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ABSTRACT: In this paper, we define a new kind of fuzzy set which bipolar smooth fuzzy soft
set by combining the fuzzy star shaped set and bipolar smooth fuzzy soft set. By the basic
definition of bipolar smooth fuzzy soft star shaped set, we discuss the relationships among these
different types of star shapedness and obtain some properties. Finally, we investigate («, ) —level
bipolar smooth fuzzy soft set and its properties.
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1. Introduction

Zadeh [31] introduced the concept of fuzzy set as a new mathematical tool for dealing with
uncertainties. There are several kinds of fuzzy set extensions in the fuzzy set theory,for example,
intuitionistic fuzzy sets, interval-valued fuzzy sets, rough fuzzy sets, soft fuzzy sets, vague sets, etc
[19]. Bipolar-valued fuzzy set is another extension of fuzzy set whose membership degree range is
extended from the interval [0,1] to the interval [-1,1]. The idea of bipolar valued fuzzy set was
introduced by K.M.Lee [21, 23], as a generalization of the notion of fuzzy set. Since then, the
theory of bipolar valued fuzzy sets has become a vigorous area of research in different disciplines
such as algebraic structure, medical science, graph theory, decision making, machine theory and so
on [2, 14, 15, 16, 20]. Convexity plays a most useful role in the theory and applications of fuzzy
sets. In the basic and classical paper [31], Zadeh paid special attention to the investigation of the
convex fuzzy sets. Following the seminal work of Zadeh on the definition of a convex fuzzy set,
Ammar and Metz defined another type of convex fuzzy sets in [1]. From then on, Zadeh’s convex
fuzzy sets were called quasi-convex fuzzy sets in order to avoid misunderstanding. A lot of
scholars have discussed various aspects of the theory and applications of quasi-convex fuzzy sets
and convex fuzzy sets [6,7,13,14,22,24,26,27,30]. However, nature is not convex and, apart from
possible applications, it is of independent interest to see how far the supposition of convexity can
be weakened without losing too much structure. Star shaped sets are a fairly natural extension
which is also an important issue in classical convex analysis [4,8,12,28]. Many remarkable
theorems such as Helly’s Theorem [33] and Krasnosel’skii’s Theorem [18] relate to star shaped
sets. In [6], Brown introduced the concept of star shaped fuzzy sets, and in [10], Diamond defined
another type of star shaped fuzzy sets and established some of the basic properties of this family of
fuzzy sets. To avoid misunderstanding, Brown’s star shaped fuzzy sets will be called quasi-star
shaped fuzzy sets in the sequel. Recently, the research of fuzzy star shaped (f.s.) set has been again
attracting the deserving attention [5,9,21]. But with regards to Diamond’s definition, there exists a
small mistake which has been corrected in [10]. Motivated both by Diamond’s research and by the
importance of the concept of fuzzy convexity, we propose in this paper new and more general
definition in the area of fuzzy star shapedness. Shadows of fuzzy set is another important concept
in the classical paper [32]. In [31,32] Zadeh, and in [24] Liu obtained some interesting results on
the shadows of convex fuzzy sets. Recently, some authors made further investigation about this
subject [3,11]. Inspired by Liu’s work [24], we will present fundamental discussion about shadows
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of star shaped fuzzy sets. In this paper, we define a new kind of fuzzy set which bipolar smooth
fuzzy soft set by combining the fuzzy star shaped set and bipolar smooth fuzzy soft set. By the
basic definition of bipolar smooth fuzzy soft star shaped set, we discuss the relationships among
these different types of star shapedness and obtain some properties. Finally, we investigate level
bipolar smooth fuzzy soft set and its properties.
2. Star shapedness bipolar fuzzy soft set

Definition 2.1 Let X,y eR", Xy={z/z=ax+ By} is a line segment, where & >0, £>0,
a+ B =1. AsetS issimply said to be star shaped relative to a point x e R", if Xy < S for any
point y € S. The kernel of S is the set of all points x € S such that Xy — SforanyyeS.

Definition 2.2 Let R"denote an universe of discourse. A bipolar fuzzy soft set A isan object
having the form A = {(x,&xp(x),éxN (x))/xeR" }Where 5; :R" —[0,1] and
5, R" —>[-1,0] satisfy —~1<5,” +5," <Lforall xeR", 5, and &;" are called the

positive membership degree of x in A and the negative membership degree of x in A
respectively.

