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Abstract: Para topological group is a group with a topology such that the multiplication 

mapping is continuous from 𝐺 × 𝐺 ⟶ 𝐺 to 𝐺.  In this paper we introduce a concept of para 

generalized topological simple group. Also we 𝒢-compactness, 𝒢-connected concept for para 𝒢-

topological simple groups are investigated. 

Keywords: para 𝒢-topological simple, simple group. 

1. INTRODUCTION 

Csaszar[5] introduced the notions of generalized topological spaces. He also 

introduced the notions of associated interior, closure and continuous mappings on 

generalized neighbourhood system and generalized topological space.  

In this paper, we introduce concept of generalized para topological simple group. In[6], 

C.Selvi, R.Selvi introduced the concept of generalized topological simple groups. This concept 

is motivated for para generalized topological simple group. It is denoted by para 𝒢-topological 

simple group. Para 𝒢-topological simple group has both algebraic and topological structure. Also 

some basic results and 𝒢 -compactness,  𝒢 -connected concept for para 𝒢 -topological simple 

groups are introduced and studied.  
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2.PRELIMINARIES 

Definition:2.1[5]  Let 𝑋 be any set and let 𝒢 ⊆ P(X) be a subfamily of power set of 𝑋. Then 𝒢 

is called a generalized topology if 𝜙 ∈ 𝒢 and for any index set 𝐼, 𝑂𝑖𝑖∈𝐼 ∈ 𝒢, O𝑖 ∈ 𝒢, i ∈ I.  

Definition: 2.2 [5] The elements of 𝒢 are called 𝒢-open sets. Similarly, generalized closed set 

(or) 𝒢-closed, is defined as complement of a 𝒢-open set.  

Definition: 2.3 [5] Let 𝑋 and 𝑌 be two 𝒢-topological space. A mapping 𝑓:𝑋 → 𝑌 is called a 

𝒢-continous on 𝑋 if for any 𝒢-open set 𝑂 in 𝑌,𝑓−1(𝑂) is 𝒢-open in 𝑋. 

Definition : 2.4 [5] The bijective mapping 𝑓 is called a 𝒢-homeomorphism from 𝑋 to 𝑌 if both 

𝑓 and 𝑓−1 are 𝒢-continous. If there is a 𝒢-homeomorphism between 𝑋 and 𝑌, then they are said 

to be 𝒢-homeomorphic. It is denoted by 𝑋 ≅𝒢 𝑌. 

Definition : 2.5 [5] Collection of all 𝒢-interior points of 𝐴 ⊂  𝑋 is called 𝒢-interior of 𝐴. It 

denoted by 𝐼𝑛𝑡𝒢(𝐴). By definiton  it obvious that 𝐼𝑛𝑡𝒢(𝐴) ⊂ A. 

 Note: 2.6 [3] (i). 𝒢-interior of 𝐴, 𝐼𝑛𝑡𝒢(𝐴) is equal to union  of all 𝒢-open sets contained in 𝐴.  

           (ii). 𝒢-closure of 𝐴 as intersection of all 𝒢-closed sets containing 𝐴. It is denoted by 

𝐶𝑙𝒢(𝐴). 

3.ON PARA 𝓖-TOPOLOGICAL SIMPLE GROUPS 

Definition: 3.1 A para 𝒢 -topological simple group 𝐺  is a simple group which is also a 𝒢 -

topological space if  the multiplication mapping 𝑚 ∶  𝐺 × 𝐺 ⟶  𝐺  defined by 𝑚 𝑥,𝑦 =  𝑥 ∗ 𝑦,

𝑥, 𝑦 ∈ 𝐺 is 𝒢-continuous. 

Proposition: 3.2 Let 𝐺 be a para 𝒢-topological simple group. Then the right(left) translation 

𝐿𝑔(𝑅𝑔) of 𝐺 by 𝑔 is a 𝒢-homeomorphism of the space 𝐺 onto itself. 

Proof: (i).First we will prove that 𝐿𝑔  is a bijection. Assume that 𝑦 ∈ 𝐺, then the element 𝑔−1𝑦 

maps to 𝑦. So 𝐿𝑔  is surjective. Take 𝐿𝑔 𝑥 = 𝐿𝑔 𝑦 . Then 𝑔𝑥 = 𝑔𝑦.  This implies that 𝑥 = 𝑦. 

Therefore 𝐿𝑔  is 1-1. 
 
Now we shall prove that 𝐿𝑔  is a  𝒢-homeomorphism. Since  𝐿𝑔 :𝐺 → 𝐺  is 

equal to the composition, 
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𝐺
𝑖𝑔
→ 𝐺 × 𝐺

𝑚
→𝐺,𝑤𝑒𝑟𝑒 𝑖𝑔 𝑥 =  𝑔, 𝑥 , 𝑥 ∈ 𝐺. 

Now we want to verify that the map 𝑖𝑔 :𝐺 → 𝐺 × 𝐺 is 𝒢-continuous. Take any 𝒢-open set 

𝑈 × 𝑉,𝑤𝑒𝑟𝑒 𝑈,𝑉  are  𝒢-open set in 𝐺, 

𝑖𝑔
−1 𝑈 × 𝑉 =  

𝑉 𝑖𝑓 𝑔 ∈ 𝑈 
𝜑 𝑖𝑓 𝑔 ∉ 𝑈

  

We know that any 𝒢-open set in the product 𝒢-topology of 𝐺 × 𝐺  can be written as union of 𝒢-

open sets of the form 𝑈 × 𝑉.  Then 𝑖𝑔  is 𝒢-continuous. We know that (𝐿𝑔)−1 = 𝐿𝑔
−1 is 𝒢-

continuous. Therefore the left translation map 𝐿𝑔 :𝐺 ⟶ 𝐺  is 𝒢-continuous. Similarly we will 

prove for right translation mapping(𝑅𝑔). 

