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1.Introduction: Soft set theory was introduced in 1999 by Molodtsov [21] for dealing with
uncertainties and it has gone through remarkably rapid strides in the mean of algebraic
structures as in [1, 2, 11, 14, 15, 16, 18, 25, 28]. Moreover, Atagun and Sezgin [6] defined
the concepts of soft sub rings and ideals of a ring, soft subfields of a field and soft sub
modules of a module and studied their related properties with respect to soft set operations.
Operations of soft sets have been studied by some authors, too. Maji et. al [19] presented
some definitions on soft sets and based on the analysis of several operations on soft sets.
Ali et. al [5] introduced several operations of soft sets and Sezgin and Atagun [26] studied
on soft set operations as well. Furthermore, soft set relations and functions [10] and soft
mappings [20] with many related concepts were discussed. The theory of soft set has also a
wide-ranging applications especially in soft decision making as in the following studies [6,
7, 23, 29]. The concept of the fuzzy set was first introduced by Zadeh in a seminal paper in
1965 [32]. This is the generalization of script set in terms of membership function. The

notion of the fuzzy set A on the universe of discourse U is the set of order pair {(x, pa(X)),
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x € U} with a membership function pa(x), taking the value on the interval [0,1]. In [25]
Rosenfeld used this concept to develop the theory of fuzzy groups. In fact, many basic
properties in group theory are found to be carried over to fuzzy groups. Anthony and
Sherwood [1] redefined fuzzy subgroups in terms of a t-norm which replaced the minimum
operation and they characterized basic properties of t-fuzzy subgroup in [1,2]. Sherwood
[27] defined products of fuzzy subgroups using t-norms and gave some properties of these
products. Ramot et. al [24] extended the fuzzy set to complex fuzzy set with membership
function 2 =rye's(*) where i =+/—1, which ranges in the interval [0,1] to a unit
circle. Ramot et. al [23] also introduced different fuzzy complex operations and relations
like union, intersection, complement etc. Still it is necessary to determine the membership
functions correctly, which will give the appropriate or approximate result for real life
applications. The membership function defined for the complex fuzzy set z = rg e@s™)
which compromise an amplitude term r¢(x) and phase term ws. The amplitude term retains
the idea of “fuzziness” and phase term signifies declaration of complex fuzzy set, for
which the second dimension of membership is required. The complex fuzzy set allows
extension of fuzzy logic that is to continue with one dimension gradeness of membership.
Xin Fu et. al [28] defined the fuzzy complex membership function of the form z = a+ib,
where a, b are two fuzzy numbers with membership functions ua(a), ps(b) respectively. If
b does not exist, z degenerates to a fuzzy number. Xin Fu et. al [28] also discussed a
complex number in cartesian form where a= rs cos(x) and b= rssin(x), which are in polar
forms defined in [8]. The fuzzy number is created by interpolating complex number in the
support of fuzzy set [3, 4, 5, 8].The membership functions are usually difficult to
determine accurately and one may argue of accurate or precise membership functions are
necessary in reality.

Following the above resent development the fuzzy set theory Zhang et. al [30] studies
d-equality of complex fuzzy set. This is the logical development since a complex
membership function should more difficult that a real membership function to be
determine in practice. Complex fuzzy set is a unique framework over the advantage of
traditional fuzzy set .The support of complex fuzzy set is unrestricted, may include any
kind of object such as number, name etc., which is off course a complex number.

This paper is organized in the following order. The review of complex fuzzy soft
set and operations on it which are discussed in section- 2 and section -3 discussed

properties of complex fuzzy soft sets, some important results proved in section-4, t-level
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subgroup and its properties are investigated in section-5. The idea of step fuzzy complex
soft subgroups are studied in section- 6, followed by summary and suggestion for future

work are given in section -7.

2. COMPLEX FUZZY SETS AND OPERATORS

2.1 Definition[5]: A pair (F,A) is called a soft set over U, where F is a mapping given by
F: A—P(U).

In other words, a soft set (F,A) over U is a parameterized family of subsets of the
universe U.
Note that a soft set (F, A) can be denoted by Fa. In this case, when we define more than
one soft set in some subsets A, B, C of parameters E, the soft sets will be denoted by Fa,
Fg, Fc respectively. On the other case, when we define more than one soft set in a subset A
of the set of parameters E, the soft sets will be denoted by Fa,Ga, Ha respectively. For
more details, we refer to [7,11,17,18,26,29].

2.2 Definition[19]: The relative complement of the soft set Fa over U is denoted by F'a,
where

F'a:A— P(U) is a mapping given as F'a(a) =U \Fa(a), for all a € A.