Let F(R") be the classes of normal BFS-sets of R",
(ie) {x eR" /5;(x)/5;(x) =J1and 5KN (x)= —1} is non empty.
Example 1
Let A={(x8,7(x),5." ())/xeR
where
x+1  xe[-10]
5; (x)=1-x+1  xe[0,]]
0 otherwise
-Xx xe[-10]
and 5;" (X)=1 x  xe[0,]]
0  otherwise .
Then AeF(R).
Definition 2.3 A BFS-set A € F(R")is called quasi-convex if
5P (A(x=y)+y)=inf {6,"(x),8,7(y) | and
5" (A(x-y)+y) <sup{s, (0,5, () |
forall x,yeR", 2€[-11].
Definition 2.4 A BFS-set A € F(R")is said to be bipolar fuzzy soft star shaped set relative to
yeR" if &, (L(x=y)+y)>5, (x)and 5;" (A (Xx—Yy)+y) <5, (X)forallxeR",
Ae[-11]].
Proposition 2.1
Let A e F(R")is bipolar fuzzy soft set relative to y € R". Then

55 (X) :sup{éﬂp(x) }zl

xeR"
5" 00 =inf {8," () f=-1
Proof:
Let A be bipolar fuzzy soft relative to y. Then for all x e R",
5;(/1 X=y)+y)> 5; (x) and 5KN (A(xX=y)+y)< 5KN (x) aretrue for —1<A<1.
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Thus, only take A =0, it can be found that &5 (y) > ;" (x) and &;" (y) <3, (X) are true for
all xeR".

P P
Hence o5 (X)=sup {5K (x) }:1

xeR"
5, (x) = inf {60 |=-1.

Example 2
A bipolar fuzzy soft set A € F(R") with

P, € X € (—o0,0]
% (X)_{e_x x € (0,0)

1-e* xe(-x0

1-e* xe(0,)
is bipolar fuzzy soft set relativeto y =0.
Proposition 2.2

A bipolar fuzzy soft set A € F(R") is relative to y € R"if and only if its level sets are star

shaped relative to y.
Proof:

Suppose O
For xeR", let o = 5;()() , P= 5KN (X) then Xy e 55[“‘ﬂ] that is for any A e[-1,1]
5 (A(X=Y)+Yy)>a =5, (x) and
Si (A(x=y)+y)<B=5."(X)
Conversely, if for all xe R", 2 e[-11].
5 (A(X=y)+Yy)>5; (x) and
5 (A(X=y)+y) <5, (X) hold.
Since 51”1 = ¢, there exists x e 5,1, which means 5, (x) > and &;" (x) < 2.
Hence 5;(/1 X=y)+y)> 5KP(X) > and
S (A(x—y)+y) <8 ()< B forany A e[-1,1]. So xye 5,1 Then 5.1“ " is star
shaped relative to y.

Definition 2.5 A bipolar fuzzy soft set (BFSS) Ae F(R") is said to be bipolar generalised fuzzy

soft set (BGFSS) if all level sets are star shaped sets in R".
Definition 2.6 A BFS-set A € F(R") is said to be bipolar fuzzy soft quasi set (BFSQS) relative

to xeR",ifforall xe R", A e[-11], the following hold

8 (A(x=y)+y) 2inf {57 (x),5."(y) |

8" (A(x=y)+y) <sup{6" (¥),65" () |

Definition 2.7 A BFS-set A € F(R") is said to be bipolar fuzzy soft pseudo set (BFSPS) relative
to xe R", 1 e[-1,1], the following are true

Sy (A(X=Y)+Y)= 26, ()+1-2) 55 (¥),

Si (A(X=Y)+Y) <28 () +1-2) 55" (y)

Definition 2.8 A bipolar fuzzy soft hypo graph of A denoted by f.hypo (K),is defined as
f.hypo(A) = f.hypo (5; ) u f.hypo (5{' ) where

l/1 s star shaped relative to y € R" forall o, B €[-1,1].
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f.hypo(s,7)={(x )/ x e R t e[-1,5," (%] |
f.hypo(s,)={(x,s)/xeR,se[5," (x).,1] .
Theorem 2.1