Note: 3.3 Since any two points 𝑔,𝑔′ ∈ 𝐺, there exists a 𝒢-homeomorphism 𝐿𝑔 ′ 𝑔−1 𝑔 = 𝑔′ , any 

para 𝒢-topological simple group is a 𝒢-homogeneous space.  

Corollary: 3.4 Let 𝐺 be a para 𝒢-topological simple group and 𝑈 be a 𝒢-open subset of  𝐺 , 𝐹 is 

closed in 𝐺 and 𝑔 be any element of 𝐺. Then 

 𝑖 .  𝑔𝑈 and 𝑈𝑔 are 𝒢-open in 𝐺. 

        𝑖𝑖 .  𝑎𝐹 and 𝐹𝑎 are 𝒢-closed in 𝐺. 

Proof: (i). By theorem 2.2.2, 𝐿𝑔  and  𝑅𝑔  are 𝒢-open map,  𝐿𝑔 𝑈 = 𝑔𝑈 and 𝑅𝑔 𝑈 = 𝑈𝑔 are 𝒢-

open. 

(ii). By the theorem 2.2.2, 𝐿𝑔  and  𝑅𝑔  are 𝒢-closed map, 𝐿𝑔 𝑈 = 𝑔𝑈 and 𝑅𝑔 𝑈 = 𝑈𝑔 are 𝒢-

closed.  

Corollary: 3.5 Let 𝐺 be a para 𝒢-topological simple group and 𝜇𝑒  be a collection of all 𝒢-open 

sets of 𝐺 at e. Then 𝜇𝑔 = { 𝑈𝑔:𝑈 ∈ 𝜇𝑒} is also a collection of 𝒢-open sets at 𝑔.  
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Proof: By above corollary 2.2.4, the proof of the statement is trivially true. 

Theorem: 3.6 Let 𝐺 be a para 𝒢-topological simple group, 𝑈 an 𝒢-open subset of 𝐺 and 𝐴 be 

any subset of 𝐺. Then 𝐴𝑈(respectively, 𝑈𝐴) is 𝒢-open in 𝐺. 

Proof: Let 𝑔 be any element in 𝐺. By corollary 2.2.4, 𝑔𝑈 and 𝑈𝑔 are 𝒢-open in 𝐺. Then 

𝐴𝑈 =  𝑔∈𝐴𝑔𝑈 is 𝒢-open in 𝐺. Similarly 𝑈𝐴 is 𝒢-open in 𝐺. 

Theorem: 3.7 Let 𝐺 be a para 𝒢-topological simple group and 𝜇𝑒  be the collection of all 𝒢-open 

neighbourhoods of 𝑒. Then for every 𝑈 ∈ 𝜇𝑒 , For every 𝑔 ∈ 𝑈, there is an element 𝑉 ∈ 𝜇𝑒   such 

that  𝑉 ∗ 𝑔 ⊂ 𝑈 and 𝑔 ∗ 𝑉 ⊂ 𝑈. 

Proof: By theorem 2.2.8, the translation mappings are 𝒢-homeomorphism, for each 𝒢-open set 

𝑈 containing 𝑔, there exists a 𝒢-open set 𝑉 at the identity 𝑒 such that 𝐿𝑔 𝑉 = 𝑔 ∗ 𝑉 ⊂ 𝑈. 

Similarly 𝑅𝑔 𝑉 = 𝑉 ∗ 𝑔 ⊂ 𝑈. 

Proposition: 3.8  Every para 𝒢-topological simple group 𝐺 has 𝒢-open neighborhood at the 

identity element 𝑒𝐺  consisting of symmetric 𝒢-neighbourhoods. 

Proof: For an arbitrary 𝒢-open neighbourhood U of the identity 𝑒𝐺 , if  𝑉 = 𝑈⋂𝑈−1, then 

𝑉 = 𝑉−1, the set V is an 𝒢-open neighbourhood of 𝑒𝐺  , which implies that V is a symmetric 𝒢-

neighbourhood and 𝑉 ⊂ 𝑈. 

Proposition: 3.9 Let 𝐺 be a para 𝒢-topological simple group. Every 𝒢-neighbourhood U of 𝑒 

contains an 𝒢-open symmetric neighbourhood V of 𝑒 such that VV ⊂  𝑈. 

Proof: Let 𝑈′  be the interior of U. Consider the multiplication mapping 𝜇: 𝑈′ × 𝑈′ → 𝐺. Since 𝜇 

is 𝒢-continous,  𝜇−1(𝑈′) is 𝒢-open and contains (𝑒, 𝑒). Hence there are 𝒢-open sets 𝑉1,𝑉2 ⊂ 𝑈 

such that (𝑒, 𝑒) ∈ 𝑉1 × 𝑉2, and 𝑉1𝑉2 ⊂ 𝑈. If we let 𝑉3 =  𝑉1⋂𝑉2 ,  then 𝑉3𝑉3 ⊂ 𝑈 and 𝑉3 is an 𝒢-

open neighbourhood of 𝑒. Finally, let 𝑉 = 𝑉3 ∩ 𝑉3
−1, which is 𝒢-open, contains 𝑒 and 𝑉 is 

symmetric and satisfies 𝑉𝑉 ⊂  𝑈. 
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Corollary: 3.10 Let 𝐺 be a para 𝒢-topological simple group. Every  𝒢-neighbourhood U of 𝑒 

contains an 𝒢-open symmetric neighbourhood V of 𝑒 such that 𝑉−1𝑉 ⊂  𝑈 and  𝑉𝑉−1 ⊂  𝑈. 

