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Abstract

In the present paper we have defined pseudo-differential type opera-
tors A(x,D), B(y,D) in terms of two symbols. Further the multiplication
of these two operators aldo defined. It is also shown that the pseudo-
differential type opeartor and multiplication of pseudo-differential type
operators are bounded in certain Sobolev type space associated with the
Hankel type transform. Finally some special cases are studied.

1 Introduction

The Hankel type transform of φ ∈ L1(I), I = (0,∞) is defined by

(Hα,βφ) (x) =

∫ ∞
0

(xy)−(α−β)Jα−β(xy)φ(y)y4αdy, x ∈ I (1.1)

where Jα−β denotes the Bessel type function of the first kind and order (α−β).
Througtout this paper we assume that (α− β) ≥ −1/2. We note that if φ is a
Lebegue measurable function on I and∫ ∞

0

x4α|φ(x)|dx <∞, (1.2)

then as the function t−(α−β)Jα−β(t) is bounded on I, the Hankel type transfor-
mation Hα,β(φ) is bounded on I. The inverse formula for (1.1) is given by

φ(y) =

∫ ∞
0

∫ ∞
0

(xy)−(α−β)Jα−β(xy) (Hα,βφ) (x)x4αdx, y ∈ I (1.3)
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Following Zemanian [10], we introduce the space Hα,β as the space of all those
complex valued and smooth functions φ defined on I such that for every m,n ∈
N0

ρα,βm,n(φ) = Supx∈I
(
1 + x2

)m ∣∣∣(x−1D)n x2β−1φ(x)
∣∣∣ <∞ (1.4)

On Hα,β , the topology generated by the family
{
ρα,βm,n

}
m,n∈N0

of seminorms.

Then Hα,β is a Frechet space and Hankel type transformation hα,β defined by

(hα,βφ) (x) =

∫ ∞
0

(xy)α+βJα−β(xy)φ(y)dy, x ∈ I (1.5)

We have following lemma:

Lemma 1 The two forms Hα,β and hα,β of Hankel type transforms are related
through

(Hα,βφ) (x) = x2β−1hα,β
(
y2αφ

)
(x), x ∈ I (1.6)

Proof 1 By (1.1), we have

(Hα,βφ) (x) =

∫ ∞
0

(xy)−(α−β)Jα−β(xy)φ(y)y4αdy, x ∈ I

=

∫ ∞
0

(xy)α+βJα−β(xy)φ(y)x2β−1y2αdy

= x2β−1
∫ ∞
0

(xy)α+βJα−β(xy)φ(y)
(
y2αφ

)
(y)dy

= x2β−1hα,β
(
y2αφ

)
(x)

Thus lemma is proved.

Now for 1 ≤ p <∞, we define the space Lσ,p as the space of all those measueable
functions φ on I such that

||φ||Lσ,p =

[∫ ∞
0

|φ(x)|p dσ(x)

]1/p
<∞ (1.7)

By Lσ,∞ we represent the space of essentially (with respect to the measure
x4αdx or equivalently with respect to Lebesgue measure) bounded functions on
I. The usual norm in Lσ,∞ is denoted by || ||σ,∞
If f ∈ Lσ,p for some 1 ≤ p <∞ then f defines an element of Hα,β through

〈f, φ〉 =

∫ ∞
0

f(x)φ(x)x4αdx, φ ∈ Hα,β (1.8)

Following Hirschman [5] and haimo [4], we define the hankel type convolution
on Lσ,p by

(f#g) (x) =

∫ ∞
0

f(y) (τxg) (y)dσ(y), (1.9)
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where the Hankel type translation operator τx, x ∈ I is defined through

(τxg) (y) =

∫ ∞
0

g(z)Dα,β(x, y, z)dσ(z) (1.10)

provided the above intgral exists, where

Dα,β(x, y, z) =
[
2α−βΓ(3α+ β)

]2 ∫ ∞
0

(xt)−(α−β)Jα−β(xt)(yt)−(α−β)Jα−β(yt)

(zt)−(α−β)Jα−β(zt)t4αdt

(1.11)

jα−β(x) = 2α−βΓ(3α+ β)x−(α−β)Jα−β(x) (1.12)

dσ(x) =
x4α

2α−βΓ(3α+ β)
dx (1.13)