Let A e F(R") is BFSP-set relative to y € R". Then it is BFSQ-set relative to y.
Proof:

Since for all xe R", A €[-1,1], the following hold,

SF(AX=Y)+Y)2A8," () + 1A= 2) 8, (y) = inf {57 (9),8,"(y) |

SN A=)+ ) A5 () + 1= 2)8" (v) <sup{ N (0,5 () |.
Thus A is BFSQ-set relative to y.
Note 2
The converse statements do not hold in general as shown in the following example.
Example 3
A bipolar fuzzy soft set with the positive membership function

2+Xx xel[-2,-1]
5.7 () = x> xe[-11]
2-x xe€l1,2]
0 otherwise
and the negative membership function
-x-1 xe[-2,-1]
1-x*  xe[-11]
x—1 xell,2]
1 otherwise
is BFSQ-set relative to y =0. But it is not BFSP-set relativetoy =0.
Theorem 2.2
Let Ae F(R") be BFSQ-set relative to y € R".Then
57 (y) = sup{8;" () =1

xeR"
0" ) =inf 16" (9 j=-1

if and only if A € F(R")is BFS-set relative toy.

Proof:
Necessary Condition:

Since A € F(R")is BFSQ-set relativeto y € R",
5, (y) = sup{ﬁﬂp(x) }:1 and

xeR"
0" ) =inf 15" (9 j=-1

then forall xeR", 1 €[-11].
We have

5 (A(x=y)+y)2inf 15,7 (.5, (y) }=5," (%)
SN (A=) +y)<sup{s (0,5," () J=5," (x).

Hence A is BFS-set relative to y.
Sufficient condition:

Since A is BFS-set relative to y, which means for all xe R", A e[-11],

55 (X) =
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5 (A(X=Y)+Yy)=5; (x) and
55 (A(X=y)+Y)<8;" (%)

Take A =0, weget 55 (Y)>5; (x) and 55" (y) <55 (x) forall xeR".
Thus,

5P (AX=y)+y)=8," () =inf 18,7 (x),5."(y) |

5" (A= y)+ 1) <8;" () <sup{5" (0,6, () |
Hence A is BFSQ-set relative toy.
57 (y) = sup{8;" () =1

xeR"

5 () =inf {5, (0 j=-1

Theorem 2.3
Let AeF(R") is BFSP-set relativeto y € R". If
5, (y)= sup{ﬁﬂp(x) }:1 and
xeR"
5. (y) =inf {5."(x) }=-1.
xeR"
Then it is BFS-set relative to y.
Proof:
It follows from theorem (2.1) and theorem (2.2).
Note 3
The converse of the above theorem does not hold in general as shown in the following

example.
Example 4

A bipolar fuzzy soft set A € F(R") with
¥ Xe (-0
5KP(X): e_x € (—,0)
e x €[0, )
- xe(-x,0
(;KN (X) = 1 Eix < ( * ]
l1-e X € (0,0)

is bipolar fuzzy soft set relative to y =0. But it is not BFSP-set relativeto y =0.
Theorem 2.4
A bipolar fuzzy soft set (BFSS-set) A e F(R") is bipolar fuzzy soft star shaped relative

to ye R"iff forall xe R", 1 [-1,1], the following hold,
5 (Ax+Y)258," (x+Y) and 85" (AX+Y)<3;" (X+VY).
Proof

Suppose Alis bipolar fuzzy soft star shaped relative to y , that is for all x € R",
Ae[-11],

5 (A(x=y)+y)25."(x) and } 0
55" (A(x=y)+¥)<8," (%)
Replacing xby X+ Yy in the above equation (1), we can get
Si (A(X+y=y)+Y) 26;" (x+Y)
= 5;(/1 X+ y)25xp (X+y) is proved and
Si (A(X+Y=Y)+Y) <& (x+Y)
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= &;" (Ax+Y)<8, " (x+Y) is proved.
Similarly, we can get the converse part.
Theorem 2.5

A bipolar fuzzy soft set A € F(R") is BFSQ-set relative to y € R" iff 5ﬂ[“’ﬂ] is star
shaped set relative toy for [-1,5;" ()], Belds (¥).4].