Proof:  Since 𝑉 is a symmetric 𝒢-open neighbourhood, 𝑉 = 𝑉−1. Therefore  𝑉−1𝑉 ⊂  𝑈 and 

 𝑉𝑉−1 ⊂  𝑈. 

Proposition: 3.11 Suppose that a subgroup of a para 𝒢-topological simple group 𝐺 contains a 

non-empty 𝒢-open subset of 𝐺. Then 𝐻 is 𝒢-open in 𝐺. 

Proof: Let U be a 𝒢-open non-empty subset of 𝐺 with 𝑈 ⊂  𝐻. For every 𝑔 ∈ 𝐻, By corollary 

2.2.4, the set 𝐿𝑔 𝑈 = 𝑔𝑈  is 𝒢-open in 𝐺, then 𝐻 = ∪𝑔∈𝐻 𝑔𝑈 is 𝒢-open in 𝐺. 

Proposition: 3.12  Every 𝒢-open subgroup 𝐻 of a para 𝒢-topological simple group 𝐺 is 𝒢-closed 

in 𝐺. 

Proof: The family 𝛾 =  { 𝐻𝑎: 𝑎 ∈ 𝐺 } of all right cosets of 𝐻 in 𝐺 is a disjoint 𝒢-open covering 

of 𝐺. Therefore every element of 𝛾, the complement of the union of all other elements, is 𝒢-

closed in 𝐺. 

Proposition: 3.13  Let 𝑓:𝐺 → 𝐻 be a homomorphism of para  𝒢-topological simple groups.If  𝑓 

is 𝒢-continuous at the neutral element 𝑒𝐺  of 𝐺, then 𝑓 is 𝒢-continuous. 

Proof: Let 𝑥 ∈ 𝐺 be arbitrary and suppose that W is an 𝒢-open neighbourhood of 𝑦 = 𝑓(𝑥) in 𝐻. 

Since the left translation 𝐿𝑦  is a 𝒢-homeomorphism of 𝐻, there exists an 𝒢-open neighbourhood 

𝑉 of the neutral element 𝑒𝐻 in 𝐻 such that 𝐿𝑦 𝑉 = 𝑦𝑉 is an 𝒢-open neighbourhood of 𝑦.  Then 

𝑦𝑉 ⊆ 𝑊. Since 𝑓 is 𝒢-continous at 𝑒𝐺  of 𝐺, then 𝑓 𝑈 ⊂ 𝑉, for some 𝒢-open neighbourhood 𝑈 

of 𝑒𝐺  in 𝐺. since  𝐿𝑥  is a 𝒢-homeomorphism of 𝐺 onto itself, then 𝑥𝑈 is an 𝒢-open 

neighbourhood of 𝑥 in 𝐺.  

Now we have 𝑓 𝑥𝑈 =  𝑓 𝑥 𝑓 𝑈  

                                        =   𝑦 𝑓(𝑈) 
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                                     ⊆ 𝑦𝑈 

                                     ⊆ 𝑊. Hence 𝑓 is 𝒢-continous at the point 𝑥 ∈ 𝐺.  

 

Proposition: 3.14 𝑆𝐿𝑛 𝐹  is an 𝒢-open subset of 𝑀𝑛 𝐹 . 

Proof:  Let A be an element of 𝑀𝑛(𝐹) and let 𝑓 𝐴 = det(𝐴) be a function from 𝑀𝑛(𝐹) to F. 

Since 𝑆𝐿𝑛 𝐹  contains the matrices of 𝑀𝑛 𝐹  with determinant 1.Then 𝑆𝐿𝑛 𝐹  = 𝑀𝑛 𝐹 \𝐵, 

where 𝐵 is a matrix with det(𝐵) ≠ 1. Since the determinant function is a polynomials and 

polynomials are 𝒢-continous, 𝑓 is 𝒢-continous. Since {0} is 𝒢-closed in 𝐹, then 𝑓−1( 0 ) is also 

𝒢-closed in 𝑀𝑛 𝐹 . Hence 𝑆𝐿𝑛 𝐹  is 𝒢-open.  

Proposition: 3.15 Suppose that 𝐺,𝐻 and 𝐾 are para  𝒢-topological simple groups and that 

𝜙:𝐺 →  𝐻 and  𝜓: 𝐺 →  𝐾 are homomorphism Such  that 𝜓 𝐺 = 𝐾 and 𝐾𝑒𝑟 𝜓 ⊂ 𝐾𝑒𝑟 𝜙. Then 

there exists homomorphism 𝑓:𝐾 → 𝐻 such that 𝜙 = 𝑓 𝑜 𝜓. In addition,  for each 𝒢-

neighbourhood 𝑈 of the identity element 𝑒𝐻 in 𝐻, there exists a 𝒢-neighbouhood 𝑉 of the identity 

element 𝑒𝑘  in 𝐾 such that 𝜓−1(V) ⊂   𝜙−1 U , then 𝑓 is 𝒢-continuous. 