The following interchange formula holds,

Hα,β (f#g) = Hα,β(f)Hα,β(g) (1.14)

and
(f#g) #h(x) = f# (g#h) , f, g, h ∈ Lσ,p

If f ∈ Lσ,1, g ∈ Lσ,p then the integral defining f#g(x) converges for all x and

||f#g||Lσ,p ≤ ||f ||Lσ,1 ||g||Lσ,p (1.15)

From [9] we have,

(Hα,β,aφ) (x) =

∫ ∞
0

(xy)−(α−β)Jα−β(xy)a(x, y)y4α (Hα,βφ) (y)dy (1.16)

where

(Hα,βφ) (x) =

∫ ∞
0

(xy)−(α−β)Jα−β(xy)φ(y)y4αdy, (α− β) ≥ −1/2 (1.17)

According to Rodino [6] the symbol a(x, y) is defined to be the complex
valued infinitely differentiable function on I × I which satisfies∣∣∣(x−1Dx

)a (
y−1Dy

)b
a(x, y)

∣∣∣ ≤ Ca+b+1a!b!(1 + y)m−ρb+δa (1.18)

for all a, b ∈ N0, where C is a constant and ρ, δ are real numbers such that
0 ≤ δ < ρ < 1 and m is a fixed real number. The class of such symbols are
denoted by H(m).
Following [1], we define the the Bessel type operator as:

∆α,β = x4β−2Dx4αD (1.19)
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The Bessel type operator ∆α,β can also be written as

∆α,β = 4αx4(α+β)−3Dx + x4(α+β)−2D2
x (1.20)

From [1], for 1 ≤ p < ∞, we say that a measurable function f ∈ I is in Hα,β,p

if for every k ∈ N0,∆
k
α,βf ∈ Lα,β,p such that

〈
∆k
α,βf, φ

〉
=

∫ ∞
0

(
∆k
α,βφ

)
(x)f(x)x4αdx, φ ∈ Hα,β (1.21)

and if f ∈ Hα,β,p with 1 ≤ p ≤ 2 then from [[11] lemma 5.4] we have

Hα,β

(
∆k
α,βf

)
=
(
−y2

)k
Hα,β(f) (1.22)

and from [9] we have

(
x−1Dx

)k
(φψ) =

k∑
r=0

kCr
(
x−1Dx

)r
φ
(
x−1Dx

)k−r
ψ (1.23)

We require following definition:

Definition 1 (Sobolev type space) The space Gsα,β,p(I), s ∈ R, (α− β) ∈ R
isn defined to be the set of all those elements φ ∈ Hα,β

1 which satisfy

||φ||Gsα,β,p =
∣∣∣∣(1 + η2)sHα,βφ

∣∣∣∣
Lσ,p

, 1 ≤ p ≤ ∞ (1.24)

2 Pseudo-differential type operator A(x,D)

Definition 2 We define the pseudo-differential type operator A(x,D) as

A(x,D)φ(x) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)a(x, t) (Hα,βφ) (t)t4αdt (2.1)

where φ ∈ Hα,β(I), I = (0,∞), (α− β) ≥ −1/2 and

a(x, t) =

∫ ∞
0

(xλ)(α−β)Jα−β(xλ)b(λ, t)λ4αdλ (2.2)

with the condition that for all λ ∈ I, t ∈ I,

|b(λ, t)| ≤ k(λ) ∈ Lσ,1(I) (2.3)

Theorem 1 Let (α− β) ≥ −1/2 then

||A(x,D)φ(x)||G0
α,β,1

≤ ||k||Lσ,1 ||φ||G0
α,β,1

, φ ∈ Hα,β(I)
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Proof 2 From (2.1) and (2.2), we have

A(x,D)φ(x) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)

(∫ ∞
0

(xλ)−(α−β)Jα−β(xλ)b(λ, t)λ4αdλ

)
× (Hα,βφ) (t)t4αdt

Therefore

[Hα,β (A(x,D))φ(x)] (z) =

∫ ∞
0

(zx)−(α−β)Jα−β(zx)A(x,D)φ(x)x4αdx

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

(zx)−(α−β)Jα−β(zx)(xt)−(α−β)Jα−β(xt)

× (xλ)−(α−β)Jα−β(xλ)b(λ, t) (Hα,βφ) (t)(xλ)4αdtdλdx

=

∫ ∞
0

∫ ∞
0

b(λ, t)λ4α (Hα,βφ) (t)t4α
∫ ∞
0

(zx)−(α−β)Jα−β(zx)

× (xt)−(α−β)Jα−β(xt)(xλ)−(α−β)Jα−β(xλ)x4αdxdtdλ

Now using inequality (1.11), the last expression can be written as

[Hα,β (A(x,D))φ(x)] (z) =
1

[2α−βΓ(3α+ β)]
2

∫ ∞
0

∫ ∞
0

b(λ, t)λ4α (Hα,βφ) (t)t4α

×Dα,β(t, λ, z)dtdλ

=

∫ ∞
0

∫ ∞
0

b(λ, t) (Hα,βφ) (t)Dα,β(t, λ, z)dσ(t)dσ(λ).