Proof:
Necessary condition:

Suppose A is BFSQ-set relative to y, that is forall xe R", 1 e[-1,1] ,

5P (A(x=y)+y) =inf {5.7(0,8,"(y) |

5N (A(x=y)+y) ssup{S" (%),6," () | -
Forany a e[-1,6;" (y)]. Beld:" (y).4], if xe5,“", then we have that X,y € 5,“".
From the above inequality,
We get that 5" (A (X—y)+y)>aand &;" (A(x—Yy)+Yy)<B.So xy € 5“7

Sufficient condition:
Case (i)

For xeR", Ae[-11], if 5;()() > 5ﬂp(y) ,thenlet o = 5ﬂp(y). Accordingly we
have Xy e 5,1, thatis 8,7 (A(x—y)+y) =inf {5.7(x),8,"(y) } .
Case (ii)

If 5;()() Séﬂp(y), then let a = 5KP(X) . Accordingly we have Xy e 55[‘”], that is
5P (A(x=y)+y) =inf {5.7(0,8,"(y) |
Case (iii)

If 5KN (X)SéﬂN (y),then let g= 5KN (y) . Accordingly we have Xy e 5;“’“ , that is
5 (A=) +y)<sup{8," (9.5," () |
Case (iv)

If 5KN (x)z&KN (y), then let g = 5KN (X) . Accordingly we have Xy e 5;0"” , that is

5 (A=) +y)<sup{8," (9.5," () |
Thus A is BFSQ-set relative to y € R".

Theorem 2.6
A bipolar fuzzy soft set A € F(R") is BFSP-set relative to y iff f.hypo (5;) is star

shaped relative to (y, 5; (y)) and f.hypo (5KN ) is star shaped relative to (Y, 5KN ().

Proof:
Necessary condition:

If A is BFSP-set relative toy, (x,t) € f.hypo (5;) and (x,s) e f.hypo (5KN).

Since A is BFSP-set relative to y.
Forany A e[-1,1], we have

5 (A=) +Y)z 28,700 +@-21)5,"(¥)
> At+(1- )85 (y)
S (AX=y)+ )< A8 () + (A= 2)5" (v)

< As+(1-4)5:"(y)
Thus, we have
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2(x)+@-2)(y.8;° (y) € f.hypo(5,7)
2(%,8)+@-2)(y.8;" (v))  f.hypo 5" )
Hence f.hypo (5;) is star shaped relative to (y, 5, (y)) and f.hypo (5{“) is star shaped

relative to (Y, 55 (Y)).

Sufficient condition:

Assume that (x,5," (X)) € f.hypo(s,”) and (x,8," (X)) € f.hypo(s," ) . By the star
shapedness of f.hypo (5;’) and f.hypo (5KN ) , We can have

Ax+A-2)y, A8,7 () +A- )5, (y)e f.hypo(s,”)

AX+A-2)y , A8 () +(A-2)5," (y)e f.hypo(5,")

Forany Ae[-11] . Thus A is BFSP-set relative toy.

Definition 2.9 ApathinasetSin R" isa continuous mapping f :[-1,1] — S . A set S is said to
be path connected, if there exist a path f such that f(-1)=x and f(1)=y forall x,yeS.

Note 4

(i)  Aset BFS-set A is said to be path connected if its level sets are path connected.
(i)  Since a star shaped crisp set is path connected.
Proposition 2.3

If Ac F(R")is BFS-set relativetoy € R", then A is a path connected bipolar fuzzy soft

set.
Proof:

It follows from definitions (2.4) and (2.5)
Proposition 2.4

If Ae F(R") s bipolar fuzzy soft quasi convex set, then it is BGFSS. Furthermore, if

AcF(R") is BGFSS, then A is BFSQC-set.
Proof:
If A isaBFSQC-set, then for all X,y e R", Ae[-1,1], we have

5.7 (A(x=y)+y)=inf {5.7(%),8,7(y)}

5N (A (x=y)+y)ssup{s” (0,85" ()] -

Then for all X,y € R", the following hold,

5P (A(x=y)+y)=inf {87 (x), 8" () [2inf {a,a}> a
SN (A(x—y)+y)<sup{s," (0.8," (v)<sup{ 8. B}< B .
So Xy € 5;“’/3]. Hence A isa BGFSS.( “. by proposition 2.2)