Proof: Suppose 𝑈 is  𝒢-neighbourhood  of 𝑒𝐻 in 𝐻. By assumption, there exists a 𝒢-

neighbouhood 𝑉 of the identity element 𝑒𝑘  in 𝐾 such that , 𝑊 =  𝜓−1(V) ⊂   𝜙−1 U . 

⇒ 𝜙 𝑊 =  𝜑(𝜓−1(V)) ⊂  𝜙( 𝜙−1 U ) 

⇒ 𝜙 𝑊 = 𝑓 𝑉 ⊂  U 

⇒ 𝑓(𝑉) ⊂  U. Hence 𝑓 is 𝒢-continous at the identity element of 𝐾. Therefore 𝑓 is 𝒢-continous. 

Corollary: 3.16 Let 𝜙: 𝐺 →  𝐻 and 𝜓: 𝐺 →  𝐾 be a 𝒢-continous homomorphism of a para 𝒢-

topological simple groups 𝐺,𝐻 and 𝐾 Such  that 𝜓 𝐺 = 𝐾 and 𝐾𝑒𝑟 𝜓 ⊂ 𝐾𝑒𝑟 𝜙. If the 
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homomorphism 𝜓 is 𝒢-open, then there exists a 𝒢-continous homomorhism, 𝑓:𝐾 → 𝐻 such that 

𝜙 = 𝑓 𝑜 𝜓. 

Proof: The existence of a homomorphism 𝑓:𝐾 → 𝐻  such that 𝜙 = 𝑓 𝑜 𝜓. Take an arbitrary 𝒢-

open set 𝑉 in 𝐻. Then 𝑓−1(𝑉) = 𝜓(𝜙−1(𝑉)). Since 𝜙 is 𝒢-continous and 𝜓 is an 𝒢-open map, 

𝑓−1(𝑉) is 𝒢-open in 𝐾. Therefore 𝑓 is 𝒢-continuous. 

Proposition: 3.17 Let 𝐺 and 𝐻 be two para 𝒢-topological simple groups with neutral element 𝑒𝐺  

and 𝑒𝐻, respectively, and let p be a 𝒢-continuous homomorphism of 𝐺 onto 𝐻 such that, for some 

non-empty subset 𝑈 of 𝐺, the set p(U) is 𝒢-open in 𝐻 and the restriction of 𝑝 to 𝑈 is an 𝒢-open 

mapping of 𝑈 onto 𝑝(𝑈). Then the homomorphism 𝑝 is 𝒢-open. 

Proof: It suffices to show that 𝑥 ∈ 𝐺, where 𝑊 is an 𝒢-open neighbourhood of 𝑥 in 𝐺, then 

𝑃(𝑊) is a 𝒢-open neighbourhood of 𝑝(𝑥) in 𝐻. Fix a point 𝑦 in 𝑈, and let 𝐿 be the left 

translation of 𝐺 by 𝑦𝑥−1. Then 𝐿 is a 𝒢-homeomorphism of 𝐺 onto itself such that ,  

                                𝐿𝑦𝑥−1 𝑥 = 𝑦𝑥−1𝑥 

                                            = 𝑦. 

So 𝑉 = 𝑈 ∩ 𝐿 𝑊  is an 𝒢-open neighbourhood of 𝑦 in 𝑈. Then 𝑝(𝑉) is 𝒢-open subset of 𝐻. 

consider the left translation  of 𝐻 by the inverse to 𝑝(y𝑥−1). 

Now clearly, ( 𝑜 𝑝 𝑜 𝐿) 𝑥 = (𝑝 𝐿 𝑥  ) 

                                             = (𝑝 𝑦 )  

                                             = 𝑝 𝑥𝑦−1 𝑝(𝑦)     

                                             = 𝑝(𝑥𝑦−1𝑦) 

                                             = 𝑝(𝑥).  
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Hence   𝑝 𝐿 𝑊   = 𝑝 𝑊 . Clearly  is a 𝒢-homeomorphism of 𝐻 onto itself. Since 𝑝(𝑉) is 

𝒢-open in 𝐻, (𝑝 𝑉 ) is also 𝒢-open in 𝐻. Therefore 𝑝(𝑊) contains the 𝒢-open neighbourhood 

(𝑝 𝑉 ) of 𝑝(𝑥) in 𝐻. Hence 𝑝 𝑊  is a 𝒢-open neighbourhood of 𝑝(𝑥) in 𝐻.   

Theorem: 3.18 Let 𝑝:𝐺 → 𝐻 be a 𝒢-continuous homomorphism of a para 𝒢-topological simple 

groups. Suppose that the image 𝑝(𝑈) contains a non-empty 𝒢-open set in 𝐻, for each 𝒢-open 

neighbourhood 𝑈 of the neutral element 𝑒𝐺  in 𝐺. Then the homomorphism 𝑝 is 𝒢-open. 

Proof: First we claim that the neutral element 𝑒𝐻 of 𝐻 is in the 𝒢-interior of 𝑝 𝑈 , for each 𝒢-

open neighbourhood 𝑈 of 𝑒𝐺  in 𝐺. Choose an 𝒢-open neighbourhood 𝑉 of  𝑒𝐺  such that 𝑉−1𝑉 ⊂

𝑈. By our assumption, 𝑝 𝑉  contains a non empty 𝒢-open set 𝑊 in 𝐻. Then 𝑊−1𝑊 is an 𝒢-open 

neighbourhood of 𝑒𝐻 and we have that 𝑊−1𝑊 ⊂ 𝑝 𝑉 −1𝑝 𝑉  

                 = 𝑝 𝑉−1𝑉  

           ⊂ 𝑝(𝑈) . 

