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1. Introduction:

The concept of fuzzy set was introduced by Zadeh [17] as a new mathematical tool
for dealing with uncertainties. There are many kinds of fuzzy set extensions in the fuzzy
set theory, such as intuitionistic fuzzy sets, interval-valued fuzzy sets, rough fuzzy set, soft
fuzzy set, vague sets, etc. [4, 9, 10]. Bipolar-valued fuzzy set is another extension of fuzzy
set whose membership degree range extends from the interval [0, 1] to the interval [-1, 1].
K.M.Lee [14, 15] introduced the idea of bipolar valued fuzzy set as a generalization of the
notion of fuzzy set. Thus, the theory of bipolar valued fuzzy sets has become a vigorous
area of research in various disciplines such as algebraic structure, medical science, graph
theory, decision making, machine theory and so on [2, 3, 5, 6, 7]. The notion of a fuzzy sub
near-ring was introduced by S. Abou-Zaid [1] and also studied fuzzy left (resp. right)
ideals of a near-ring and has given some properties of fuzzy prime ideals of a near-ring. A
method of parameter reduction on soft set by using knowledge reduction of rough sets was
developed by Chen et.al [8]. The definitions of soft set operations was modified by
Cagman and Enginoglu [7] and gave a decision making method called uni-int decision
making method. Sezgin and Atagun [16] has also studied on soft set operations which was
defined by Ali et.al [3]. The soft BCK/BCI-algebras [11] and the applied soft sets in ideal
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theory of BCK/BCl-algebras were defined by Jun in 2008. The soft order semi group was
also defined by Jun et.al [12]. Cagman et.al [7] defined a new structure called soft int-
group and obtained some properties of this new structure. Aygunoglu and Aygun [6]
defined the concept of fuzzy soft group structure and Karaaslan et.al [13] introduced the
intuitionistic fuzzy soft groups. Zhang introduced the bipolar fuzzy set as a generalization
of a fuzzy set. The bipolar fuzzy set is an extension of a fuzzy set whose membership
degree interval is [-1, 1]. This research paper, studies the bipolar smooth fuzzy soft
subgroups and investigate relations with bipolar smooth fuzzy soft cosets and normal soft
subgroups. Thus, it defines the normalizer and gives some of the theorems relative to these
concepts.

2. BIPOLAR SMOOTH FUZZY SOFT SUBGROUPS:

Definition 2.1 Let X be a set. Then a mapping J: X — S ([-1,1]) is called bipolar smooth
fuzzy soft subset of X, where S™([-1,1]) denotes the combination of non empty subsets [-1,
0] and [O, 1].

Examplel Consider the table BFS set X ={a,b,c,d,e }

S* 0.2 0.4 0.5 0.7 0.9
S5 —0.1 -03 —0.2 —0.6 -0.7
defined by o67(@@)=02, o67(b)=04,6"(c)=05,6"(d)=0.7,6"(e)=09 and

6 (@)=-0.1, 6 (b)=-03,6 (c)=-0.2,6(d)=-0.6,0 (¢) =-0.7. Clearly, we can
check that (67,67) is bipolar smooth fuzzy soft set.
Definition 2.2 Let X be a non empty set and &, A be two bipolar smooth fuzzy soft subsets
of X. Then the intersection of & and A is denoted by 6 N A and defined by
(6 NA)(X)={min{p,q}, pe5(x),qe A(x) forall xe X}. The union of § and A is
denoted by 5 UA and defined by (5UA)(X)={max{p,q}, p € 5(x),q e A(x) forall
X e X}.
Definition 2.3 Let X be a groupoid (ie) a set which is closed under a binary relation
denoted multiplicatively. A mapping &: X — S™([-1,1]) is called a bipolar smooth fuzzy
soft groupoid if for all x,y e X , the following conditions hold