Now using inequality (2.3), we obtain

|[Hα,β (A(x,D))φ(x)] (z)| ≤ k(λ)

(∫ ∞
0

|(Hα,βφ) (t)|Dα,β(t, λ, z)dσ(t)dσ(λ)

)
≤ k(λ) (τz (Hα,βφ)) (λ)dσ(λ)

In view of [11] and [4], we have

|[Hα,β (A(x,D))φ(x)] (z)| ≤ (k# |Hα,βφ|) (z).

Thus∫ ∞
0

|[Hα,β (A(x,D))φ(x)] (z)| dσ(z) ≤
∫ ∞
0

(k# |(Hα,βφ) (t)|) (z)dσ(z).

or

||Hα,β (A(x,D))φ(x)||Lσ,1 ≤ ||k# |(Hα,βφ) (t)| ||Lσ,1
Using the inequality (1.15), we have

||Hα,β (A(x,D))φ(x)||Lσ,1 ≤ ||k||Lσ,1 ||Hα,βφ||Lσ,1
Now applying definition (1.1) we obtain

||A(x,D)φ(x)||G0
α,β,1

≤ ||k||Lσ,1 ||φ||G0
α,β,1

, φ ∈ Hα,β(I)

The proof is completed.
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3 Pseudo-differential type operator B(y,D)

Definition 3 We define the pseudo-differential type operator B(y,D) as

B(y,D)φ(y) =

∫ ∞
0

(ys)−(α−β)Jα−β(ys)e(y, s) (Hα,βφ) (s)s4αds, φ ∈ Hα,β(I)

(3.1)
where

e(y, s) =

∫ ∞
0

(yb)−(α−β)Jα−β(yb)f(b, s)b4αdb (3.2)

with the condition that for all b, s ∈ I and (α− β) ≥ −1/2,

|f(b, s)| ≤ l(b) ∈ Lσ,1(I) (3.3)

Theorem 2 Let (α− β) ≥ −1/2, then

||B(y,D)φ||G0
α,β,1

≤ ||k||Lσ,1 ||φ||G0
σ,1
, φ ∈ Hα,β(I)

Proof 3 Proceeding as in the proof of theorem 1 we find that

[Hα,β (B(y,D))φ(y)] (z) =

∣∣∣∣∫ ∞
0

(zy)−(α−β)Jα−β(yz) [B(y,D)φ(y)] y4αdy

∣∣∣∣
=

∫ ∞
0

(zy)−(α−β)Jα−β(yz)

∫ ∞
0

(ys)−(α−β)Jα−β(ys)

× e(y, s) (Hα,βφ) (s)s4αdsy4αdy

=

∫ ∞
0

∫ ∞
0

(zy)−(α−β)Jα−β(yz)(ys)−(α−β)Jα−β(ys)

×
∫ ∞
0

(yb)−(α−β)Jα−β(yb)f(b, s)b4αdb (Hα,βφ) (s)s4αdsy4αdy

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

(zy)−(α−β)Jα−β(yz)(ys)−(α−β)Jα−β(ys)

× (yb)−(α−β)Jα−β(yb)f(b, s)(ybs)4α (Hα,βφ) (s)dbdsdy

Now by using (1.7),(1.10),(1.11) and (3.3) we get

|[Hα,β (B(y,D))φ(y)] (z)| ≤ (l# |Hα,βφ|) (z) (3.4)

From which the assertion follows. Thus proof is completed.
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4 Multiplication of Pseudo-differential type op-
erators

Definition 4 The multiplication of two pseudo-differential type operators A(x,D)
and B(y,D) associated with symbols a(x, t) and b(y, s) respectively is defined by

A(x,D)B(y,D)φ(x) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)a(x, t)Hα,β (B(y,D)φ) (t)t4αdt

(4.1)

From (2.2),(3.1) and (3.2), we have

A(x,D)B(y,D) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)