Choose an arbitrary element 𝑦 ∈ 𝑝 𝑈 , where 𝑈 is an arbitrary non-empty 𝒢-open set in 𝐺. We 

can find 𝑥 ∈ 𝑈 with 𝑝 𝑥 =  𝑦 and 𝒢-open neighbourhood 𝑉 of 𝑒𝐺  in 𝐺 such that 𝑥𝑉 ⊂ 𝑈. Let 

𝑊 be an 𝒢-open neighbourhood of 𝑒𝐻 with 𝑊 ⊂ 𝑝 𝑉 . Then the set 𝑦𝑊 contains 𝑦, it is 𝒢-open 

in 𝐻 and , 

𝑦𝑊 ⊂ 𝑝 𝑥𝑉  

     ⊂ 𝑝 𝑈 .  

This implies that 𝑝(𝑈) is 𝒢-open in 𝐻. 

Proposition: 3.19 Let  𝐺 be a para 𝒢-topological simple group. If 𝐻 is a normal subgroup of 𝐺, 

then 𝐻  also a normal subgroup of 𝐺. 

Proof: Now we have to prove that 𝑔𝐻 𝑔−1 ∈ 𝐻  ∀ 𝑔 ∈ 𝐺. 
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Since H is a normal subgroup of 𝐺, 𝑔𝐻𝑔−1 ∈ 𝐻 ∀ 𝑔 ∈ 𝐺. 

Now 𝑔𝐻𝑔−1          ⊂  𝐻  ∀ 𝑔 ∈ 𝐺. 

⇒ 𝑔𝐻 𝑔−1  ⊂ 𝐻  ∀𝑔 ∈ 𝐺. 

⇒ 𝑔𝐻 𝑔−1 ∈ 𝐻 ,∀𝑔 ∈ 𝐺. Therefore 𝐻   is a normal subgroup of 𝐺. 

Corollary: 3.20  Let  𝐺 be a para 𝒢-topological simple group and 𝐻 be the centre of a hausdorff  

𝒢-topological simple group 𝐺. Then  𝐻  is a subgroup of 𝐺. 

Proof: Proof follows from the above theorem 3.2.19. 

Corollary: 3.21 Let  𝐺 be a para 𝒢-topological simple group and 𝑍(𝐺) be the centre of 𝐺. 

Then 𝑍(𝐺)        is a normal subgroup of 𝐺.  

Proof:  Proof follows from the above theorem 3.2.19.  

Corollary: 3.22 Let 𝐺 and 𝐻 be two para 𝒢-topological simple groups. If 𝑓:𝐺 → 𝐻 is a 

homomorphism mapping , then  𝑘𝑒𝑟𝑓       is a normal subgroup of 𝐺. 

Proof:Proof follows from theorem 3.2.19. 

4. QUOTIENTS ON A 𝓖-TOPOLOGICAL SIMPLE GROUPS 

Let 𝐺 be a para 𝒢-topological simple group and 𝐻 be a normal subgroup of 𝐺. Here 𝐻 is either 

proper trivial normal subgroup of 𝐺 or improper trivial normal subgroup of 𝐺. Let 𝜙 be a 

mapping from 𝐺 →  
𝐺

𝐻
  by 𝜙 𝑥 = 𝑥𝐻,∀ 𝑥 ∈ 𝐺. Now we can define a 𝒢-topology on  

𝐺

𝐻
 , 𝑈 is 𝒢-

open in 
𝐺

𝐻
 ⟺ 𝜙−1(𝑈) is 𝒢-open in 𝐺. 

Theorem: 4.1 Let  
𝐺

𝐻
 be a para 𝒢-topological simple group with quotient 𝒢-topology and 

𝜙 ∶  𝐺 →  
𝐺

𝐻
 by 𝜙 𝑥 = 𝑥𝐻,∀𝑥 ∈ 𝐺. Then the following statement is hold. 
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 𝑖 .  𝜙 is onto. 

 𝑖𝑖 .  𝜙 is 𝒢-continous. 

        𝑖𝑖𝑖 .  𝜙 is 𝒢-open. 

         𝑖𝑣 .  𝜙 is homomorphism. 

Proof: (𝑖). Let ∈  
𝐺

𝐻
 . Since 𝜙 𝑥 = 𝑔𝐻,∀𝑔 ∈ 𝐺. Hence 𝜙 is onto. 

(𝑖𝑖). By definition of quotient 𝒢-topology, 𝑈 is 𝒢-open in 
𝐺

𝐻
 ⇔ 𝜙−1(𝑈) is 𝒢-open in 𝐺. Hence 𝜙 

is 𝒢-continous.  

(𝑖𝑖𝑖). Let 𝑈 be a 𝒢-open set in 𝐺. Then 𝜙 𝑈 = 𝑈𝐻 is 𝒢-open in 
𝐺

𝐻
. 

(𝑖𝑣). Let 𝑥,𝑦 ∈ 𝐺,𝜙 𝑥𝑦 =  𝑥𝑦𝐻. 

                                          = 𝑥𝐻𝑦𝐻 

                                          = 𝜙 𝑥 𝜙 𝑦 .  

Hence 𝜙 is a homomorhism.       

5. 𝓖-CONNECTEDNESS IN PARA 𝓖-TOPOLOGICAL SIMPLE GROUPS 

In this section we introduced a 𝒢-Connectedness for para 𝒢-topological simple groups.  