@) inf(5P(xy)) =T{inf5P(x),inf 5" (y) |

(i) sup(&P(xy)) ZT{supéF’(x),sude’(y)}

(i) inf("(xy)) <S{infs"(x),infs"(y)}
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(iv) sup(5N (x y)) <S {supé“ (x),supS™ (y) }
Definition 2.4 Let G be a group. A mapping 6:G — S™([-1,1]) is called a bipolar smooth

fuzzy soft subgroup of G if for all x,y € G, the following conditions hold
@) inf(5P(xy)) =T{infs5P(x),inf5"(y) |
(i) inf(s"(xy))
(i) sup(67(xy)) =T {sups™(x),sups*(y)}
(iv) sup(&”(x y)) <S {supé“(x),supé”(y) }
v)  infSP(xY) =infsP(x), infSN(x ) <infsN(x)

< s {inf 5" (x),inf 5™ (y) |

(vi)  supST(x™) =supst(x), supst(x) <sups™(x)
Proposition 2.1
If &is a bipolar smooth fuzzy soft subgroupoid of a finite group G, then Jis a
bipolar smooth fuzzy soft subgroup of G.
Proof:

Let xeG. Since G is finite, x has a finite order, say n. then x" =e, where e is the
identity of G. Thus x™* = x"™. Now using the definition 2.4, we have
inf 5°(x?) =inf 57 (x"*) = inf 57 (x"2x) > T {inf 5”(x"?),inf 57 (x) | and
inf 5" (x 1) = inf " (x") =inf SN (x"2x) < S{inf 5" (x"2),inf 5V (x) |
Again, inf 57 (x"?) =inf 6" (x"°x) = T {inf 57 (x"*),inf 57 (x) | and
inf 5" (x"2) =inf 5" (x"* x) < S {inf 6™ (x"),inf 5" (x) | .
So applying definition 2.4 respectively, we have that inf 5° (x™) >inf 67 (x) and
inf 5™ (x™) <inf o™ (x). Similarly, we have sups®(x™) >sups® (x) and
sups™ (x™) <supo™(x).
Hence ¢ is a bipolar smooth fuzzy soft subgroup G.
3. Bipolar Smooth Fuzzy Soft Cosets
We now define bipolar smooth fuzzy soft left cosets and bipolar smooth fuzzy soft

right cosets.

Definition 3.1 Let ¢ be a bipolar smooth fuzzy soft subgroup of G. For any x € G, define
amapping 6, ,,:G — S™([-1.1]) by SLn(9)= S5(x™*g) V geG and also define a

mapping
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Oy -G = S™([-L1]) by &, (9) =6(9 X") V geG then Ol 10r(x) are respectively

called bipolar smooth fuzzy soft left coset and bipolar smooth fuzzy soft right coset of G
determined by xand?o'.

In crisp concept, a subgroup H of a group G for which aH = Ha holds for ae G

(ie) left coset equals to corresponding right coset, is called a normal subgroup of G.
Here we extend this concept for bipolar smooth fuzzy soft subset. A bipolar smooth
fuzzy soft subgroup of G is called normal if

inf 8, ,,(9) =inf 5,,(9) and sup 3, ,,(g) =SUp S, (9) -
inf 5, (x™ @) =inf 5, (g x™) andsup &, (X g) =SUp Gy (g X 7).

Proposition 3.1
If &is a bipolar smooth fuzzy soft subgroup of a group G having the identity e,

then for all xe X
(i) inf 67 (x™") =inf 67 (x) and sups® (x™) =sups”(x)
inf SN (x™) =inf s (x) and sups™ (x™) =sups" (x)
(i)  infsP(e) >inf 7 (x),supst(e) >sups® (x) and
inf 5" (e) <infs"(x),sups™(e) <sups"(x)
Proof:
(i) Assume ¢ is a bipolar smooth fuzzy soft subgroup of a group G, then
inf 57 (x™") >infs7(x) V xeG again inf 57 (x) =inf 57 ((x ™) ™) >inf 67 (x ).
So inf 57 (x™) =inf 67 (x) . Similarly we can prove that inf 5" (x™) =inf 5" (x) and
supst (x) =supST(x), supst (x ) =sups™(x)is proved.
(i) infs™(e) =inf 57 (xx™*)=T{inf 6”(x),inf 57 (x*)} = inf 5 (x) and
supS°© (e) :supép(xx’l)ZT{supép(X),sude’(x’l)}=sup5p(x).
Similarly, inf 5" (€) <inf 6™ (x)and sups™ (e) <sups™ (x) is proved.
Proposition 3.2