∫ ∞
0

(xλ)(α−β)Jα−β(xλ)b(λ, t)λ4αdλ

×
∫ ∞
0

(ty)−(α−β)Jα−β(ty)B(y,D)φ(y)y4αdyt4αdt

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

(xt)−(α−β)Jα−β(xt)t4α(xλ)(α−β)Jα−β(xλ)b(λ, t)λ4α

× (ty)−(α−β)Jα−β(ty)

∫ ∞
0

(ys)−(α−β)Jα−β(ys)e(y, s) (Hα,βφ) (s)

× s4αdsφ(y)y4αdydλdt

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

(xt)−(α−β)Jα−β(xt)(xλ)(α−β)Jα−β(xλ)

× b(λ, t)(ty)−(α−β)Jα−β(ty)(ys)−(α−β)Jα−β(ys)

×
∫ ∞
0

(sb)−(α−β)Jα−β(sb)f(b, s)b4αdb (Hα,βφ) (s)

× (yλts)4αφ(y)dydλdtds

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

(xt)−(α−β)Jα−β(xt)(xλ)(α−β)Jα−β(xλ)

× (ty)−(α−β)Jα−β(ty)(ys)−(α−β)Jα−β(ys)(sb)−(α−β)Jα−β(sb)

× b(λ, t)f(b, s) (Hα,βφ) (s)(yλtsb)4αφ(y)dydλdtdsdb

provided multiple integral exists.

Theorem 3 Let (α− β) ≥ −1/2 then

||A(x,D)B(x,D)φ(x)||G0
α,β,1

≤ ||k||Lσ,1 ||φ||G0
α,β,1

(4.2)
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Proof 4 From definition (4.1) and (2.2), we have

A(x,D)B(x,D)φ(x) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)a(x, t)Hα,β (B(y,D)φ) (t)t4αdt

=

∫ ∞
0

(xt)−(α−β)Jα−β(xt)

∫ ∞
0

(xλ)−(α−β)Jα−β(xλ)

× b(λ, t)λ4αdλHα,β (B(y,D)φ) (t)t4αdt

Therefore

Hα,β (A(x,D)B(x,D)φ(x)) (z)

=

∫ ∞
0

(xz)−(α−β)Jα−β(xz) (A(x,D)B(y,D)φ(x))

× x4αdx

=

∫ ∞
0

(xz)−(α−β)Jα−β(xz)

∫ ∞
0

(xt)−(α−β)

× Jα−β(xt)a(x, t)Hα,β (B(y,D)φ(x)) t4αdtx4αdx

=

∫ ∞
0

∫ ∞
0

(xz)−(α−β)Jα−β(xz)(xt)−(α−β)Jα−β(xt)

×
∫ ∞
0

(xλ)−(α−β)Jα−β(xλ)b(λ, t)λ4αdλHα,β

× (B(y,D)φ(x)) (xt)4αdtdx

=

∫ ∞
0

∫ ∞
0

∫ ∞
0

b(λ, t)Hα,β (B(y,D)φ(x))

× (xz)−(α−β)Jα−β(xz)(xt)−(α−β)Jα−β(xt)

× (xλ)−(α−β)Jα−β(xλ)(xtλ)4αdλdtdx

Now using (1.11) and (1.13), we have

≤ 1

(2α−βΓ(3α+ β))
2

∫ ∞
0

∫ ∞
0

b(λ, t)Hα,β (B(y,D)φ(x))Dα,β(z, t, λ)(λt)4αdtdλ

≤
∫ ∞
0

∫ ∞
0

b(λ, t)Hα,β (B(y,D)φ(x))Dα,β(z, t, λ)(λt)4αdσ(t)dσ(λ)

By using inequalities (2.3) and (3.4) we have

Hα,β (A(x,D)B(x,D)φ(x)) (z) ≤
∫ ∞
0

∫ ∞
0

k(λ) (l# |Hα,βφ|) (t)Dα,β(z, t, λ)dσ(t)dσ(λ)

Now by applying equations (1.11) and (1.10) we have
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Hα,β (A(x,D)B(x,D)φ(x)) (z) ≤
∫ ∞
0

k(λ)τz (l# |Hα,βφ|) (λ)dσ(λ) (4.3)

≤ k# (l# |Hα,βφ|) (z) (4.4)

Hence∫ ∞
0

Hα,β (A(x,D)B(x,D)φ(x)) (z)dσ(z) ≤
∫ ∞
0

k# (l# |Hα,βφ|) (z)dσ(z)

≤ ||k||Lσ,1 ||l# |Hα,βφ|||Lσ,1

So that

||Hα,β (A(x,D)B(x,D))||Lσ,1 ≤ ||k||Lσ,1 ||l||Lσ,1 ||Hα,βφ||Lσ,1

Using theorem 1 we have

||(A(x,D)B(x,D)||G0
α,β,1

≤ ||l||Lσ,1 ||φ||G0
α,β,1

Thus proof is completed.