Theorem: 5.1 For any two 𝒢-connected subsets 𝐸 and 𝐹 of a para 𝒢-topological simple group 𝐺, 

their product 𝐸𝐹 in 𝐺 is a 𝒢-connected subspace of 𝐺. 

Proof: Since the multiplication is 𝒢-continous, the subspace 𝐸𝐹 of 𝐺 is a 𝒢-continous image of 

the catesian product 𝐸 × 𝐹 of the spaces 𝐸 and 𝐹. Since 𝐸 × 𝐹 is 𝒢-connected, the space is 𝒢-

connected. 

http://www.ijesm.co.in/
http://www.ijesm.co.in/


International Journal of Engineering, Science and Mathematics 

Vol. 7Issue 2, February 2018,  
ISSN: 2320-0294 Impact Factor: 6.765 
Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com Double-Blind Peer 

Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed at: Ulrich's Periodicals 
Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A 

 
 

141 International Journal of Engineering, Science and Mathematics 
http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

Theorem: 5.2 Let 𝑈 be an arbitrary 𝒢-open neighbourhood of the neutral element 𝑒 of a 𝒢-

connected simple topological group 𝐺. Then 𝐺 =   𝑈𝑛∞
𝑛=1 . 

Proof: Choose a 𝒢-open symmetric neighbourhood 𝑉 of  𝑒 in 𝐺 such that 𝑉 ⊂ 𝑈.  By induction 

on 𝑛 and by theorem 3.2.6, for every positive integer 𝑛, 𝑉𝑛  is 𝒢-open. Let 𝐻 =   𝑉𝑛∞
𝑛=1 . Hence 

𝐻 =  𝑉𝑛∞
𝑛=1  is 𝒢-open. Let. Now let  

𝑥 ∈ 𝑉𝑝 ,𝑦 ∈ 𝑉𝑞  are the elements from 𝐻. Then , 

 𝑥 ∗ 𝑦 ∈ 𝑉𝑝+𝑞 ⊂ 𝐻  

⟹ 𝑥 ∗ 𝑦 ∈ 𝐻. 

Take an element 𝑥 ∈ 𝐻 and 𝑥 ∈ 𝑉𝑘 . Then 𝑥−1 ∈ (𝑉−1)𝑘 =  𝑉𝑘 ∈ 𝐻. Therefore 𝐻 is a subgroup 

of 𝐺. By lemma 3.2.12, 𝐻 is also a 𝒢-closed in 𝐺. Since 𝐺 is 𝒢-connected, and 𝐻 is non empty 

and both 𝒢-closed and 𝒢-open, 𝐺 = 𝐻 . As 𝑉 ⊂ 𝑈, it follows that 𝐺 =   𝑈𝑛∞
𝑛=1 . 

Theorem: 5.3 Let 𝐺 be a 𝒢-connected 𝒢-topological simple group and 𝑒 its identity element. If 

𝑈 is an 𝒢-open neighbourhood of 𝑒, then 𝐺 is generated by 𝑈. 

Proof: Let 𝑈 be a 𝒢-open neighbourhood of 𝑒. For each 𝑛 ∈ ℕ, we denote by  𝑈𝑛  the set of 

elements of the form 𝑢1𝑢2 …𝑢𝑛 , where 𝑢𝑖 ∈ 𝑈. Let =   𝑈𝑛
𝑛∈ℕ  . Since each  𝑈𝑛   is 𝒢-open, we 

have that 𝑊 is a 𝒢-open, 𝑊 is also a 𝒢-closed by lemma 3.2.12. Let 𝑔 be an element of 

generalized closure of 𝑊. That is 𝑔 ∈ 𝐶𝑙𝒢 𝑊 . Since 𝑔𝑈−1 is a 𝒢-open neighbourhood of 𝑔, it 

must intersects 𝑊. Thus, let  ∈ 𝑊 ∩ 𝑔𝑈−1. Since  ∈ 𝑔𝑈−1, then  = 𝑔𝑢−1 for some  elements 

𝑢 ∈ 𝑈. Since  ∈ 𝑊, then  ∈ 𝑈𝑛  for some 𝑛 ∈ ℕ. So  = 𝑢1𝑢2 …𝑢𝑛  with each 𝑢𝑖 ∈ 𝑈. 

We have  𝑔 = 𝑢 for some 𝑢 ∈ 𝑈. 

                    = 𝑢1𝑢2 …𝑢𝑛𝑢 for some 𝑢 ∈ 𝑈. 
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This implies that 𝑔 ∈ 𝑈𝑛+1 ⊆ 𝑊. Hence 𝑊 is 𝒢-closed. Since 𝐺 is 𝒢-connected and 𝑊 is 𝒢-open 

and 𝒢-closed, we must have 𝑊 = 𝐺. This means that 𝐺 is generated by 𝑈.  

Theorem: 5.4  Let 𝐾 be a discrete invariant subgroup of a 𝒢-connected para 𝒢-topological 

simple abelian group 𝐺. If for any 𝒢-open neighbourhood 𝑈 of 𝑥 in 𝐺 there exists a 𝒢-open 

symmetric neighbourhood 𝑉 of 𝑒 in 𝐺 such that 𝑉𝑥𝑉 ⊂ 𝑈, then every element of 𝐾 commutes 

with every element of 𝐺. i.e. 𝐾 is contained in the center of the simple abelian group 𝐺. 