A bipolar smooth fuzzy soft subset o of a group of G is a bipolar smooth fuzzy soft

subgroup if and only if for all x,y e G, the following are hold
(i) infsP(xy™) =T {infsP(x),inf 5°(y)} and
supsT(xy™) zT{supép(x),supép(y)}
(i) infs"(xy™) <S{inf5"(x),inf 5" (y)} and
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supst(xy™) <S {sup SN (x),sups™ (y)}

Proof:
Let o be a bipolar smooth fuzzy soft subgroup of G andx,y e G . Then
inf 67 (xy™) =T {inf 6°(x),inf 5" (y )]
=T {inf 5° (x),inf 57 (y)}
supot(xy™) =T {supép(x),supép(y’l)}
=T {sup&P(x),supép(y)}
Similarly,
inf 5" (xy™) < {inf 6" (x),inf 5" (y )}
= s {inf 5" (x),inf 5" (y)}
sups™ (xy™) sS{supéN(x),supéN(y‘l)}
= S{sups™ (x),sups™ ()}

Conversely, let o be a bipolar smooth fuzzy soft subset of G and given conditions hold.

Then for all x e G, we have to prove that ¢ is a bipolar smooth fuzzy soft subgroup of G.

inf 57 (e) =inf 57 (xx?) =T {inf 6”(x),inf S* ()} =inf 57 (X) .o, (1)
supst(e) =supST(xx ) =T {sup ST (x),sups” (x)} =supSt(X) )
So,

inf 57 (x %) =inf 5" (ex*) =T {inf 5°(€),inf 5°(x)} =inf 57 (x) by (1) and
supSt(x) =supst(ex ) =T {sup 5" (e),sup 5P(x)} =sups’(x) by (2)
Similarly,
inf 5" (x*) =inf 5™ (ex ™) <S {inf 5" (e),inf 5™ (x )| = inf 5" (x)
sups™ (x™) =sups™(ext)<S {sup&“ (e),sups™ (x‘l)} =sups™ (x)
Again,
infsP(xy™) =T {inf 57 (x),inf 5P(y’1)}, using given condition

>T {inf 57 (x),inf 57 (y)} and
supSt(xy™) =T {sup&"(x),sup&"(y‘l)}, using given condition

>T {inf 87 (x),inf 57 (y)}.
Similarly,
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infS"(xy™) <S {inf S"(x),inf o™ (y‘l)}, using given condition
<s{inf 5" (x),inf 5" (y)} and
sups™(xy™t) <S {sup oM (x),sups™ (y‘l)}, using given condition
<S {sup5N (x),supS™ (y)}.
Hence ¢ is a bipolar smooth fuzzy soft subgroup of G.
Proposition 3.3
Intersection of any two bipolar smooth fuzzy soft subgroups of G is also a bipolar
smooth fuzzy soft subgroup of G.

Proof:

Let 6 and A be any two bipolar smooth fuzzy soft subgroups of Gandx,y eG.

Then

inf (57 M A) (xy ) =T {inf 6” (xy ™), inf A" (xy™*)} by definition
>T{T {inf 57 (x),inf 6™ (y)},T {inf A7 (x),inf A" (y)}} by proposition 3.2
>T{T {inf 57 (x),inf A7 ()}, T { inf & (y),inf A° (y)}}
=T {inf (57 A A) (x),inf (5" N A")(y) |

Similarly,

inf (5" ~AY) (xy )= {inf 5™ (xy ), inf AY (xy %)} by definition
<s{s{inf 8" (x),inf 5" (y)},S {inf A" (x),inf A" (y)}} by proposition 3.2
<s{s{inf 8" (x),inf A" (x)},S { inf 5" (y),inf A" ()}
=s{inf (5" N AY) (x),inf (5" A AY) (y) |

Again,

sup(S° NAT) (xy™) =T {sup ST (xy™),supA” (xy‘l)} by definition
>T {T {sup 57 (x),sup 5P(y)},T {sup A° (x),sup A° (y)}} by proposition

3.2
=T {T {supép(x),supAP (x)},T { sups”(y),supA” (y)}}
=T {sup (5" N A") (X),5up(5° N A") (y) }
Similarly,
sup (oM nAY) (xy ™) :S{supcSN(xy‘l),supAN (xy‘l)} by definition
<S {S {sup oM (x),sups™ (y)}, S {sup A" (X),sup A" (y)}} by proposition
3.2
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=S {S {supcSN (x),sup A" (x)},S { supS™ (y),sup A" (y)}}
=s{sup(5" NA")(x),sup (5" N AY)(y) }
-, 0 NAis abipolar fuzzy soft subgroup of G.