2.3 Definition[19]: Let Fa and Gg be two soft sets over U such that ANB # @. The
restricted intersection of Fa and Gg is denoted by Fa U Gg, and is defined as Fa U Gg
=(H,C), where

C=ANB and for all c € C, H(c) = F(c)NG(c).

2.4 Definition[19]: Let Fa and Gg be two soft sets over U such that ANB # @. The
restricted union of Fa and Gg is denoted by FAURr Gg, and is defined as FAUr Gg =
(H,C),where C = ANB and for all ¢ € C, H(c) = F(c)uG(c).

2.5 Definition[7]: A complex fuzzy soft subset A, defined on a universe of discourse X, is
characterized by a membership function 4(X) that assigns any element xeX and a complex
valued grade of membership in A. The values of 7,4(X) all lie within the unit circle in the
complex plane and thus all of the form P,(x) e/#4®) where P,(x) and e/#4®) are both real
valued and P4(X) €[0,1]. Here P4(x) is termed as amplitude term and e/#4®) js

termed as phase term.
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The complex fuzzy soft set may be represented in the set form as A = {(X, t4(X)) / XxeX }.
It is denoted by CFSS.
The phase term of complex membership function belongs to (0,2). Now we take those

forms which Ramot et.al presented in [23] to define the game of winner, neutral and loser.

_(ua (x) ifpy > pg
X) = i .
Haug (X) {MB (x) ifpa <ps

This is a novel concept and it is the generalization of the concept

(13

winner take all”

introduced by Ramot et.al [23] for the union of phase terms.

2.6 Example: Let X = {x1, x,, X3} be a universe of discourse. Let A and B be complex

fuzzy soft sets in X as shown below.
. 3T .
A={0.6¢08 03¢+ 050}
B ={0.8¢(9,0.1¢'7 04609}

. 3w .
AUB ={0.8¢e'(®? 0.3e'"+ 0.5}
We can easily calculate the phase terms el#ans ) on the same line by winner, neutral and

loser game.

2.7 Definition: Here a complex fuzzy soft subset A of a group G is said to be a complex
fuzzy soft subgroup of G if forall x ,y € G

(CFSSG1) A(xy) = min { A(X), A(y) },

(CFSSG2) A(x1) = A(x) where the product x and y is denoted by xy and
the inverse of x by x~1. It is well known and easy to see that a complex fuzzy soft
subgroup G satisfies A(X)< A(e) and A(x~1) = A(x) for all x € G, where ‘e’ is the identity
of G.

2.8 Definition[11]: A triangular norm (briefly a t-norm) is a function T:[0,1] x [0,1] —
[0,1] satisfying, for each p, g, r, s € [0,1]

M) Tl =p

(2) T(p, ) < T(r, s) if p<r and g<s,

(3) T(p. @) = T(. p),

(4) T(p, T(q, ) =T(T(p, Q).1).
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3.PROPERTIES OF OPERATIONS ON COMPLEX FUZZY SOFT SETS.
3.1 Proposition: Let A, B, C be three complex fuzzy soft sets on X. Then
(1) (AuB) n C = (An C) u(BNC)
(i)  (AnB)uU C=(Au C) n(BUC)
Proof: Let A, B, C be three complex fuzzy sets on X and p, (%), ug (%), uc (x) are
membership functions. Then we have
Teausy nc (%) = Paupy nc (X) e#@umnc )
=min {Pxup (X), Pc (X)} e'min {#aus (e ()}
= min
{maxi{P, (X), Py (x)},Pc (X)} e'min {max {ua (g ()}uc ()}

- max
{minifP, (X), Pc(X)}, minifPs (X), Pc(X)}} eimax {min {ta ) (O}min {up () .pc ()3}
= max {Pxnc(X), Pgnc (X)} eimax {uanc Gupnc ®)}

- P(AnC)u(BnC)(X) elH@ancyu@ne)(x)

= T(AnC)u(BNC) (x)

Similarly, we can show (ii).

3.2 Proposition: Let A and B be two complex fuzzy soft sets in X. Then

(i) (AUB)N A=A

(i) (AnB)UA=A
Proof: Let A and B be two complex fuzzy sets in X and u, (%), ug (x)are membership
functions. Then we have

Teau) na(X) = Plaupyna (X) eF@us)na®

=min {Px g (X), Py (X)} e™in {(raus )ua ()}

= min
{maxlffPA (X)’ PB (X)}, PA (X)} eimin {max {ua (x),up () }ua(x)}
= PA (X) eiﬂA (X)
=7, (%)
Similarly, we can show (ii).
3.3 Proposition: Let A and B be two complex fuzzy soft sets in X. Then
() AUANB)=A
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(i) AN (AUB) =A (Absorption laws)
Proof:
TAU(AnB)(X) = Pau(ans) (x) eHau@ane)(X)
=max {P, (X),Pang (X} eimax {pp(x).uang ()}

= max {P, (), mini{P, (X), Py (X)} } eimax {up (x),min {p (x),up (x)}}

=min{max{P, (x), P»(x)},

max{P, (x), Py (X)} }eimin {max i (x),pa (x)}max {ua (x),up (X3}
= Py (X) eita(®)
=7, (%)

Similarly, we can show (ii).