In addition to that if A is BGFSS , then its level subset is star shaped. Thus we have Ais BFSQC-
set.
Proposition 2.5

If Ae F(R") is bipolar fuzzy soft set and the point y € R" satisfies that
5;(y) = in1; {éﬂp(x)} and 5;N (y)= sup{5;N (X)}. Then A is BFSQS-set relative to y, that is
Xe xeR

y e q—ker (A).
Proof:
By applying definition of BFSQS-set, we have &, (y) = inf {5KP(X)} and

5ZN (y)=sup {5KN (X)} . So the given statement is true.
xeR
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Proposition 2.6

If A,A cF(R") are BFSQS (respectively BFSPS) relative to y € R", then
A N A, is BFSQS (respectively BFSPS) relative to y.
Proof:

Because that A , A, e F(R") are BFSQS relativetoy e R", forallx e R", Ae[-1,1],
we have

5.7 (Ax+(L-2)y)zinf 15," (0,5, ()]
5¢\N(/1x+(1—l)y)£sup{5g’“(x),5RN(y)} i=12
S(; "6, P )Ax+A-2)Y) _mf{5 P(Ax+(A-A)y), i=12]

inf {sup{5,” (), 5" () }.sup {8, " (0,5, " (W)}
inf {(5.” 3, ")(0, (8,7 "6, YY) |

and
(0" U5, Y (Ax+(A-2)y) =sup{s;" (Ax+A-A)y), i=12]
<sup {sup{3;" (%),5. " (}sup{s, " (0.5, " ()}
—sup{(5," U8, )., LS,V |
Hence A N A, is BFSQS relative toy.
If A,A cF(R") are BFSPS relative toy € R", then for all x e R", 1[~1,1], we have
5P (A=) +Y) 248, (0+A-2)5,"(y)
5 (A(x=y)+Y) <26 () +(L-2)5:" (V) ,i=12
So,
(0." NS T)(Ax+(A-2)y) =inf{5,"(Ax+(A-2)y),i=12]
>inf {40, 7 (X)+(1-2)3;"(y), =12

>4 0nf 15,7 (%), 8.7 () |+ (A-4) inf {5." (), 5.7 (y) |
=2 (55" NS +A=2) (55" NS )Y)

and

(0. U5, Y (Ax+(A-2)y) =sup{s;" (Ax+A-A)y), i=12]
<sup{A5, " () +@-2)5,"(v), i=12]

<asup{S" (), 5. (0 J+ (@-2) sup{ M (1), 8. () |
N N N N
=2 (6" U +A-2) (5" U )Y)
Hence A N A, is BFSPS relative to y.
Proposition 2.7
If AcF(R")is BFS (respectively BFSPS, BFSQS) relative toy and X, € R". Then

X + A is BFS (respectively BFSPS, BFSQS) relative to X, + Y.

Proof:
In this proposition, we only give the proof for the case of bipolar fuzzy soft star
shapedness. Similarly, the others can be proved.
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Forany X, € R", since Ac F(R") is BFS-set relative to'y.

We have
(% +85 WAX=Y=X)+Y+%) =65 (A(X=Y=X)+Y)
25,7 (X=%,)
= (% +355 )(X)
and
(% +5KN)(A(X_y_XO)+y+Xo) :5;N(Z(X_y_xo)+y)
<5 (X—%)
= (X +55 )(X)

So, X, + A is bipolar fuzzy soft set relativeto X, + Y.
Definition 2.10 Let T be a linear invertible transformation on R", A € F(R"). Then by the
Extension principle we have (T (A))(x) = A(T (x)).
Proposition 2.8

If Ae F(R")is bipolar fuzzy soft star shaped set (respectively BFSPS, BFSQS) relative to
yand T is a linear invertible transformation on R". Then T (A) is bipolar fuzzy soft star shaped

set (respectively BFSPS , BFSQS) relative to T(y) .

Proof:
We only give the proof for the case of BFSQS. Similarly, the others can be proved.

