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Due to wide spread applicability in integral transform for
partial  differential equations involving distributional
conditions, many of integral transform extended to generalized
function and in last few years, the theory of generalized
integral transforms have been of ever increasing interest due to
its application in physics especially in quantum field theory,
engineering and pure as well as applied mathematics. It
provided new aspect to many mathematical disciplines such as
ordinary and partial differential equation, operational calculus
transformation theory and functional analysis.

This paper presents the generalization of two dimensional
Fourier-Laplace transform in the distributional sense. The
testing function spaces using Gelfand-Shilov techniques are
defined. Also some topological properties of S-type spaces for
distributional generalized two dimensional Fourier-Laplace
transform are proved.

Copyright © 2018 International Journals of Multidisciplinary
Research Academy. All rights reserved.

Author correspondence:

A. N. Rangari
Department of Mathematics,

Adarsh College, Dhamangaon Rly.

- 444709 (M.S), India.

1. Introduction

More recently, a number of results on multidimensional Laplace transforms were proposed by
Dahiya. Even with these enormous numbers of useful applications of Laplace transform a
systematic account of general theory of operational calculus using Laplace transforms of double,
triple and higher dimensions need serious attention. The two dimensional Laplace transformation is
useful in the solution of non-homogeneous partial differential equations [1]. Mathematically the
two dimensional Laplace transform is defined and denoted by the formula given below:
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The Two Dimensional Laplace transform with the parameters p, v, of function f (x, y)denoted

by L[ f(x,y)]=F(p.,v) and is given by,

L[ (6 y)]=F (pv) = [ [ ™ £ (x,y) dxly

(1.2)

The two dimensional Fourier Transform has applied in image filtering in the frequency domain and
in signal processing. The Fourier transform itself is translation invariant and its conversion to log
polar co-ordinates converts the scale and rotation differences to vertical and horizontal offsets that
can be measured [10]. And the formula for this two dimensional Fourier transform is defined and
denoted below:

The Two Dimensional Fourier transform with the parameters s, u, of function f (t, z) denoted by

F[ f(t,z)]=F(s.u)andis given by,

F[f(tz)]=F(s,u)=[ [ ™1 (t,2)dtaz

(1.2)

The Fourier and Laplace transforms play a predominant role in the theory of signals and systems.
Mechanical networks consisting of springs, masses and dampers, for the production of shock
absorbers for example, processes to analyze chemical components, optical systems, and computer
programs to process digitized sounds or images, can all be considered as system for which one can
use Fourier and Laplace transform as well [3]. Many authors studied on various integral transforms
separately. B. N.Bhosale and M.S.Choudhari [4] and S.M.Khairnar et.al. [6] has discussed double
transform. Motivated by this we have also defined a combination of integral transform in
distributional generalized sense namely two dimensional Fourier-Laplace transform which is given
by the formula:

The Two Dimensional Fourier-Laplace transform with parameters s, u, p, Vv, of f (t,z,x,y)is
defined as,

FL{f(t.z.x,y)}=F(s,u,p,v) :T TT
—o0 —00 0
(1.3)

where the kernel K (s,u, p,v)=

Along with this we have developed some testing function spaces and proved some topological
properties.

This paper is summarized as follows: Some testing function spaces which are useful for proving
topological properties are given in section 2. In section 3, we have given definition of
Distributional generalized Two dimensional Fourier-Laplace transform. Some topological
properties of S-type spaces are proved in section 4. And in section 5, some results on strict
inductive limit spaces are given. Finally we conclude the paper.

The notations and terminologies are as per Zemanian [11], [12].

f(tz,xye P gty

o—38

efi{(st+uz)7i( pr+vy)} .
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2. Testing Function Spaces
2.1. The Space FL,, .4, (S, -type space):

Let | be the open set in R, xR, and E, denotes the class of infinitely differentiable function
defined on |, the space FL,, . 4, is given by

FLa'b,C,d,a = {¢ : ¢ € E+ /7a,b,c,d,k,r,q,m,|,n |:¢(t’ Z, X, y)]

zslllp‘tszKa,b(X)Rc,d(y)DtIDSDZnD;,n[¢(t,z,x,y)]‘<c AkkkaBrrm}
1

— ~l,q,n,m
(2.1)
where the constants A,Band C

2.2. The space FL,; .4,

This space is given by,

I:I—a,b,c,d,y = {¢ . ¢ € E+ /ga,b,c,d,k,r,q,m,l,n [¢(t’ Zv X: y):|

zsrp‘tkera,b(X)Rc,d(y)DtIDfDZnD;n[¢(t,z,x,y)]‘<c Aqqqummmy}
1

depend on the testing function ¢ .