3.4 Proposition: Let A and B be two complex fuzzy soft sets in X. Then
Q) AUB=BUA
(i)  AnB=BnA (Commutative laws)
Proof: Let A and B be two complex fuzzy soft sets in X and pu, (%), ug (x)are
membership functions. Then we have
Taup (X) = Pyyp (X) e'avs®)
=max {P, (x),Pz (X)} ™ fua (g )}
=max {Pg (x), Py (X)} eimax {kB()Ha (O}
= Pgua (X) eitBuA ()
= Tgua (%)

Similarly, we can show (ii).

3.5 Definition: Let S be a groupoid and T is a t-norm. A function B: S—[0,1] is a
subgroupoid of S iff for every x,y in S, B(xy) = T{B(x),B(y)}. If S is group, a t-complex
fuzzy soft subgroupoid B is a t- complex fuzzy soft subgroup of S iff for each x € S,
B(x™1) = B(x).

3.6 Definition: For each i=1,2,....,n, let A; be a t- complex fuzzy soft subgroup in a group
X;. Let T be at-norm. The T-product of A; (i=1,2,....,n) is the function,

Al x Ay x....xA, Xy x Xy X....x X, = [0,1] defined by
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(A1 x Ay x...XxAp) (X1, Xp, e Xp) = T (A1(X1), As(X2) ) e, Ay (Xp))-

3.7 Definition: For each i = 1,2,....,n, let A; be a complex fuzzy soft subgroup under a
minimum operation in a group X;, the membership function of the product

A=A X Ay x...xA, InX=X; x X, x...x X, isdefined by

(A1 x Ay x...XAp) (X1, X3, e, Xp) =MIin{(A1(x1), Ay(X3), e, A (X))}

3.8 Definition: Let A be a complex fuzzy soft subset of a set X and let t € [0,1]. The set
A, = {x€eX:A(xX) >t} iscalled a level subset of A.

3.9 Definition: A complex fuzzy soft subgroup A of a group X is called complex fuzzy
soft normal if for all x,y in G, it fulfills the following condition A(xy) = A(yX).

3.10 Definition: A complex fuzzy soft subgroup A of a group X is said to be conjugate to

a complex fuzzy soft subgroup B of G if there exists x in G such that for all g in G,
A(9) = B(x'gx).

4. RESULTS
4.1 Theorem: Every complex fuzzy soft subset A of the universe of discourse X is a
complex fuzzy soft subgroup of X.
Proof: Let A be a complex fuzzy soft subset of X. Then for all x,y € X.
(CFSSG-1) A(xy) = p(xy) e*&¥)
> min { p(x).p(y)} . e’ min (A u(y)}

> min { p(X).p(y)}. e M®), it®)

> min { p(X) elh®) p(y) eju(y)}

> min { A(X),A(y) }

(CFSSG-2) A(x™1) = p(x71) &™) > p(x) e ME™) > p(x) e &) > A(x) .
Complex fuzzy soft subgroup conditions satisfied.

Therefore A form a complex fuzzy soft subgroup of X.

4.2 Theorem : Intersection of non-empty collection of complex fuzzy soft subgroups is a

complex fuzzy soft subgroup.
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Proof:
(CFSSG-1)  (NierAi) (xy) = Infig; Aj(xy)
> Infie {min{A; (), A;(y)}}
> min {Infig; A;(x) , Infig; A ()}
= min {Nig A; ), Nier Ai (N}
(CFSSG-2) (Nigr4;) (x71) = Infig Aj(x71) = Nier A (%)

4.3 Definition: Let A and B be two complex fuzzy soft sets on X and 7,4(X) = 7,4(x) e/#4®
and t5(X) = rz(x) e/#2™) be their membership functions, respectively. The union and
intersection

of A and B are denoted as AUB and AnB, which is specified by a functions

Taug (X) = Taup (X) e/#auB &) = (1,(X) v (X)) & Ha®VEs(X)) where v denotes the max
operator.

Tang(X) = Tanp(X) e/#anB() = (1,(X) A 1p(X)) e/ HatIMmE()) “\where A denotes the min

operator.