5 Some Special Cases

In this section, we study some special cases as following theorems

Theorem 4 (i) Let

b(λ, t) = b1(λ)b2(t) (5.1)

then

||A(x,D)φ(x)||G0
α,β,1

≤ ||b1||Lσ,1 ||b2Hα,βφ||Lσ,1

and

A(x,D)φ(x) = (Hα,βb1) (x) (Hα,βb2Hα,βφ) (x)

(ii) Let

f(b, s) = f1(b)f2(s) (5.2)

then

||B(y,D)φ(y)||G0
α,β,1

≤ ||f1||Lσ,1 ||f2Hα,βφ||Lσ,1

and

B(y,D)φ(x) = (Hα,βf1) (y) (Hα,βf2Hα,βφ) (y)
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Proof 5 here we prove (ii). (i) can be proved similarly. From (3.1), (3.2) and
(5.2), we have

B(y,D)φ(y) =

∫ ∞
0

(ys)−(α−β)Jα−β(ys)

∫ ∞
0

(yb)−(α−β)Jα−β(yb)f1(b)f2(s)b4αdb

(5.3)

×Hα,βφ(s)s4αds (5.4)

=

∫ ∞
0

∫ ∞
0

(ys)−(α−β)Jα−β(ys)(yb)−(α−β)Jα−β(yb)f1(b)f2(s)

(5.5)

×Hα,βφ(s)(bs)4αdbds (5.6)

From equation (1.11)

Dα,β(s, b, z) =
[
2α−βΓ(3α+ β)

]2 ∫ ∞
0

(ys)−(α−β)Jα−β(ys)

∫ ∞
0

(yb)−(α−β)Jα−β(yb)

× (zy)−(α−β)Jα−β(yz)y4αdy

∫ ∞
0

(yz)−(α−β)Jα−β(yz)Dα,β(s, b, z)z4αdz =
[
2α−βΓ(3α+ β)

]2
(ys)−(α−β)Jα−β(ys)

(5.7)

×
∫ ∞
0

(yb)−(α−β)Jα−β(yb) (5.8)

Thus from above, we have

B(y,D)φ(y) =
1

[2α−βΓ(3α+ β)]
2

∫ ∞
0

(yz)−(α−β)Jα−β(yz)

∫ ∞
0

∫ ∞
0

f1(b)f2(s)

×Hα,βφ(s)(bs)4αDα,β(s, b, z)z4αdzdbds

=
1

[2α−βΓ(3α+ β)]
2

∫ ∞
0

(yz)−(α−β)Jα−β(yz)

∫ ∞
0

f1(b)

×
∫ ∞
0

(f2Hα,βφ) (s)Dα,β(s, b, z)dσ(s)(bz)4αdzdb

=

∫ ∞
0

(yz)−(α−β)Jα−β(yz)

∫ ∞
0

f1(b)τz (f2(Hα,βφ)(b)dσ(b)) z4αdz

=

∫ ∞
0

(yz)−(α−β)Jα−β(yz) (f1#f2(Hα,βφ)) (z)z4αdz

An application of the inverse Hankel type transform yields∫ ∞
0

(yz)−(α−β)Jα−β(yz)B(y,D)φ(y)y4αdy = (f1#f2(Hα,βφ)) (z)

or in other words,

Hα,β [B(y,D)φ(y)] (z) = (f1#f2(Hα,βφ)) (z) (5.9)
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Thus we have∫ ∞
0

Hα,β [B(y,D)φ(y)] (z)dσ(z) =

∫ ∞
0

(f1#f2(Hα,βφ)) (z)dσ(z)

Now by applying definition(1), inequality (1.15) we get

||Hα,β [B(y,D)φ(y)]||Lσ,1 = ||(f1#f2(Hα,βφ))||Lσ,1
||B(y,D)φ(y)||G0

α,β,1
= ||f2Hα,βφ||Lσ,1

Now from (5.6), using Hankel type inversion formula, we obtain

B(y,D)φ(y) = Hα,β (f1#f2Hα,βφ) (y)

By using (1.14) we get B(y,D)φ(y) = (Hα,βf1) (y) (Hα,βf2Hα,βφ) (y)
Thus the proof is completed.