Proof: Since 𝐺 is a 𝒢-topological simple abelian group, 𝐺 and {𝑒} are the only invariant 

subgroup of 𝐺.  Therefore the proof is trivial. 

Theorem: 5.5 Let 𝐺 be a para 𝒢-topological simple group and 𝐻 is a 𝒢-connected subgroup of 

𝐺. Then 

(i). If 
𝐺

𝐻
 is 𝒢-connected, then 𝐺 is 𝒢-connected. 

(ii). If 𝐻 is a 𝒢-closed invariant subgroup of 𝐺 and  
𝐺

𝐻
 is 𝒢-connected, then 𝐺 is 𝒢-connected. 

 (iii). If 𝐻 is a 𝒢-dense subgroup of a 𝒢-connected 𝒢-topological simple group, then every 𝒢-

neighbourhood 𝑈 of the identity element in 𝐻 algebraically generates the group 𝐻. 

Proof: (i). Suppose 𝐺 is not 𝒢-connected. Then there exists two disjoint non empty 𝒢-open set 

𝑈,𝑉 such that 𝑈 ∪ 𝑉 = 𝐺. Denoting by 𝜋 the map 𝑥 → 𝑥𝐻, we see that 
𝐺

𝐻
=  𝜋 𝑈 ∪ 𝜋 𝑉 . By 

theorem 3.3.1 , 𝜋 is a 𝒢-open mapping and 
𝐺

𝐻
 is the union of two nonempty 𝒢-open sets 𝜋 𝑈  and 

𝜋 𝑉 . Now the assumption of 𝒢-connectedness of 
𝐺

𝐻
 implies that 𝜋 𝑈  and 𝜋 𝑉  have some 

common point, 𝑧𝐻. But disjointness assumption on 𝑈 and 𝑉 means that, for this to happen there 

must exists 𝑥 ∈ U and 𝑦 ∈ 𝑉 such that 𝑥−1𝑦 ∈ 𝐻. So the coset 𝑥𝐻 intersects both 𝑈 and 𝑉 in 𝐺. 

As 𝑈 ∪ 𝑉 = 𝐺 provides a disconnection 𝑥𝐻 has to be disconnected. But 𝑥𝐻 is homeomorphic to 

𝐻. So this contradicts the hypothesis that 𝐻 is 𝒢-connected. So 𝐺 is 𝒢-connected. 
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(ii) . Suppose that 𝐻 and 
𝐺

𝐻
 are 𝒢-connected and 𝑓:𝐺 → {0,1} be an arbitrary 𝒢-continous map. 

The restriction of 𝑓 to 𝐻 must be constant and since each coset 𝑔𝐻 is 𝒢-connected, 𝑓 must be 

constant on 𝑔𝐻 as well taking value 𝑓 𝑔 . Thus we have a well defined map 𝑓 :
𝐺

𝐻
 →  0,1  such 

that 𝑓  𝑜 𝜋 = 𝑓. By the fundamental property of quotient spaces, it follows that 𝑓  is 𝒢-continous 

and so must be constant. Since 
𝐺

𝐻
 is 𝒢-connected. Hence, 𝑓 is also constant and we conclude that 

𝐺 is 𝒢-connected.  

(iv). Proof follows from theorem 3.4.3 

6.  𝓖- COMPACTNESS ON PARA 𝓖-TOPOLOGICAL SIMPLE GROUP 

Proposition: 6.1 If 𝐺 is a para  𝒢-topological simple group and if 𝐾 1 and 𝐾 2 are 𝒢-compact 

subsets of 𝐺, then 𝐾 1𝐾 2 is 𝒢-compact. 

Proof: Since 𝐾 1,𝐾 2 are 𝒢-compact subsets of 𝐺, then 𝐾 1 × 𝐾 2 is 𝒢-compact in 𝐺 × 𝐺. since 

the 𝒢-continous image of a compact set is compact, 𝐾 1𝐾 2 is 𝒢-compact. 

Definition: 6.2 Let 𝐻 be a subgroup of a para 𝒢-topological simple group 𝐺. Then 𝐻 is called 

neutral in 𝐺 if every 𝒢-neighbourhood 𝑈 of the identity 𝑒𝐺  in 𝐺, there exists a 𝒢-neighbourhood 

𝑉 of  𝑒𝐺  such that 𝑉𝐻 ⊂ 𝐻𝑈. 

Proposition: 6.3 Let 𝐻 be a subgroup of a para 𝒢-topological simple group 𝐺. Suppose that, for 

every 𝒢-open neighbourhood 𝑈 of the identity 𝑒𝐺  in 𝐺, there exists an 𝒢-open neighbourhood 𝑉 

of 𝑒𝐺  in 𝐺 such that 𝑥𝑉𝑥−1 ⊂ 𝑈 whenever 𝑥 ∈ 𝐺. Then H is neutral in 𝐺. 

Proof: Given a 𝒢-neighbourhood 𝑈 of 𝑒𝐺  in 𝐺. Take an 𝒢-open neighbourhood 𝑉 of 𝑒𝐺  

satisfying, 

𝑥𝑉𝑥−1 ⊂ 𝑈,∀ 𝑥 ∈ 𝐺  

⇒ 𝑥𝑉  ⊂ 𝑈𝑥,∀ 𝑥 ∈ 𝐺 
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⇒ 𝐻𝑉 ⊂ 𝑈𝐻,∀ 𝑥 ∈ 𝐺. Then H is neutral in G. 

Corollary: 6.4 Every 𝒢-compact subgroup of a para 𝒢-topological simple group 𝐺 is neutral 

in 𝐺.  