4.4 Theorem: Union of two complex fuzzy soft subgroups is also a complex fuzzy soft
subgroup.
Proof: Let A and B be two complex fuzzy soft subgroups.
Now let x,y € X,
(CFSSG-1) Taug (XY) = Taup (Xy) e/#aus 69
= (r4(Xy) v 15(xy)) e/ “atyIviep (xy))
> ((ry(x) A1a(y)) v ((rp(x) AT(y)) ef (WatInmay)vins (Irup (1))
= ((ra() v 14(Y) )
A ((rg(X) v 1rp(y) ) ef ((RaCOvraA e CIvis (v)))
> (Ta(X) v 15(X) ) e/#auB A (1, (y)v 15(y)) e/kave )
= min { taus (X), Taus (¥) }
(CFSSG-2) Taup (x1) =7pup (x71) ef#aus G0
= (ry(x™1) v rg(x71)) f a(x™ v )

> (r4(X) v 13(X)) el (havup(x)) = Taug (X) e/rauB () > Taug (X)

4.5 Theorem: Intersection of two complex fuzzy soft subgroups is also a complex fuzzy

soft subgroup.
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Proof: The result is obvious.

4.6 Theorem: The product of two complex fuzzy soft subgroups is also a complex fuzzy
soft subgroup.

Proof: Let A and B be two complex fuzzy soft subgroups of X.

Now let x,y € X,

(CFSSG-1) Taup (XY) = aus (Xy) e/#avs ()

= (ra(xy) . Tp(xy)) /27 (M) 109}

2

2 ( min{r,(x) Ta(Y)}- min{r;(x) 75(Y)})

el 2m (min {ra(x) ma(y)} min{up(x),up (y)})
2m ) 2

i j2m (HauB () Haus (¥)
> min{ 74 (x):r() , Ta(Y)- ()} /27 (ML L)
> min{ raup (X) , Taup (Y) } e/#auB &) | eikauvs v)
> min{ ryyp (X) e/#auB )y, b (y) ef#ave (D}

> min{ taug (X) , Taus () }-

CFSSG-1 is satisfied.
(CFSSG-2) Taup (x71) = raup (x71) e/Havs 7D > gy p(x) e/tas ) > 1, 5 (x) .

CFSSG-2 is satisfied.

4.7 Definition: Let A and B be two complex fuzzy soft sets on X and 7,4(X) = r4(x) e/#4®
and 75(X) = rz(x) /8™ pe their membership functions, respectively. The complex

product of A and B, denoted as AoB and is specified by a function

_ : _ o (MAGD HB()
Taop (X) = Taop (X) €/#40E &) = (14(x) .15(X)) €/2" (ugnx 'uznx )

4.8 Definition: Let A and B be two complex fuzzy soft sets on X. Then the cartesian
product of A and B is defined as
(AXB) (X.y) = Tingp (X ) €/Hs )
=min {ry(X) , r3(y)}. &/ “aIvep())
=min {ry(X) , r5(y)}. e/#a®, eite¥)

= min {ry(x) e/#4® s (y) e/#50}
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= min {A(X) ,B(X)} where A(X) = 7,(X) e/#*4® and B(x) = r(y)

e/t ()

4.9 Note : Complement of complex fuzzy soft subgroup is not a complex fuzzy soft
subgroup.
Proof: By definition, 7¢(s)(x) = P (s)(x) e/#c®®
= (1-Ps(X)) e’ (2r—ps (X))
Now, TC(S)(XY) = (1-Ps(xy)) e/ @m=#sC¥) = 1 - 75 (xy)
< 1-min{5(x), 7s(y)}
< max {1-75(x) , 1-75(y)}
< max {t¢s)(X) , ¢y (M}

-~ Complement of complex fuzzy soft subgroup is not a complex fuzzy soft subgroup.

4.10 Proposition: For all a,b € [0,1] and ‘m’ is any positive integer, verify that
Q) If a<b,thena™ <b™ and
(i) min{a,b} = min{a™, b™}.

Proof: It is obvious.

4.11 Proposition: If X is a group, then X™ = {x, (Ax(x))™/x € X} is a complex fuzzy
soft subgroup.
Proof: Let X is a complex fuzzy soft subgroup, where ( X, .) is a group. Thus (X™, .) is a
group for all positive integer m. Let ‘m’ be a positive integer and x,y € X™.
(CFSSG-1) (Am(xy)) = (A (xy))™

> min {A(x), A(MI™

=min {(A ()™, (A ()™ }

=min { An(X) , An(y) }
(CFSSG-2)(An(x™)) = (A (x )™ = (A ()™ = (A (X)) .

Therefore (X™,.) is a complex fuzzy soft subgroup.