4. Bipolar smooth fuzzy soft normal subgroups

Definition 4.1 Let & be a bipolar smooth fuzzy soft subgroup of G. Then ¢ is called a
bipolar smooth fuzzy soft normal subgroup of G if inf 57 (xy) =inf 57 (yx) and

inf 5" (xy) =inf 8" (yx). sup s (xy) =sups° (yx) and sups™ (xy) =sups™ (yx) for all
X,yeG.

Proposition 4.1

The intersection of any two bipolar smooth fuzzy soft normal subgroups of G is a
bipolar smooth fuzzy soft normal subgroup of G.

Proof:

Let 6 and A be any two bipolar smooth fuzzy soft normal subgroups of G and
X,y €G. Then

inf (57 A A7) (xy) =T {inf 57 (xy),inf A° (xy)]
=T {inf 57 (yx),inf A” (yx) } by definition 4.1
=inf (67 N A7) (YX).

sup (87 NA") (xy) =T {sup 57 (xy),supA° (xy)}
=T {sup S°(yx),sup A” (yx) } by definition 4.1
=sup(6° NA”)(yx) and

inf (5" A AY) (xy) =S {inf 5™ (xy),inf A" (xy) |
=S{inf 5" (yx),inf A" (yx) } by definition 4.1
=inf (6" NAY) (yX).

sup (5™ NAY) (xy) =S {sup5N (xy),sup A" (xy)}
=S {sup 5" (yx),sup A" (yx) } by definition 4.1
=sup (5" NA") (yX)

- 0NMA isabipolar smooth fuzzy soft normal subgroup of G.
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Note 1

The intersection of any arbitrary collection of bipolar smooth fuzzy soft normal
subgroups of G is also a bipolar smooth fuzzy soft normal subgroup of G.
Theorem 4.1

Let o be a bipolar smooth fuzzy soft subgroup of G andme G . Then the bipolar

smooth fuzzy soft subset A:G — S*([-11]) defined by A(x)=5(m™'xm) V xeG,isa

bipolar smooth fuzzy soft subgroup of G.
Proof:

Let x,yeG. Thenforall meG,
inf A” (xy™") =inf 67 (m™ xy'm) ( by definition of A(x))
=inf s (M xmm™y™'m)
=inf P ((M™* xm)(m'ym)™)
>T {inf S°(m™txm),inf 57 (m™y m)} (- & is a bipolar smooth fuzzy soft
subgroup) —T {inf A" (x),inf A7 (y)]
Again,
supA” (xy™) =supsT(m™ xy™m) (by definition of A(x))
=sups” (M xmm'y'm)
=sups” ((m™ xm)(m~ym)™)
>T {sup SP(m™*xm),sups’(mty m)} (- & is a bipolar smooth fuzzy soft
subgroup)
=T {supAp (x),sup A’ (y)}
Also
inf A (xy™) =inf 8" (m™ xy™'m) (by definition of A(x))
=inf S" (M xmm™y™'m)
=inf SN (M xm)(m™*ym)™)
<S {inf SV (m™xm),inf 5N (m™y m)} (- & is a bipolar smooth fuzzy soft subgroup)
— s {inf AY (x),inf A" (y)]
Again,
supA" (xy™) =sups™(m™ xy'm) ( by definition of A(x))

=sups" (M xmmy™'m)
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=sups™ ((m™ xm)(m~ym)™)
<S {sup SV (m™txm),sups™ (mTy m)} (*- 0 is abipolar smooth fuzzy soft subgroup)
=S {sup A" (X),sup A" (y)}
Hence by proposition 3.2, A is a bipolar smooth fuzzy soft subgroup of G.
Definition 4.2 Let 6 and A be any two bipolar smooth fuzzy soft subgroups of G. We
say that Ais a conjugate to ¢ if for somemeG,
inf A" (x) =inf 67 (M xm) and inf A" (x) =inf s"(m™ xm),
supA” (x) =sups” (m™xm) and supA" (x) =supsV(m™ xm) forallxeG.