l,g,n,m

(S, -type space):

— Yk,r,I,n

(2.2)
where the constants A,Band C

2.3. Thespace FL,p g, qn:

depend on the testing function ¢ .

k,r,I,n

It is defined as,

FLa,b,c,d,a,g,h = {¢ : ¢ = E+ /y;,b,c,d,k,r,q,m,l,n |:¢(t’ Z, X, y):|

sup r nEm a rora
= 2K, , (X)R.q (v) D!DIDID} [ 4(t,2,%,Y) ]| <Cy g (9 +8) K< (h+pu)r }
1

(2.3)
Forany 0 >0, x>0 and g,h are the constants depending on the function ¢.

The space FL, .4, and FL,p .4, 4n are equipped with their natural Hausdorff locally convex

topologies T, .4, and T, These topologies are respectively generated by the total

ab,cd,a,gh"
families of seminorms {7, p e asramin } A0 {7 pcarqmin) 9iven by (2.1) and (2.3).

3. Distributional Generalized Two Dimensional Fourier-Laplace Transform (2DFLT):-
For f (t,z,x,y) e FL, where FL, is the dual space of FL,, ., . It contains all

ab,c,d,a? a,b,c.d,a
distributions of compact support. The distributional two dimensional Fourier-Laplace transform is a
function of f (t,z,x, y)is defined as,

FL{f(t.z.xy)}=F(s,u, p.v)=(f (t,2,xY),4(t.Z,x, y,5,u, p,v)).
3.1)

155 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/
http://www.ijesm.co.in/

International Journal of Engineering, Science and Mathematics
Vol. 7Issue 4, April 2018,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

efi {(st+uz)7i( px+vy)}

Where ¢(t,z,X,Yy,s,u, p,v) = and for each fixed t(0 <t <), z(0<z <),

x(0<x<oo)andy(0<y<o). Also §>0,u>0, p>0 andv>0. The right hand side of

(831) has a sense as an  application  of f(t,z,x,y)eFL to

a,b,c,d,a
¢(t: Z, X, y’ S,u, p,V) € FLa,b,c,d,a'

4. Topological Properties of S-type spaces:

4.1. Theorem: (FLa’b,C’d’a ;Ta,b,c,d,a) is a Frechet space.

e}

Proof:- As the family D, , . 4 , of seminorms {7a,b,c,d,k,r,q,m,l n} generating T, p.q, |

k,r,g,m,l,n=0

countable, it suffices to prove the completeness of the space (FLa’b,C,d’a Tabeda )

Let us consider a Cauchy sequence {¢,} in FL,, ., . Hence for a given &> 0, there exist an
N =N such that for m,n >N,

k,r,g,m,lI,n
ya,b,c,d,k,r,q,m,l,n (¢ ¢n ‘tkzr K ( ) Rc,d (y) DtI D)? D? D{/n (¢m _¢n) <&
(4.1.1)
In particular for k=r=g=m=1=n=0, for m,n>N,
Su
p‘Kab Roa(V){#n (L2 xy)—dh (L2 xY)]| <&
(4.1.2)

Consequently, for fixed (t,z,%,y) in Iy, {4, (t,z,x,y)} is anumerical Cauchy sequence.
Let ¢(t,2,,y) be the point-wise limit of {¢, (t,Z,X, y)} using (4.1.2) we can easily deduce that
{4} converges to ¢ uniformly on I,. Thus ¢ is continuous.

Moreover, repeated use of (4.1.1) for different values of k,r,q,m,l,n yields that ¢ is smooth that
is¢ € E, . Further from (4.1.1) we get,

7a,b,c,d,k,r,q,m,|,n (¢m ) < 7a,b c,d,k,r,g,m,1,n (¢N )+‘c’" vm=N

< C|qnm AkkkaBr ra
Taking m — oo and ¢ is arbitrary we get,

_Sup | Ky kapryra
ya,b,c,d,k,r,q,m,l,n( ‘t ZrKab( )R (y) Dt DgD;D;%f(t,Z,X, y)‘SCanmA k“B"r’

Hence geFL,p 4. and it is the T,, .4, limit of &, by (4.1.1) again. This proves the

completeness of FL,, .4,

dimensional Fourier-Laplace spaces, that is the non triviality of these spaces we have proved the
following theorem.