4.12 Corollary: The complex fuzzy soft subgroup of X" is a complex fuzzy soft subgroup
of X™if m<n.
Proof: Clearly X" and X™ are complex fuzzy soft subgroups by above theorem(4.11), for

all X € X.
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Also X™ > X™ implies that X" < X™ (since An(X) < Am(x) for all x € X).

5. t-level subgroup
In this section, we introduce a definition of a t-level subset of a complex fuzzy soft
subset and then we give some of the important algebraic results.

5.1 Definition: Let ‘A’ be a complex fuzzy soft subset of a set X, T a t-norm and r € [0,1].
Then we define a t-level subset of a complex fuzzy soft subset A as
Al ={xe G/TAX),)=r}.

The following are the main results based on the above definition 5.1

5.2 Theorem: Let X be a group and A be a t-complex fuzzy soft subgroup of X, then the t-
level subset AT, r € [0,1], is a subgroup of X.

Proof: AT = {x € G/T(A(X),r) =r }is clearly non-empty.

Let x, y € AT, then T(A(X),r) = r and T(A(y),r) >r.

Since ‘A’ is t-complex fuzzy soft subgroup of X, A(xy) = p(xy) e*®¥) > T (A(X),A(Y)) is
satisfied.

This means T(A(xy), r) = T(T(A(X),A(y)),r) = T((AX), T(A(Y))),r) = T(A(X),r) =>r.

Hence xy € AT .

Since ‘A’ is t-complex fuzzy soft subgroup, A (x~1) = A(x) and hence T(A(x™1), r) = T(A(X),
rN=r.

This means that x=! € AT . Therefore AT is a subgroup of X.

5.3 Theorem: Let X be a group and A be a complex fuzzy soft subgroup of X. Then the t-
level subset AT, r e [0,1], T(A(e),r) = r, is a subgroup of X, where ‘e’ is the identity of X.
Proof: AT = {x € G/T(A(X),r) =r }is clearly non-empty.

Let x, y € AT . Then T(A(X),r) = rand T(A(y),r)>r.

Since ‘A’ is a subgroup of X, A(xy) = p(xy) e*®¥) > min {A(X), A(y)} is satisfied.

This means that T( A(xy), r) = T (min{A(X),A(y)}.r), where there are two cases:

min {A(x), A(y)}= A(X) or min {A(x), A(Y)}= A(Y) -

Since x, y € AT, also in two cases T((min {A(X), A(Y)}).r) >r.

Therefore T(A(Xy),r) = r . Thus we get xy € AT . It is easily seen that, as above x™! € AT .

Hence
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AT is a subgroup of X.

5.4 Theorem: Let X be a group and A be a complex fuzzy soft subset of X such that AT is
a subgroup of X for all r € [0,1], T(A(X),r) = r.Then A is a t-fuzzy complex soft subgroup
of X.

Proof: Let x, y € X and let T(A(x),r;) =r; and T(A(y),r;) = r,.

Then x € A, , y € A], . Let us assume that r;<r,. Then these follows T(A(x),r;) <
T(A(y).r2)

and AT, € Al . So ye A[,. Thus x, y € A], and since A7, is a subgroup of X, by
hypothesis,

Xy € AIl . Therefore T(A(xy),r1) =11 = (T(A(X),r1) , T(A(Y),r1)) = T(T(A(X),A(Y)), r1).
Thus we get T(A(xy),r;) = T(T(A(X),A(y)), r1) . As a t-norm is monotone with respect to
each variable and symmetric, we have A(xy) = p(xy) e*®¥) > T(A(X),A(y)) .

Next, let x € X and T(A(X),r)=r . Then x€ Al . Since AT is a subgroup, x~ € AT .
Therefore T(A(x~1),r) = r and hence T(A(x~1),r) = T(A(X),r). So we have A(x~1) = A(X).

Thus A is a t-complex fuzzy soft subgroup of X.

5.5 Theorem: Let A and B be t-level subsets of the sets X; and X,, respectively and let
r € [0,1]. Then AxB is also a t-level subset of X;x X,.
Proof: Since any t-norm T is associative, using definition-5.1, we can write the following
statement
T((AxB)(a,b),r) = T( T(A(a),B(b)),r) = T(( A(a), T(B(b))),r) = T(A(@), ) >r.

This completes the proof.

5.6 Definition: Let X be a group and A be a t-complex fuzzy soft subgroup of X. The
subgroups AT, r e [0,1] and T(A(X),r) = r are called t-level subgroups of A.

The following theorems are proved based on the definition 5.6

5.7 Theorem: Let X; and X, be two groups. A and B be t-complex fuzzy soft subgroups of
X; and X, respectively. Then the t-level subset(AxB)! , for r € [0,1] is a subgroup of X;x
X, , where ey, and ey, are identities of X; and X, respectively.

