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Abstract:  

The main object of the present is to provide an interesting double integral involving generalized 

function  𝐺𝜌 ,𝜂 ,𝑟  defined in [3], which is expressed in terms of generalized (Wright) hyper 

geometric function . A further extension of our main result and their associated special cases are 

also considered. 
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Introduction:  

The well known generalized function 𝑮𝝆,𝜼,𝒓[a, z] defined by [3,4,8] 

𝐺𝜌 ,𝜂 ,𝑟 𝑎, 𝑧 = 𝑧𝑟𝜌−𝜂−1  
(𝑟)𝑛   𝑎  𝑧𝜌  𝑛

Γ 𝑛𝜌+𝑟𝜌−𝜂 𝑛! 
∞
𝑛=0  ,                     𝑅𝑒 𝜌𝑟 − 𝜂 > 0                           (1.1) 

The well known Mittag – Leffler function of the form  

𝐸𝜌(𝑧) =   
𝑧𝜌𝑛

Γ(𝜌𝑛 +1)
∞
𝑛=0                                                                                                              (1.2) 

Where𝜌 𝜖𝐶 , 𝑅𝑒  𝛼 > 0 , 𝑧 𝜖𝐶 , defines the Mittag -Leffler function [9] 

A generalized function of (1.2) in the form  

𝐸𝜌 ,𝜇 (𝑧) =   
𝑧𝜌𝑛

Γ(𝜌𝑛 +𝜇)
∞
𝑛=0                                                                                                           (1.3) 

Where𝜌, 𝜇 𝜖𝐶 , 𝑅𝑒  𝜌 > 0 , 𝑅𝑒 𝜇 > 0 𝑧 𝜖𝐶 , defines the Mittag -Leffler function [2] 
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A Generalized function of (1.3) in the form  

𝐸𝜌 ,𝜇
𝑟 (𝑧) =   

(𝑟)𝑛 𝑧𝜌𝑛

Γ(𝜌𝑛 +𝜇)
∞
𝑛=0                                                                                                           (1.4) 

Where𝜌, 𝜇, 𝑟 𝜖𝐶 , 𝑅𝑒  𝜌 > 0 , 𝑅𝑒 𝜇 > 0  , 𝑅𝑒 𝑟 > 0 𝑧 𝜖𝐶 , defines the Mittag- Leffler function 

[11,1] 

Where  (𝑟)𝑛  is the Pochhammer symbol (cf. [6, p.2 and p.5]): 

(𝑟)𝑛 =
Γ(𝑟+𝑛)

Γ(𝑟)
                                                                                                                            (1.5) 

(𝑟)0 = 1, (𝑟)𝑛 =  𝑟  𝑟 + 1 … .  𝑟 + 𝑛 − 1 , (𝑛 = 1,2,3 … . );                                               (1.6) 

The Generalized Wright Hypergeometric function pΨq (z) (see, for details, Shrivastava and 

Karlsson [7]) for 𝑧 ∈ ℂ complex, 𝑎𝑖 , 𝑏𝑗 ∈ ℂ  and 𝛼𝑖 , 𝛽𝑗 ∈ ℝ  

Where (𝛼𝑖 , 𝛽𝑗 ≠ 0; 𝑖 = 1,2,3, . . , 𝑝 ; 𝑗 = 1,2,3, . . . 𝑞) is defined as bellow : 

pΨq= pΨq  
 𝑎𝑖 , 𝛼𝑖 1,𝑝

 𝑏𝑗 , 𝛽𝑗  1,𝑞

 𝑧 =  
 Γ 𝑎𝑖+𝛼𝑖𝑘 𝑝

𝑖=1

 Γ 𝑏𝑗 +𝛽𝑗𝑘 
q
j=1

∞
𝑘=0

𝑧𝑘

𝑘!
                                                                                             (1.7) 

Introduced by Wright [5], the generalized Wright function proved several theorems on the 

asymptotic expansion of pΨq (z) for all values of the argument z, under the condition: 

 𝛽𝑗
𝑞
𝑗 =1 −  𝛼𝑗

𝑝
𝑖=1 > −1                                                                                                         (1.8) 

Furthermore, we also recall here the following interesting and useful result due to Edward  

[10, p.445] 

  𝑦𝛼1

0

1

0
 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽  𝑑𝑥 𝑑𝑦 =

Γ 𝛼 Γ(𝛽)

Γ(𝛼+𝛽)
                                         (1.9) 
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2. On unified integral associated with the generalized special function 

Theorem 2.1 

If  𝜌 , 𝜂, 𝑟𝜖𝐶  𝑅𝑒 𝜌 , 𝑅𝑒 𝜂 > 0 , 𝑅𝑒 𝜌𝑟 − 𝜂 > 0 𝑎𝑛𝑑 𝑛𝜖𝑁 then hold the following the special 

function   Gρ,η,r a, z , then we have the following relation, 

  𝑦𝛼
1

0

1

0

 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽𝐺𝜌 ,𝜂 ,𝑟  𝑐,
𝑎𝑦 1 − 𝑥  1 − 𝑦 