Forany x e R", since Ae F(R") is BFSQS relative to y. We have
TANAXx+A-2)T(Y)) =AAT(X)+L-2)y)
>inf { AT (%), A(y)}
= inf {T(A()), T(AT(¥)) }
Hence T (A) is BFSQS relative to T (y).
3. (a, ) —Level bipolar smooth fuzzy soft set (BSFSS)
Definition 3.1 Let &, be a BSFSS over U. Then (&, ) —level of BSFSS &, , denoted by
5A(a’ﬂ) . is defined as follows
5" ={xe Als ()2 and 5, () < B| for anf=¢.
Note that if &« =¢ or f=U , then 5A(¢’U) = {x € A/é‘AP (x) # ¢ and 5AN x)=U } is called
Support of &, , and denoted by Supp(d, ).
Example 5
Let U= {ul,uz,us,---,u7} be an initial universe and E = {el,ez,eg---,e5} be a
parameter set. If we define BSFS as follows

5. (&)=¢ Sn" (@) = {Uy, Uy, U}
5Ap(ez):{u2’u37u4’u5’u6} 5AN(e2)={ul}
5Ap(e3):{u5’u6’u7} 5AN(63):{UZ’U4}
S (&) =¢ 5, (&) =V
5Ap(e5)={u3,u5,u7} 5AN(e5)={u2'u4}

Let o ={Us,U,}and S ={u,,u,,Ug}. Then 5,“" ={e, e ).
Proposition 3.1
Let 6, and o be two BSFS over U. A, B < E. Then following assertions hold:
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1. 6,<8,=6," c6," forall o, U suchthata B =g.

2. f y<a,and B,<f,, then 5, = 5,““? forall o, a,,p, B, =U such that
aNp=gora,Np,=¢.

3. 8,=0,=8,""=6," forall o, U suchthata B =4g.

Proof:
Suppose that J, and &, be two BSFS over U.

1. Let xes,“” then 5,"(X) >« and 6," (X) < 3.
Since &, <85, @ <5, (X)<S, (X) and 8, (X) = 5," (x)= S forall xeG.
= x e ,“” . Hence 5,“" < 5,'" .

2. Let o, <a,and B, <p, and xe5,“" . Then 6, (X) > e, and 5," (X) < f3,.
Since ¢, <, and S, < S,
=8, (X) >, and 8," (X) <3,
= xes,*”
sl 5 @)

3. The proof is directly clear.
Theorem 3.1

Let 6, and o5 betwo BSFSover U. AABc E ande, S U suchthatan f=¢.
Then

1. 5A(a,ﬁ’) u5B(0z,,6’) c (5A u58)@:,,3)
2. 8,7 N3 < (8,N )
Proof:
1. Forall xeE,let xes,“” us,“”
= (8, (X)2a and 5, (X)<B) v (5 (X)=a and 85" (X) < B)
= (3, (U8, (X)) or (5,"(X)NS" (¥) <)
= xe (5, Udy)

Hence 5,“” L&, “” < (5, U8,) .

2. Similar to the proof of 1.
Note 5
Let | be an index set and 5Ai be a family of BSFS-sets over U. Then, for any o, f cU

suchthat aN =4,
M UG, c(Us,)«”
iel iel
(ii) n(é‘/\ (0!,/3)) — (ﬂ 5& )(a,ﬁ)
iel iel
Note 6
Let &, bea BSFS over U and {ai lie I} and {,Bj lie I} be two non-empty family
of subsets of U. If a =N{e, licl}, @ =U{q,licl}, ﬁzﬂ{ﬂj/iel}and B:U{ﬂj/iel},
then the following assertion§ hold,
1. U 5A(aivﬂj) gé'A(Qﬁ)

iel

2. n 5A(aivﬂj) =5A(0~’vﬁ)

iel
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Theorem 3.2
Let o5 be a BSFS- subgroup over U and «, S U suchthat a NS =¢. Then 56(“) is

also BSFS-subgroup of G whenever it is non empty.
Proof:

Itis clear that 5, # ¢ .

Suppose that X,y €5, then 5, (X) > &, 3;" (Y) > and 5" (X) < B, 5" (V)< B.

inf 5.” 0y =T {inf 6,7 (),inf 5,°(y )]
=T {inf 5," (x),inf &7 (y)}
>T(a,0) 2«

supS (xy ) =T {SUP5GP(X)'SUD5GP(Y_1)}
=T {sup&GP(X),SUp%P(Y)}
>T(a,0) 2«

and

inf 5" (xy™) <S {inf 55" (x),inf 5" (y‘l)}
= s {inf 5," (¥),inf 55" (y)}
<S(B.B=<P

sups;" () < S{supa” (x).supa," (v )]
=S {supéGN (X),supJ," (Y)}
<S(B.B=<P

Loxytes " and 5,7 is a BSFS-subgroup of G.