and our proof is completed. For the justification of our study of two

4.2. Theorem: The space D(I ) is a subspace of FL

ab.cde SUCh that the injection mapping from
D(l) to FL,, .4, iscontinuous that isT,, .4,/ D(1;) =T (1,).
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Proof: Forg(t,z,x,y)eD(l,), set

sup sup
L= ) {t.z:(t,z,x,y)esuppg} and Cy, = ) {Kas (X)R.4 (Y) DID{D]DJ4(t,2,x,y)}
then,
Fasasnanisf(125Y) = Ko (0R.q (¥)DIDEDIDP(L 2,5,y < G N
kka Ak rra Br
:ClqnmLkNr kka 'Ak rra F
k
e (2 s
Ak“
(4.2.1)

L N Va Ya
Since | —— |<1 and <1 iff k>( j and r>( j ,
i )=t o ; :

L\ N Ve
define k, = (Xj +1 and ;= (Ej +1, where [t,z] denotes the Gaussian symbol,

that is the greatest integer not exceedingt, z . Therefore fork >k, r > r;, we have

ky, ka o
7/a,b.c,d,k,r,q,m,l,n¢(t' Z,X, y) < ClqnmA k Brrr
(4.2.2)

If k <k, and r <r,, let us write,

ko fo

com(QEN o) G ) (o [

Then again from (4.2.1)

}/a,b,c,d,k,l’,q,m,l,n¢(t’ Z, X, y) S CCanm AkkklZBrrra

(4.2.3)

Hence the inequalities (4.2.2) and (4.2.3) together yield,
Vabodiramia®(t2,%Y)<Cr AK“Br™, k>0, r=0, where C;

lgnm

=CC
Implying that ¢ € FL,, . 4 - Consequently, D(Il,) < FL,, .4, To prove that continuity of the

lgnm *

|
injective map, consider a sequence {¢, }inD(1,), converging to zero. Then

k
yabcdqumln(¢n ‘t ZrKab( ) ( DqD Dm¢n(tzxy)‘
(4.2.4)
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We find a compact subset Q,, (say) of I, such that ¢, € D(Q,,)foreach n>1and ¢, — 0 in

D(Q,). If P= SQUp‘tkeravb (X)R. 4 (y)‘ ; then from (4.2.4),

sup
Vapediramin ()P 0 ‘DHqDMm;}ﬁn (t,z,x, y)‘ —0 asn— o
m

Hence ¢, >0 in FL,, . 4, and therefore T

a,b,c.d,a

ID(1,)=T(1,).
5. Results on strict Inductive Limit Spaces:

5.1. Theorem: Ifg,<g,, h <h,, then FL
Flab.cdagn 1S equivalent to the topology induced on FL,p .4 .o, by FL,

a

’mcFL

a,b,c,d,ax,g,,hy

The topology of

a,b,c,d,a,g

b.c,d,a.gp.hy €

Ta,b,c,d,a,gphl i Ta,b,c,d,a,gzyhz / FLa,b,C,d,ayglvrh'
Proof: For ge FL,, ¢ 4 0.0

k (04 a
ya,b,c,d,k,r,q,m,l,n (¢)Sclqnm5y(gl+5) kk (hl_'_/u)r rr
< Clqnm&u (92 +5)k kka (h2 +/u)r r'e

Thus FL

a,b,c.d,a,g

thCFL

a,b,c,d,a,gy,hy

The second part is clear from the definition of topologies of these spaces.

5.2. Theorem: FL,, .4, = U Flabed.ag.n and if the space FL,, . , is equipped with the strict
i=1
inductive limit topology S

defined by the injective map from FL to

a,b,c,d,«,g,h a,b,c.d,a,gi,h

FL.pcq. then the sequence {4, }in FL . ., converges to zero if {4, }is contained in some

FL

ab.cd.ag b &Nd CONVerges to zero.

Proof: Once we show that

FLa,b,c,d,a = U FLa,b,c,d,a,gi,hi '

i=1

Clearly | JFL, camgn ©Flapeda-

i=1

For proving the other inclusion, let geFL,, . 4,

then

sup, |
Yab,c.dkr,gmln (¢) - | ‘t ZrKa,b (X) R (y) D, D,/D; D;n¢(ta Z, X, Y)‘
1
< Clann AK BT ,
(5.2.1)
where A and B are some positive constants. Choose an integer g =g,, h=hgand 6 >0,

#> 0 such that Cpgpy A“B" < Cyg (9 +6) (h+ 1)’

lgnm
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Then from (5.2.1) we immediately get ¢ € FL

a,b,c,d,a,gih’ implying that

Flabcda © U Flabcdagih -
i=1

6. Conclusion

in

This paper is concerned with the generalization of two dimensional Fourier-Laplace Transform
the distributional sense. Testing function space using Gelfand-Shilov technique is developed.

Topological properties are proved by using the testing function spaces. Also results on strict
inductive limit spaces are proved.
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