 1 − 𝑥𝑦 2
 𝑑𝑥 𝑑𝑦 

= 𝑎𝑟𝜌−𝜂−1  
1

Γ 𝑟 
  Ψ23

   
 𝑟, 1 ,  𝛼 + 𝑟𝜌 − 𝜂 − 1, 𝜌  ,  𝛽 + 𝑟𝜌 − 𝜂 − 1, 𝜌 

 𝜌𝑟 − 𝜂, 𝜌   𝛼 + 𝛽 + 2 𝜌𝑟 − 𝜂 − 1 , 2𝜌 
; 𝑎𝜌                        (2.1) 

Where Ψ𝑞𝑝
 is defined by (1.7) 

Proof: 

In order to establish our main result (2.1) , we denote the left –hand side of (2.1) by Δ 

And then using (1.1), we get: 

Δ =   𝑦𝛼
1

0

1

0

 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1 1 − 𝑥𝑦 1−𝛼−𝛽  

×   
𝑎𝑦  1−𝑥  1−𝑦 

 1−𝑥𝑦  2  
𝑟𝜌−𝜂−1

 (𝑟)𝑛  

 𝑐 
𝑎𝑦  1−𝑥  1−𝑦 

 1−𝑥𝑦  2  
𝜌

 

𝑛

Γ nρ+ρr−η  n!
∞
0 𝑑𝑥 𝑑𝑦                                       (2.2) 

Now changing the order of integration and summation and then applying the result (1.9), we get  

Δ =  𝑎 𝑟𝜌−𝜂−1+𝑛𝜌  
𝐶𝑛

Γ nρ + ρr − η  n!
  

Γ r + n 

Γ r 
 

×
  Γ 𝛼+𝑟𝜌−𝜂−1+𝜌𝑛  Γ 𝛽+𝑟𝜌−𝜂−1+𝜌𝑛  

Γ 𝛼+𝛽+2(𝑟𝜌−𝜂−1+𝜌𝑛  )
                                                           (2.3)                                                                                                            

Finally, summing up the above series with the help of (1.7), we easily arrive at the right hand 

side of (2.1). This completes the proof of our main result. 
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3. Special cases 

(1) On setting 𝜂 𝑏𝑦 𝜌𝑟 − 𝜇  𝑎𝑛𝑑 𝑎 = 1 in (2.1) and then by using (1.4), we get the following 

interesting integral: 

  𝑦𝛼
1

0

1

0

 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽  𝐸𝜌 ,𝜇
𝑟  

𝑎𝑦 1 − 𝑥  1 − 𝑦 

 1 − 𝑥𝑦 2
  𝑑𝑥 𝑑𝑦 

= 𝑎𝜇−1  
1

Γ 𝑟 
  Ψ23

   
 𝑟, 1 ,  𝛼 + 𝜇 − 1, 𝜌  ,  𝛽 + 𝜇 − 1, 𝜌 

 𝜇, 𝜌   𝛼 + 𝛽 + 2 𝜇 − 1 , 2𝜌 
;  𝑎𝜌                                             (3.1) 

 

(2) On setting 𝜂 𝑏𝑦 𝜌𝑟 − 𝜇 , 𝑟 = 1 𝑎𝑛𝑑 𝑎 = 1 in (2.1) and then by using (1.3), we get the 

following interesting integral: 

  𝑦𝛼
1

0

1

0

 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽  𝐸𝜌 ,𝜇  
𝑎𝑦 1 − 𝑥  1 − 𝑦 

 1 − 𝑥𝑦 2
  𝑑𝑥 𝑑𝑦 

= 𝑎𝜇−1 Ψ23
   

 1,1 ,  𝛼 + 𝜇 − 1, 𝜌  ,  𝛽 + 𝜇 − 1, 𝜌 

 𝜇, 𝜌   𝛼 + 𝛽 + 2 𝜇 − 1 , 2𝜌 
;  𝑎𝜌                                                        (3.2) 

(3) On setting 𝜂 𝑏𝑦 𝜌𝑟 − 𝜇 , 𝑟 = 1  , 𝜇 = 1𝑎𝑛𝑑 𝑎 = 1 in (2.1) and then by using (1.2), we get the 

following interesting integral: 

  𝑦𝛼
1

0

1

0

 1 − 𝑥 𝛼−1 1 − 𝑦 𝛽−1(1 − 𝑥𝑦)1−𝛼−𝛽  𝐸𝜌  
𝑎𝑦 1 − 𝑥  1 − 𝑦 

 1 − 𝑥𝑦 2
  𝑑𝑥 𝑑𝑦 

=  Ψ23
   

 1,1 ,  𝛼, 𝜌  ,  𝛽, 𝜌 

 1, 𝜌   𝛼 + 𝛽 , 2𝜌 
;  𝑎𝜌                                                                                             

(3.3) 
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