Proposition 4.2
For any bipolar smooth fuzzy soft subgroup 6 of G and for all x,y € G, the

following equivalent
(i) inf 67 (xyx™) =inf 67 (y) and sups”(xyx™) =sups©(y),
inf S" (xyx™) =inf ™ (y) and sups™ (xyx™) =sups" (y).
(i)  infs(xy)=infs"(yx) and supsT(xy) =supst(yx),
inf 5" (xy) =inf 5" (yx) and sups™ (xy) =sups" (yx).
(i) infs (y) =infs (y)andsups. (y) =sups. (¥),
inf57 (y) =infs] (y)andsups’ (v) =sups, —(y).

Proof:
Let x,y G and ¢ be a bipolar smooth fuzzy soft subgroup of a group G.

(i) = (ii) inf 57 (yx) =inf 7 (xx yx) =inf 57 (xy), using (i)
inf 5" (yx) =inf " (x™x yx) =inf s" (xy), using (i)
and supST(yx) =supot (x'xyx) =sups’ (xy), using (i)
supS™ (yx) =sups™ (x'xyx) =sups™ (xy), using (i)
(i) = (iii) infs’ (y) =inf & (xy)
=inf 57 (yx™*), using (ii)
=infs. (y)

Inf 5?(@ (y) =infsN(xy)
=inf o™ (yx™), using (ii)
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=infs" (y)

and  sups’ (y) =sups”(x'y)
=supo’ (yx™), using (ii)
=sups”_(y)
sups” (y) =sups™ (xy)
=supo™ (yx*), using (ii)
=sups? - (Y)
(i) = (@) infd"(xyx™) =inf s (xy)
= inf §fm (xy), using (iii)
=inf & (y)
inf oM (xyx™) =inf s (xy)
=inf 5&) (xy), using (iii)
=inf §" (y)
and supS”(xyx™) =sup 5. (xy)
= sup 5;) (xy), using (iii)
=sups’ (x'xy)
=supo’ (y), using (i)
sups™ (xyx™)=sup 5" (xy)
= sup 5?@ (xy), using (iii)
=supS" (x'xy)

=sups™ (y), using (i)
Hence the proof.
Definition 4.3 A bipolar smooth fuzzy soft subgroup o of a group G is called a self

conjugate bipolar smooth fuzzy soft subgroup if forall m,xe G,
inf 57 (x) =inf 67 (m™*xm) and inf 5" (x) =inf s (M xm) ,
supST(x) =sups’(m™xm) and supS™ (x) =sups™ (mxm).
Theorem 4.2
A bipolar smooth fuzzy soft subgroup ¢ of a group G is normal iff Jis self
conjugate bipolar smooth fuzzy soft subgroup.

Proof:
Let a bipolar smooth fuzzy soft subgroup 6 of a group G be normal. Then

inf 57 (xy) =inf 57 (yx) and inf o™ (xy) =inf 5" (yx),
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sups’ (xy) =sups” (yx) and sups™ (xy) =sups™ (yx) for all x,y e G. Then by the
proposition 4.2, we have inf 67 (xyx™) =inf 67 (y) and sups”(xyx™) =sups©(y),
inf sM (xyx™) =inf 5N (y) and sups™ (xyx™) =sups" (y)forall x,yeG. So, Sisa
self conjugate bipolar smooth fuzzy soft subgroup.

Conversely assume that ¢ is a self conjugate bipolar smooth fuzzy soft subgroup. To prove

that & is normal. Now, ¢ is a self conjugate bipolar smooth fuzzy soft subgroup.
~nf ST (xyx™) =inf 87 (y)and supsT(xy x™) =supst(y),

inf " (xyx™) =inf 5" (y) andsups™ (xyx™) =sups™(y).

Then again by previous proposition 4.2 we have

inf 57 (xy) =inf 57 (yx) andsups” (xy) =sups® (yx) ,

inf 5" (xy) =inf 5" (yx)and supS™ (xy) =sups™ (yx).

So, ¢ isnormal.