Theorem 3.3
Let 5 be a family of BSFS-subgroup over U for allie | . Then ) 5@ isa BSFS-

iel
subgroup over U.
Proof:

Let X,y €G. Since ; be a BSFS-subgroup over Uforall iel.

This implies that 55 " (xy™*)=T { s, (X), 5Gip(y)} foralliel.
Then
inf 5, " (xy™) =T {inf 5, " (x),inf 5, °(y) |

inf(nlaei"(xy-l)j >ﬂT{mf6 (x),inf 5 "))

=T { inf (nl @j’(x)), inf (ml S, P(y))} and
supds”(xy!) =T {sups,”(x).supds” () |
sup( 15" (xy™) | 20T fsupay,”(x).5up3," ()}
{ op( 0700 sup(_ﬂaei"(y)j}
=T {sups, * (x).sups, " (v) |

and
inf 5, " (xy™?) <S{inf 5, " (x),inf 5, () |
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inf [_UI 5 M (x yl)j <Us {inf 5, " (x),inf 5, () |

=S { inf (UI 56, (x)j inf (UI S, (y)j }
and

supS " (xy ) <S {sup5Gi "(x),supdg " (y) }
sup( 2" (xy™) | <Us foupa,"0).sup 3, ()

- s{sup(q 0" () )su{ Y " (y)j}
Thus (16 isa BSFS-subgroup over U.

iel
Theorem 3.4
Let O, be a BSFS-subgroup over U. Then 5 (X") > 5, (x) for all xe Gwherene N .
Proof:

Suppose that Jd is a BSFS-subgroup over U. Then
S5 (X") =25, ()NS5 (X) NN (X) (n-times)
- inf (557 (<)) = T {inf (5,7 (9)), inf (557 (9)), - inf (657 (%))}
and
S50 (X") <8N ()W (X)U--US" (X) (n-times)
- inf (55" (") < s {inf (5, (), inf (55" (), -+-,inf (55" (%))}
Similarly
sup(&ep(x”)) >T {sup(&ep(x)), sup(5GP(x)),---, sup(&GP(x))}
sup(&GN (x")) <S {sup(&GN (x)), sup(&GN (x)),---,sup(&GN (x))} forall xeG.
Thus 55 (x") =5 (X).
Theorem 3.5
Let o5 be a BSFS-subgroup over U. If for allx,y € G,

inf (5G " (x y‘l))z U and inf (5G N (x y‘l))= P
sup(&eP (x y‘l))z U and sup(&GN (x y‘l))= p)
Then inf 85" (x) =inf 85" (y) and supd," (x) =supds" ().

Proof:
Forany X,y eG

inf (5,7 (x))  =inf (5,"(xy)y)
>T {inf 5,"(xy™),inf 5, (y) |
—T{U,inf 5,”(y)}
=inf 55" (y)
and
inf (5.°(y))  =inf (5,”(y)
—inf (55" (M (xy ™))
>T {inf 6,7 (x ), inf 5,7 (xy™) |
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=T {inf 5,7 (x*),U |
=inf 55" (x)

Thus inf 8, (x) =inf 55" (y).

Also

sup(s," () =sup(s," (xy™)y)

and

<S {supéGN (xy™),supds" (y) }
=S {g,sup3." (y)}
=supd;" ()

sup(s." (v)) =supls."(yY))

= sup(5G "(xt(x y_l)))

<S {sup&GN (x™), supds" (xy™) }
=5 {sups," (x).¢ |

=sups," (X)

Thus supd, " (x) =supS;" ().
Conclusion:

Bipolar fuzzy soft set and bipolar fuzzy soft star shaped set are some special fuzzy sets. In

this paper, we introduce some new different types of bipolar fuzzy soft star shaped set. By
discussing the relationship among these different types of star shapedness and obtained some
different properties.

Future work

One can obtain the similar concept in the field of rough set and vague set.
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