Proof: (AxB)I ={(x,y) € X;xX;:T((AxB)(x,y),r) =1 }.

Since T((Ax B)(ex,, ex,), 1) = T(T(A(ex,).B(ex,)).1) = T(A(ex,).r) =T
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~ (AxB)! is non empty. Let (x1,y1), (X2,y2) € (AxB)! . Then T((AxB)(x1,y1),r) =T
and
T((AxB)(x3,y,),r) =r. Since Ax B is a t-complex fuzzy soft subgroup of X;x X, ,
we get (AxB) ((x1,¥1) (X2,¥2)) = T(A(X1x2), B(y1y2))-
Using A and B are t-complex fuzzy soft subgroups , we get
T((AxB)(x1x2,¥1¥2)) = T(T(A(x1%3), B(y1y2)).1)
= T((A(x1x2), T(B(y1y2))).1) = T(A(x1Xz),1) = 1

Hence (x1,y1), (X2,¥2) € (AxB)! . Again (x,y) € (AxB);! implies
T((AxB)(xy)™,,r) =T((AxB)x',y™),1)

= T(TAK™), BN = T(AT), TBE YN =
T(AXY),r) >r
This means that (x,y)™! € (Ax B)! . Therefore (AxB)I is a subgroup of X;x X,.

5.8 Theorem : Let X be a group and Al a t-level subgroup of X . If A is a normal t-
complex fuzzy soft subgroup, then AT is a normal soft subgroup of X.

Proof: By theorem-5.4, AT is a t-level subgroup of X. Now let us show that AT is normal.
For all

aeX and x€ AT , T(A(axa™1),r) = T(A(aa~1x),r) = T(A(x),r) =r.

Thus axa™! € AT . Hence AT is a normal soft subgroup of X .

5.9 Theorem: Let A,B be complex fuzzy soft subsets of the sets X; and X, respectively, T
be a

t-normand r € [0,1]. Then AT x B] = (AxB); .

Proof: Let (a,b) be an element of AT x B .Then a€ AT and be B! . By definition-5.1, we
can write T(A(a),r) =r and T(B(b),r) =r. Using definition-5.6 ,we get

T((Ax B)(a,b),r) = T(T(A(@), BMb)),r) = T((A(), T(B(b))),") = T(AQ),r) >r.

Thus we have (a,b) € (AxB)!. Now let (a,b) € (AxB)! , this is required following
statement

T((Ax B)(a,b),r) = T(T(A(@), B(b)),r) = T((A(), T(B(b))),r) = r = T(L0).

Thus the inequalities

T(A(a),r) = r and T(B(b),r) > r are satisfied. Hence (a,b) is in AT x BT .

This completes the proof.
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5.10 Theorem: Let A{,A,,....,A, be complex fuzzy soft subgroups under a minimum
operation in groups X, X, , ...., X, respectively, r € [0,1]. Then
(Arx Ay x....xA) T = Al xAL x...xAL, .
Proof: Let (ay,ay, ....,a,) be anelement of (A; x A, x....xA,) 7T .
Using definition-5.6, we can write
T(min((A; x Ay x....xA,) (a1, ay, ....,a,)),r) = T(Min(A; (a1), Az (az), ..., Ay (ay)).r) -
For all i=1,2,...,n, min(A;(a;),A,(@y), ..., A (a,)) = A (a)).
This gives us T(min(A;(a1), Az (ay), ..., Ai(a;), ... Ay (ay)).r) = T(Ai(a)),r) =r.
Thus we have a; € AT . That is (a;,ay, ....,a,) € Al x AL x ...xAT, .
Similarly, let (a;,a,, ....,a,) be an element of AT x AT x ...xAT, . Then for all i=1,2,....,n
a; €Al . Thatis, T(A;(a;).r) >r.
Since min(A;(a;), A (ay), ..., A (&), .... A (@, )= A;(a;) and T(A;(a;),r) =r, we get
T((A; x Ay x....xAp) (a1,az, ..., ap))r) =
T(min(A;(a1),A,(@y), ..., Ay (ay), ... Ay (@y)),n)

=T(A;(ap).r) =r.
Thus, (a;,az, ....,a,) € (A1 X A, x....xA,)T.

The proof is completed.

6. STEP COMPLEX FUZZY SOFT SUBGROUP

Let X be a group and T be a t-norm. We have the following.
6.1 Definition: Let ‘A’ be a complex fuzzy soft subgroup of X with respect to T. Then ‘A’
is called step complex fuzzy soft subgroup of X with respect to T if for every 1 € [0,1],

A, is a subgroup of X when A; # @.