5. Bipolar smooth fuzzy soft Normalizer
Definition 5.1 Let ¢ be a bipolar smooth fuzzy soft subgroup of G. Then normalizer of &

G/V xeG,inf S(mxm) =inf &
is defined by N(5)={me XeG,inf 5(m~xm) =in (X)}

supS(m™xm) =sup 5(x)
Theorem 5.1
Let o be a bipolar smooth fuzzy soft normal subgroup of G. Then
(1) N (o) is a soft subgroup of G.
(i) If A:N(5)— S*([-11]) is defined by A(x) =5(x) V xeN(5), then Aisa
bipolar smooth fuzzy soft normal subgroup of N(5).

Proof:
(i) Letx,ye N(5). Thenforall geG

inf 6" ((xy)"g(xy)) =inf&"(y"x"gxy)

=inf 57 (x g x)

=infs°(g) (- yeN(S) , x 'gxeG).
inf 5™ ((xy)™"g(xy)) =infs"(y"x"gxy)

=inf 5" (x g x)

=infs"(g) (- yeN(@S) , x 'gxeG).

Since x e N(5), similarly
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sups”((xy) g(xy)) =sups”(g) and
supS™ ((xy) "g(xy)) =sups"(g).
So xye N(5). Againg eG, xe N(8) = xgx ' eG,thenforallgeG ,
inf 5" (xgx ™) =inf 67 (x *(xgx ™)) and
inf S"(xgx ™) =inf M (x (xgx ™). Sincexe N(5), xgx "eG
= inf5°(x 'xgx 'x) =inf 57 (g) and
inf s™ (x 'xgx *x) =inf 5" () .
Similarly, sups™(xgx ™) =sups©(g)and sups™ (xg x ) =sups™(g).
So x e N(o) . Hence N () is a soft subgroup of G.
(if)  Since ¢J'is a bipolar smooth fuzzy soft normal subgroup of G and we have proved
that N (o) is a soft subgroup of G.
Then ¢ is a bipolar smooth fuzzy soft subgroup of N(&). Hence Ais a bipolar smooth
fuzzy soft subgroup of N (5).
Now we have to prove that Ais normal. Since N (&) is a soft subgroup of G, then
X,yeN(8) = xyxe N(5).
Now, by definition of A, we have for all x,y e N(0),
inf A°(x 'y x) =inf 67 (x "y x) and inf A¥(x 'y x) =inf 5" (x 'y x).
Since x 'yxe N(9).
=inf 57 (y) and inf 5" (y) since xe N(J).
=inf A°(y) and inf A" (y) since xe N(5).
Similarly, supA”(xyx ™) =supA” (y)andsup A" (xy x ) =sup A" (y).
Hence Ais self conjugate bipolar smooth fuzzy soft subgroup of N (¢).
Hence by theorem 4.2, Ais a bipolar smooth fuzzy soft subgroup of N (5).

Hence the proof.
Theorem 5.2
Let o be a bipolar smooth fuzzy soft subgroup of a group G. Define
H ={geG/inf5(g)=inf 5(e) and sups(g) =sups(e)},
K =19 €G/ inf &y g (X) =inf Sy (X) and SUP Gy, (X) =SUP Sz (X) |
be two soft subgroups of G. Then H=K.

Proof:
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Let o be a bipolar smooth fuzzy soft subgroup of a group G and g,h e H . Then by
proposition 3.2, we have
inf 57 (gh %) >T {inf 5°(g),inf 5° (h)}
T {inf 57 (€),inf 5" (¢)}
=infs"(e) and
inf 5" (gh ) <S{inf 5" (g),inf 5" (h)}
= s{inf 5" (e),inf 5" (¢)}
=inf 5" (e)
Again by proposition 3.1, we have
inf 57 (e) >infs7(gh ™) andinf s (e) <infs™(gh™).
Hence inf 67 (gh ™) =inf 5°(e) and
infs"(gh ™ =infs" (e).
Similarly, by proposition 3.2 and 3.1, we have
sups”(gh ™) =supst(e)and
sups™(gh ) =sups™(e).So gh'eH .
Hence H is a normal soft subgroup of G.
We now show that H =K . Let he H .