Theorem 5 (i) Let b(λ, t) = b1(λ)b2(t) and f(b, s) = f1(b)f2(s), where b2 = A
and f2 = B are assumed to be constants. Assume further that b1(λ) ∈ Lσ,1(I)
and f1(b)Lσ,1. Then

||A(x,D)B(x,D)φ(x)||G0
α,β,1

≤ ||b1||Lσ,1 ||f ||Lσ,1 ||φ||G0
σ,1

and

A(x,D)B(y,D)φ(x) = AB (Hα,βb1) (x) (Hα,βf1) (x)φ(x).

Proof 6 By definition (4.1) and (2.1) we have

A(x,D)B(x,D) =

∫ ∞
0

(xt)−(α−β)Jα−β(xt)

∫ ∞
0

(xλ)−(α−β)Jα−β(xλ)b1(λ)b2(t)λ4αdλ

× (Hα,βB(y,D)φ(y)) (t)t4αdt

Now using relation (1.11), we obtain

A(x,D)B(x,D) =

∫ ∞
0

∫ ∞
0

b1(λ)b2(t) (Hα,βB(y,D)φ(y)) (t)(λt)4αdλdt

× 1

[2α−βΓ(3α+ β)]
2

∫ ∞
0

(xz)−(α−β)Jα−β(xz)

×
∫ ∞
0

∫ ∞
0

(b2(t)(f1#f2Hα,βφ)) (t)b1(λ)Dα,β(t, λ, z)(tλ)4αz4αdλdtdz

=
1

[2α−βΓ(3α+ β)]

∫ ∞
0

(xz)−(α−β)Jα−β(xz)

∫ ∞
0

∫ ∞
0

b2(f1#f2Hα,βφ)

×Dα,β(t, λ, z)
1

[2α−βΓ(3α+ β)]
b1(λ)λ4αt4αz4αdλdtdz

=

∫ ∞
0

(xz)−(α−β)Jα−β(xz)

∫ ∞
0

τz (b2(f1#f2Hα,βφ)) (λ)b1(λ)

× 1

[2α−βΓ(3α+ β)]
λ4αdλz4αdz

=

∫ ∞
0

(xz)−(α−β)Jα−β(xz) [b1#b2(f1#f2Hα,βφ)] (z)z4αdz

75 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in , Email: ijesmj@gmail.com



ISSN: 2320-0294 Impact Factor: 6.765

Now an application of the inverse Hankel type transform yields,∫ ∞
0

(xz)−(α−β)Jα−β(xz)A(x,D)B(x,D)φ(x)x4αdx = [b1#b2(f1#f2Hα,βφ)] (z)

Therefore

[Hα,βA(x,D)B(x,D)φ(x)] (z) = [b1#A(f1#BHα,βφ)] (z)

Thus∫ ∞
0

|Hα,βA(x,D)B(x,D)φ(x)| (z)dσ(z) = AB

∫ ∞
0

[|b1|# |f1|# |Hα,βφ|] (z)dσ(z)

Hence,

||Hα,βA(x,D)B(x,D)φ(x)||Lσ,1 = AB |||b1|# (|f1|# |Hα,βφ|)||Lσ,1
≤ AB ||b1||Lσ,1 ||(|f1|# |Hα,βφ|)||Lσ,1

Now we can use definition (1.1), equations (1.7) and (1.15) to obtain

||A(x,D)B(x,D)φ(x)||G0
α,β,1

≤ AB ||b1||Lσ,1 ||f1||Lσ,1 ||φ||G0
α,β,1

Finally from we get

A(x,D)B(x,D)φ(x) = Hα,β [b1#b2(f1#f2Hα,βφ)] (x)

= (Hα,βb1) (x)Hα,βb2(f1#f2Hα,βφ)(x)

= (Hα,βb1) (x)Hα,β(b2f1)(x)Hα,β (f2Hα,βφ) (x)

= AB (Hα,βb1) (x) (Hα,βf1) (x)Hα,β (Hα,βφ) (x)

= AB (Hα,βb1) (x) (Hα,βf1) (x)φ(x).

This completes the proof.
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