6.2 Theorem: Let ‘A’ be a complex fuzzy soft subgroup of X with respect to T. Then A is
a step complex fuzzy soft subgroup of X with respect to T if and only if A(xy) = min{
AX).A®Y) }

for all x,y € X.

Proof: Suppose A(xy) = min{ A(x),A(y) } for all x,y € X.

When A; # @, A2 € [0,1]. Let x,y € A;. Then

A(xy™1) = min{ AX),A(y1) } = min{ A(X),A(y) } = 1.
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Hence xy ! € A, is a subgroup of X.

Conversely, suppose there are x,y € X such that A(xy) = min{ A(x),A(y) }.

Put A= min{ A(x),A(y) }, then x,y € A, .Because A(xy) < min{ A(x),A(y) }=41.
~ Xy & A,. A,isnotasubgroup of X.

Consider the t-norm T, Ty(a,b) = min{a,b}, for all (a,b) € [0,1]x[0,1]. We get the

following corollary.

6.3 Corollary: Suppose A is a complex fuzzy soft subgroup of X with respect to T. Then
Q) A is a step complex fuzzy soft subgroup of X with respect to T,.
(i) Furthermore, A is a step complex fuzzy soft subgroup of X with respect to
T, where T is a arbitrary t-norm.
Proof: (i) Because A(xy) = T,(A(X),A(y)) = min{ A(x),A(y) } for all x,y € X, it follows
from the above theorem that A is a step complex fuzzy soft subgroup of X with respect to
T,.

(i) This conclusion follows from (i) and that fact T, > T.

6.4 Definition: Let ‘A’ be a step complex fuzzy soft subgroup of X with respect to T.
Suppose A(X) is the range of A. AX)={AKX)/x€e X }.

If the A(X) is finite; A(X) = { ag, a4,....,a, }, with 1>a, = a; =....> a, =0,
the integer m is called the length of A.

If the A(X) is countable; A(X) = { ay, a,....,ay,... }, with

1>ay = a; =....= a, =....20, the length of A is defined by +oco.

6.5 Theorem: Let ‘A’ be a step complex fuzzy soft subgroup of X with respect to T. The
length of Ais £. AX) = {ag, ar,..... 5 }, with 1> ay = a; >....> 7 > 0. Suppose
A={A, /1€ [0,1],A;, # @ }. Then B = { A,, Ac,,.....Ac, } and we can get a subgroup
series without repetition in X: {e} <A, < A, <...< A,, =X
Proof: Let i be an integer.
Case-(i) : If 0< i < ¢, then there exists x; € X such that A(x;) = a; , hence A, # @. By
definition 3.6,

A, (=0,1,2,..., #) is a subgroup of X.

Case-(ii) : If 1< i <i+1 <¢,thenclearly A, < A,, ,.Because thereis x;,; € X such that
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A(Xiz1) =aj4q and ajyq <a; , thenx;; €A Xi+1 € Ay, -

aj+1!

Hence A, #A,,, , Ay, <A

aj+1 Aj+1 °

Because e = min A(X) , then for all x € X, A(X) = a, , thus A;, 2 X . Hence A,, = X.
Therefore, we get sequence {e} < A,, < A,, <...< A,, =X.

Forall Ay € B,ifa;;; <A <a;, 1< i+l <#, then

Ap={x/xe X, AX)= 1} = {x/x€ X, A(X)= a;} U {X/ Xx€ X, ASA(X) < A, }=A, U
0=A,, .

IfA>a,,then A;=0,A, ¢B.

If A <a,,then A;2A,, =X, hence Ay=A,, .

# BS{A,,, As Any, o Ay

Applications

1.Many physical quantities are complex-valued wave function in quantum mechanics .
2.Complex amplitude and impedance in electrical engineering, etc.

3.In all these problems, expert uncertainty means that we do not know the exact value of
the corresponding complex number instead, we have a fuzzy knowledge about this number.
7. Summary and future work: The work presented in this paper is the novel frame work
of step complex fuzzy soft subgroup. The various properties and operations of complex
fuzzy soft set are investigated. We also presented the properties of t-level complex fuzzy
soft subgroup. A further study is required to implement these notions in real life
applications such as Intuitionistic fuzzy set ,Bipolar fuzzy complex set, vague set and

rough set etc.

References

[1] J. M. Anthony, H. Sherwood, Fuzzy groups redefined, J. Math. Anal. Appl. 69(1979),
124-130.

[2] J. M. Anthony, H. Sherwood, A characterization of fuzzy subgroups, Fuzzy Sets and
Systems 7(1982), 297-305.

[3] Acar U., Koyuncu F., Tanay B., Soft sets and soft rings, Comput. Math. Appl.,
59(2010), 3458-3463.