Proof: Proof follows from the theorem 

Proposition: 6.5 Let 𝐺 be a para 𝒢-topological simple group, 𝐹 a 𝒢-closed subset of  𝐺, and 𝐾 is 

a 𝒢-compact subset of 𝐺, such that 𝐹 ∩ 𝐾 = 𝜙. Then there is an 𝒢-open neighbourhood 𝑉 of 𝑒𝐺  

such that 𝐹 ⋂ 𝑉𝐾 =  𝜙.  

Proof: Let 𝑥 ∈ 𝐾. 

⇒ 𝑥 ∈ 𝐺\𝐹 and 𝐺\𝐹 is 𝒢-open. 

⇒ (𝐺\𝐹)𝑥−1 is an 𝒢-open neighbourhood of 𝑒𝐺 . By Corollary: 3.2.4, 

there is an 𝒢-open neighbourhood 𝑊𝑥  of 𝑒𝐺  such that 𝑊𝑥𝑊𝑥  ⊂ (𝐺\𝐹)𝑥−1. Since 𝐾 is 𝒢-compact 

and 𝐾 ⊂  𝑊𝑥𝑥∈𝐾
∪ 𝑥, so there are finite points 𝑥1, 𝑥2,… . , 𝑥𝑛 ∈ 𝐾 , such that 

𝐾 ⊂ ∪𝑖=1
𝑛 𝑊𝑖𝑥𝑖 , where 𝑊𝑖 = 𝑊𝑥𝑖

 .Now let 𝑉 = ∩𝑖=1 
𝑛 𝑊𝑖 . For any 𝑥 ∈ 𝐾, 𝑥 ∈ 𝑊𝑖𝑥𝑖 ,for some 𝑖.  

This implies that,   

𝑉𝑥 ⊂  𝑊𝑖𝑥 ⊂ 𝑊𝑖𝑊𝑖𝑥𝑖 ⊂ 𝐺\𝐹. 

⇒ 𝐹 ∩ V𝑥 = 𝜙. This true for any 𝑥 ∈ 𝐾, therefore 𝐹 ∩ 𝑉𝐾 =  𝜙. 

Proposition: 6.6 Let 𝐺 be a para 𝒢-topological simple group, 𝐾 a 𝒢-compact subset of 𝐺, and 𝐹 

is a 𝒢-closed subset of 𝐺. Then 𝐹𝐾 and 𝐾𝐹 are 𝒢-closed subsets of 𝐺. 

Proof: If 𝐹𝐾 = 𝐺, this is obviously true. Now let 𝑦 ∈  𝐺\𝐹𝐾. Then 𝐹 ∩ 𝑦 𝐾−1  =  𝜙. Since 𝐾 is 

𝒢-compact, 𝑦 𝐾−1 is 𝒢-compact. By above theorem, there is an 𝒢-open neighbourhood 𝑉 of 𝑒𝐺  
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such that F ∩ 𝑉𝑦 𝐾−1 = 𝜙. Since 𝑉𝑦 is an 𝒢-open neighbourhood of 𝑦 contained in 𝐺\𝐹𝐾. 

Therefore 𝐹𝐾 is 𝒢-closed. 

Proposition: 6.7 Let 𝐺 be a 𝒢-compact 𝒢-topological simple group and 𝐻 be a 𝒢-topological 

simple group and let 𝑓:𝐺 → 𝐻 be 𝒢-continous. Then 𝑓(𝐺) is 𝒢-compact. 

Proof: Let 𝛾 be an 𝒢-open cover for 𝑓(𝐺). We know that  {𝑓−1 𝑈 :𝑈 ∈ 𝛾} is an 𝒢-open cover of 

𝐺. Since 𝐺 is 𝒢-compact, there is a finite 𝒢-subcover. There exists 𝑈1,𝑈2,… ,𝑈𝑛 ∈ 𝛾 such that  

𝐺 ⊆  𝑓−1 𝑈1 ∪ 𝑓−1 𝑈2 ∪ …∪ 𝑓−1(𝑈𝑛) 

⇒ 𝑓(𝐺) ⊆  𝑈1 ∪ 𝑈2 ∪ …∪ 𝑈𝑛 . Thus an arbitrary 𝒢-open cover of 𝑓(𝐺) has a finite 𝒢-subcover. 

Proposition: 6.8 Let 𝐺 be a 𝒢-compact para 𝒢-topological simple group and let 𝐻 be 𝒢-closed 

subset of 𝐺. Then 𝐻 is 𝒢-compact. 

Proof: Let 𝛾 be an 𝒢-open cover of 𝐻. Since 𝐻 is 𝒢-closed in 𝐺, 𝐺\𝐻 is 𝒢-open in 𝐺. From this 

we get that 𝛾 ∪ 𝐺\𝐻 is an 𝒢-open cover for 𝐺. Since 𝐺 is 𝒢-compact, there must be a finite 𝒢-

subcover. So there exists 𝑈1,𝑈2, … ,𝑈𝑛 ∈ 𝛾, such that 𝐺 ⊂ 𝑈1 ∪ 𝑈2 ∪ …∪ 𝑈𝑛 ∪ 𝐺\𝐻 

⇒ 𝐻 ⊂ 𝑈1 ∪ 𝑈2 ∪ …∪ 𝑈𝑛  . An arbitrary 𝒢-open cover of 𝐻 has a finite 𝒢-subcover. Therefore 𝐻 

is 𝒢-compact.  
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