m)t+u—y)x)] 1 dtdx
a .
- Cl ei(sr+u§)eé[(s—n)2+(u—y)2]cota
a
foo foo e%[t2+x2]cot a—2((s—n)t+(u—y)x)coseca dtdx

Using formula [~ ei@? “Hibp g = \/_‘/_ew e e een e e (321)

cota
wherea =

[E7 7 ()] (s,u)

n)coseca)

[ mi i[-(s—n)cosec a]z [ i i[—(u—y)cosec a] 2
| e4 \IT — 4dcota

| |
_ mei(sz+uc)e%[(s—n)2+(u—y)2]cota|e4 ‘/Ee Tt J| e 5t |
cota J

cota
2

. i £ i N2 . \21rcosa 1
= ’M1—2W31(51+u()e 2 eZ[(S 77) +(u )/) ][sina +sina cosa]
cota

2n(1 —icota)
cota

cos a+1]
sina cosa

l(sr+u{)ezez[(s -2+ (u- }’)2][

3+cos 2a

2n(1 —i cota) ]

cota

i GTHu0) 5 gl =)+ =2

sin2a
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3.2. Result
Prove that

2797 60— a,y = b)| (s,u)
— Cl ei(sr+ug)em[((s—n)2+a2+(u—y)2+b2) cos a —2((5—17)a+(u —y)b)]
a
Proof:

[FEm 47 f(60)] (s,w)

= f J. Claei(sr+u()eiC2a[((s_n)2+t2+(u—y)2+x2)cos a _2((S_n)t+(u_y)x)]f(t, x)dtdx

[E747 F 0] (s,0)

=( ei(st+ul) fw J-oo eZSi; a[((s—n)2+t2+(u—)/)2+x2)cos a —2((s—n)t+(u—y)x)]f(t x)dtdx
a )

[E747 F 0] (s,0)

— Claei(sr+u()e[(s—n)2+(u—y)2]cota foo foo e;;(t2+x2)cota —i[t(s—m)2+x(u—y)?]coseca F(¢,x)dtdx

[F;’n’z’VS(x -a,y— b] (s,u)
- pi(sT+ud) o [(s—m)2+u—y)?]cota eé(a2+b2)cota —ia(s—n)*+b(u—y)*|coseca
a

— Cl ei(gf_;.ug)em[((s—n)2+a2+(u—y)2+b2)Cos a —2((s—n)a+(u —y)b)]
a

3.3. Result
Prove that

[Faf‘n‘("}’ei(at2+bx2)] (S, u)

; Tl V2 (=21 i 2,1 =% | u-p)?
l(ST'Hl{)eZeZ[(S m~+u-y) ]elcosec a[Zcota +4a+2wta +2b]

2n(1 — i cota)
(cota + 2a)(cota + 2b)

Proof:

[F;,n,é,yf(t' x)] (s,u)

= f J- Claei(sr+u()eicza[((5_,7)2+t2 +w-y)?+x?) cos a —2((s—n)t+(u—y)x)]f(t’ x)dtdx
[F;'U'('Vei(at2+bx2)] _ J f C1qeiCTHu)

ool (=2 u—y)24x?) cos @ =2((s=mt+u=1)%)] ,i(at?+bx2) g gy
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— Claei(sr+u()eé[(s—ﬂ)2+(u—y)2]cota foo eit2[$+a]—i(s—n)tcoseca dt

o0
f eixz[cum +b] i(u—y)xcoseca dx
—0o0

cota

Taking a = [ >

+ a], b=—(s —n)coseca
Therefore using equation (1)

[F(;.n.c'.yei(at2+bx2)] (s, )

. i[-(s—n)cosec a)?
1—icota pilstug) p3l(s=m?+u=-y)?cota | _€" Vv )

oo
-

mi i[—(u—y)cosec a]
4
e4+\T _evr 4(co; a+b)

cota

. in 2 2
_ . Irea_32 _N2 a (s—n) (u—y)
= —1 Lcota el(ST+u()eZ[(S 77) +u }’) ]COta e-n ewose ¢ a[Zcota +4a+2cota +2b]
2r ’cotrx +2a |cota +2b
2 2

- 6-m? | @-p)?
:J 2m(1—i cota) el(gﬂ_u{)eze [(s—n)2+(u—y)2] lcosecza[m+%]

(cota +2a)(cota +2b)

3.4. Result
Prove that

[ Far.n.i Y gilat +bt)] (s,u)

2n(1 — i cota)
cota

b2)2 b 3 2
pilsThug) o e [ b o sz ey

Proof:
[FZm 47 £(620)] (s,0)

= f f Claei(sr+u()eicza[((s_n)2+t2+(u—y)2+x2)cos a —2((s—r))t+(u—y)x)]f(t’ x)dtdx

[E2747 ettt 0] (5,)
= fw J-Oo C1 ei(sr+u()eiC2a[((5—17)2+t2+(u—)/)2+x2)cos a —2((5—’7)t+(u_y)x)]ei(at+bt)dtdx
a

. i 2 2 . . . . . .
i t ) 2 LY 2 — +
Claez(sr+u()e2[(5 n)“+u-y) ]CO a J‘ plt-cota i(s—n)tcoseca +iat dtf elx“cota i(u—y)xcoseca +ibx dx

—00
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Taking a = %, b=a— (s —n)coseca etc,

Therefore using equation (1)

ila—(s—n)coseca ]2

— ’21‘[(1—21' cota) ei(sr+ug’)e%[(s—n)2+(u—y)2]cota ed\m QW
T cota

2

i i[b—(u—y)coseca ]2]
e4\1m cot a

=)

| e
[ cota J
2
- X A o 2
2m(1—i cota) ei(sﬂ.ug)e%[(s—n)2+(u—y)2]cota enz—le%[(s—n)zcota +%
\’ cota

. P 2 2 2 2

o (1—i . ire. N2 Ry woie N2 ,a“—2a(s—n)cose c*a  (s—n)“cose c“a
m(1-icota) i(sr4ug) palG—mi+@—p)leota B L[(s—n)icota 42t e (o) core ey

cota

P2 2 ;i p2 2

’ . i ira —2a(s—n)cose c®a _\23+cos2a ib —2b(u—y)coseca | . N2 3+cos2a

= Mez(sr+u{) eZ[ cota '(S 7]) ¢ sin2a )] e? cota i }/) ( sin2a )]
cota

. 2,52
. i i L(a +b )Zcoseca [a(sfr])+b(ufy)]i3+cos20{r N2 Y
- ’271(1 ;cota)el(sf+u{)ezez{ e t~in2a [=m)+—y)*1}
cota

Two-Dimensional Offset Fractional Fourier transform of special functions are represented in

—

tabular form as follows:

f(t,x) {2D Offset FrFTf(t.x)}(s,u)
1 2m(1 — i cota) ol THU0) o 5 o3l =y | Pr e
cota
§(x—a,y—>b) Clae"(S”“Oeﬁ[((s_")zmzﬂu_”)z%z)COS a —=2((s—n)a+@u —y)b)]
. . 2 )2
eilat®+bx*) 2n(l — i cota) i(sT+u0) g g3l =M +u=y)?] i cose cZaly s S
(cota + 2a)(cota + 2b)
2n(1 —icota) = i
—_e2 . ,e2cot a,
ellat+bx) cota
i az 2 coseca |a(s— u— cos cax
I e L R o) )
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4. Conclusion
In the present work generalization of two-dimensional Offset Fractional Fourier transform is
presented. Some applications of two-dimensional Offset Fractional Fourier transform
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