[4] Aktas. H., Cagman N., Soft sets and soft groups, Inform. Sci., 177(2007), 2726-2735.
[5] Ali M.1.,Feng F., Liu X., Min W.K., Shabir M., On some new operations in soft set
theory, Comput. Math. Appl., 57(2009), 1547-1553.

26 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294 Impact Factor: 6.765

[6] Atagun A.O., Sezgin A., Soft substructures of rings, fields and modules, Comput.
Math. Appl., 61(3)(2011), 592-601.

[7] Buckley J.J (1987) “Fuzzy Complex Number” in Proceedings of ISFK, Gaungzhou,
China, pp.597-700.

[8] Buckley J.J (1989) “Fuzzy Complex Number”, Fuzzy Sets &Systems, vol33, pp 333-
345.

[9] Buckley J.J (1991) “Fuzzy Complex Analysis I: Differentiation”, Fuzzy Sets
&Systems, Vol 41, pp.269-284.

[10] Babitha K.V., Sunil J.J., Soft set relations and functions, Comput. Math. Appl.,
60(7)(2010), 1840-1849.

[11] Cagman N., Enginoglu S.,Soft matrix theory and its decision making, Comput. Math.
Appl., 59(2010), 3308-3314.

[12] Cagman N, Enginoglu S, Soft set theory and uni-int decision making, Eur. J. Oper.
Res., 207(2010), 848-855.

[13] Feng F., Jun Y.B., Zhao X., Soft semirings, Comput. Math. Appl., 56(2008), 2621—
2628.

[14] Feng F., Li C., Davvaz B., Ali M.l., Soft sets combined with fuzzy sets and rough
sets: a tentative approach, Soft Comput., 14(6)(2010), 899-911.

[15] Jun Y.B., Soft BCK/BCl-algebras, Comput. Math. Appl., 56(2008), 1408 -1413.

[16] Jun Y.B., Park C.H., Applications of soft sets in ideal theory of BCK/ BCl-algebras,
Inform. Sci., 178(2008), 2466-2475.

[17] Jun Y.B., Lee K.J., Zhan J., Soft p-ideals of soft BCl-algebras, Comput. Math. Appl.,
58(2009), 2060-2068.

[18] Kazanc1 O., Yilmaz S,., Yamak S., Soft sets and soft BCH-algebras, Hacet. J. Math.
Stat., 39(2)(2010), 205-217.

[19] Maji P.K., Biswas R., Roy A.R., Soft set theory, Comput. Math. Appl., 45(2003), 555-
562.

[20] Majumdar P., Samanta S.K., On soft mappings, Comput. Math. Appl., 60 (9)(2010),
2666-2672.

[21] Molodtsov D., Soft set theory-first results, Comput. Math. Appl., 37(1999), 19-31.
[22] Molodtsov D.A., Leonov V.Yu., Kovkov D.V., Soft sets technique and its application,
Nechetkie Sistemy i Myagkie Vychisleniya, 1(1)(2006), 8-39.

[23] Ramot Daniel, Menahem Friedman, Gideon Langholz and Abraham Kandel (2003)
“Complex Fuzzy Logic”, IEEE Transactions on Fuzzy Systems, Vol 11, No 4.

27 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294 Impact Factor: 6.765

[24] Ramot Daniel, Menahem Friedman, Gideon Langholz and Abraham Kandel, (2002)
“ComplexFuzzy Set”, IEEE Transactions on Fuzzy Systems ,Vol 10, No 2.

[25]A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl. 35(1971), 51-517.

[26] Sezgin A., Atagun A.O., On operations of soft sets, Comput. Math. Appl.,
61(5)(2011), 1457-1467.

[27] H. Sherwood, Products of fuzzy subgroups, Fuzzy Sets and Systems ,11(1983), 79—
89.

[28] Xin Fu, Qiang Shen, (2009) “A Novel Framework Of Complex Fuzzy Number And
Its ApplicationTo Computational Modeling”, FUZZ —IEEE 2009, Korea, August 20-24.
[29] Zhang Guangquan, Tharam Singh Dillon, Kai-yung Cai Jun Ma and Jie Lu,(2010)
“ 9-Equality of Complex Fuzzy Relations”, 24th IEEE International Conference on
Advance Information Networkingand Application.

[30] Zhan J., Jun Y.B., Soft BL-algebras based on fuzzy sets, Comput. Math. Appl.,
59(6)(2010), 2037-2046.

[31] Zou Y., Xiao Z., Data analysis approaches of soft sets under incomplete information,
Knowl-Based Syst., 21(2008), 941-945.

[32] Zadeh L.A. (1965) “Fuzzy Sets”, Information & Control, Vol 8,pp 338-353.

28 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