So, infs"(h)=inf o7 (e)and sups® (h) =sups® (e)
inf 5" (h) =inf 5" () and sups™ (h) =sups™ (e).
Now for all xeG,
inf 5:(h) (x) =inf 67 (xh ™) and
infs" (x) =inf&"(xh™).
inf 5:@ (x) =infs5°(xh™)
>T {inf 5°(x),inf 5° (h)}
=T {inf 57 (x),inf 57 ()} since SisaBFSSof Gand heH.
=inf 57 (x) . Since by preposition 3.1,
inf 57 (e) > inf 57 (x) =inf 57 (xe ") = inf 5:(6) (x).

s inf 5:@ (x) = inf 5:(9) xX) (3)
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inf 5" (x) = info" (xe™)
—inf 5" (x)
—inf 5" (xh *h)
>T {inf SY(x h™),inf 5N (h)} since & beaBFSSof Gand heH .
=T {inf 5" (x h),inf 5" (e)} .
=inf 5" (x h ™). Since by preposition (3.1) ,
inf 5" (¢) > inf 6" (xh ) = inf 5" (x).

Linf gt 0 =infs (0 (4)
Hence by (3) and (4), we have

inf 5:(h) (x) = inf 52(6) (x) and inf 5" (x) = inf 5" (x)
Similarly, we can prove
sups”, (x) = sup & (x) and sup &" (x) = sup &* (x)
This implies that he K.

~ heH=heK

Hence HcK (5)
Now suppose h e K, then for all xe G,

inf 5° (x)=inf§ (x)and sups, () =sup &5 _(x).
inf 5:(k) (x) = inf 5:@ (x) and sup 52(k) (x) = sup 5:@ (x).
This implies that

inf 57 (xR ™) =inf 6° (x) andsup5° (xR ™) =sups* (X)
inf S (xR ™) =inf s" (x)and sups"™ (xR ) =sups™ (x)
Choosing x =e, we obtain

inf 57 (R ") =inf 67 (e) andsups” (R ™) =sups© (e)

inf 5" (R ™) =inf 5" (e) and sups™ (R ") =sups™ (e).
Hence h™ e H . Since H is a subgroup. So he H .

~ heK=heH

Thus, wehave KcH ... (6)
. H =K (from equations (5) and (6))
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Hence the proof
Remark:
In theorem 5.2, if

K={geG/V xeG, inf &, (x) =inf 5, (x) andsupd, ) (x) =SUp S, (X)} , then we
have the following theorem.
Theorem 5.3

Let & be a bipolar smooth fuzzy soft subgroup of G and A be a bipolar smooth
fuzzy soft normal subgroup of G. Then d N Alis a bipolar smooth fuzzy soft normal
subgroup of G.

Proof:

By applying theorem 5.2, H is a soft subgroup of G and proposition 3.3, 6 NAis a
bipolar smooth fuzzy soft subgroup of H. We now show that 6 N Ais a bipolar smooth
fuzzy soft normal subgroup of H.

Letx,y e H . Since H is a soft subgroup, xy and yxe H .
Now
inf(5” N A")(xy) =T {inf 57 (xy),inf A" (xy)}
=T {inf 87 (xy),inf A°(yx)} - AisaBSFSN
=T {inf 8 (yx),inf A’ (yx)| - &isa BSFSN
=inf(6° NA")(yx)
Also
inf(5" A AY)(xy) = S {inf 5™ (xy),inf A" (x y)}
= s {inf 5" (xy),inf A" (yx)]
= s {inf 5" (y ), inf A" (yx)]
=inf(s" NA")(yx)
Hence 6 nAis a bipolar smooth fuzzy soft normal subgroup of H.
Hence the proof.
Conclusion

The fundamental properties of smooth fuzzy soft normal subgroupoids have been

discussed in this paper. Also, smooth fuzzy soft cosets and its smooth fuzzy soft normal

subgroups are discussed. Finally, the bipolar smooth fuzzy soft normalizer has been

investigated.
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SCOPE FOR FUTURE RESEARCH:

Bipolar smooth fuzzy soft set theorems are applied to solve Reynold’s equations.
Researcher may further study this idea into Legendre equation and Legendre function to
find stipulated points in the real line structure.
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