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  Abstract  

 
 

In this paper we will solve conjecture posed by M.Coman on primes 
by giving suitable example. We will bring a generalized theorem for 
square primes, which will deal with the generalization of Fermat 
Pseudoprime, which gives infinitely many pseudoprimes for different 
base system. 
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1. Introduction 
We know that prime numbers are playing a critical role in computer science, particularly in to strengthen crypto 

system[1]&[2]. In connection to this we are dealing with Fermat pseudoprimes[3], after that poulet number 

and Carmichael numbers are developed. Basically Fermat little theorem[4] is the base for Fermat pseudoprime. 

 
2. Materials and Methods 
Let us observe the Fermat little theorem, 

Deifinition#1: If  p is any prime number  and GCD of (a,p) is 1, then  

)(mod11 pa p 
 or  

p

a p 11 

 

Example#1: 2,3  ap  also 1)2,3(   

)3(mod123  1
3

3
12|3 13  

 

 

 

 

 

Example#2: 3,7  ap  also   13,7   

)7(mod13 17  
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Similarly  

Example#3: 2,341  ap  also 1)2,341(   

)341(mod12 1341  
 

341

7753271607115453808774987118016099100963791495348999864549723468444278121574422805617780421052239744742

341

12340





 

7394742275521433357505038170368947107894179909090558210332740804334667499773623734839944446568166399  

Here 341 is not a prime number, it can be factorized into prime factors  

 Now we can modify the Fermat little as follows 

Definition#2: If m is a composite number and GCD of m and a is 1 i.e (m,a)=1 then the number m divides 

11 ma  

Or )(mod11 mam 
 

Means ‘m’is not necessarily a prime number, there is no much difference except in prime case between Fermat 

pseudoprime and Fermat little. 

Example#4: 51,65  ap  also 1)51,65gcd(   

Here 31565   are prime factors 

1353040
5

6765200
151|5 151  

 

and  50478012002381764187
13

075621415603096293443
151|13 151 

 

Example#5: 175 p 101,n   

Here 175 7  X  5  X  5    are prime factors  

001516457358  
7

6001061520150
  

7

1-101 1-7

  

From this we can understand that there exists infinitely many pseudoprimes, but these are classified by different 

base system. 

Conjecture: 

The square of any odd prime can be obtained from the numbers of the form 360*k + 72 in the following way: 

let d1, d2, ..., dn be the (not distinct) prime factors of the number 360*k + 72; than for any square of a prime 

p^2 there exist k such that (d1 - 1)*(d2 - 1)*...*(dn - 1) + 1 = p^2.   

 

Generalizes theorem for Fermat Pseudoprimes for different base system to generate infinitely many 

pseusopirmes: 

 

Theorem#1: For an odd prime '' p does not divides a, that is GCD of (a,p)=1 and p  does not divides 12 a  

then 1)1( 22  paam . 

Proof: 

By Fermat little theorem we have )(mod22 paa p   

i.e. )1(
22




p

aa p

 

by the hypothesis we 

 have 1)1( 22  paam
 

i.e. we can say that m

a p 12 
 -----------------(2) 

1

1
2

2






a

a
m

p
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Also here 1m  is the sum of even numbers that all are of same party 

Here 
1

1
2

22






a

aa
m

p

 is the product of two numbers 
























11 a

aa

a

aa pp

--------------(3) 

In the above product 












1a

aa p

is even number since aa p   is even number 

If a is odd integer )2(mod1a (mod)1(mod)1  ppa )2(mod0)2(mod2  aa p
 

If a is even integer )2(mod0a (mod)0 pa )2(mod0 aa p
 

Which implies that 1m is even number i.e m is odd number----------------------(4) 

Also 1m = p2
pm aa 21  

 

11 21   pm aa  

From (2) implies 
m

a p 12 
 which clears that 11 ma is divisible by m  

Therefore m  is a Fermat pseudo prime. 

By the above theorem we can generate as many as pseudoprimes in different bases. 

In particular base-2 pseudoprimes are called poulet numbers.Fixing base-2 and plug the values for 

...5,3,2p  we can generate different Fermat psuedoprimes in different bases particularly base-2 (poulet 

numbers). 

We cannot take 2p  since GCD(2,2) is 2 which contradicts to our hypothesis of above theorem 

We cannot take 3p  since p  divides 12 a  which contradicts to our hypothesis of above theorem. 

Let us take 5p  and 2a  then 341
3

11024

14

12

1

1 10

2

2















a

a
m

p

 

Here the obtained number 341 is the base-2 Fermat pseudoprime, also which is the first base-2 Fermat 

pseudoprime(Poulet number). 

But we can observed from the following table some pseudoprimes in square form 

a smallest p-p a smallest p-p a smallest p-p a smallest p-p 

1 4 = 2² 51 65 = 5 · 13 101 175 = 5² · 7 151 175 = 5² · 7 

2 341 = 11 · 31 52 85 = 5 · 17 102 133 = 7 · 19 152 153 = 3² · 17 

3 91 = 7 · 13 53 65 = 5 · 13 103 133 = 7 · 19 153 209 = 11 · 19 

4 15 = 3 · 5 54 55 = 5 · 11 104 105 = 3 · 5 · 7 154 155 = 5 · 31 

5 124 = 2² · 31 55 63 = 3² · 7 105 451 = 11 · 41 155 231 = 3 · 7 · 11 

6 35 = 5 · 7 56 57 = 3 · 19 106 133 = 7 · 19 156 217 = 7 · 31 

7 25 = 5² 57 65 = 5 · 13 107 133 = 7 · 19 157 186 = 2 · 3 · 31 

8 9 = 3² 58 133 = 7 · 19 108 341 = 11 · 31 158 159 = 3 · 53 

9 28 = 2² · 7 59 87 = 3 · 29 109 117 = 3² · 13 159 247 = 13 · 19 

10 33 = 3 · 11 60 341 = 11 · 31 110 111 = 3 · 37 160 161 = 7 · 23 

11 15 = 3 · 5 61 91 = 7 · 13 111 190 = 2 · 5 · 19 161 190 = 2 · 5 · 19 

12 65 = 5 · 13 62 63 = 3² · 7 112 121 = 11² 162 481 = 13 · 37 

13 21 = 3 · 7 63 341 = 11 · 31 113 133 = 7 · 19 163 186 = 2 · 3 · 31 

14 15 = 3 · 5 64 65 = 5 · 13 114 115 = 5 · 23 164 165 = 3 · 5 · 11 
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15 341 = 11 · 31 65 112 = 2⁴ · 7 115 133 = 7 · 19 165 172 = 2² · 43 

16 51 = 3 · 17 66 91 = 7 · 13 116 117 = 3² · 13 166 301 = 7 · 43 

17 45 = 3² · 5 67 85 = 5 · 17 117 145 = 5 · 29 167 231 = 3 · 7 · 11 

18 25 = 5² 68 69 = 3 · 23 118 119 = 7 · 17 168 169 = 13² 

19 45 = 3² · 5 69 85 = 5 · 17 119 177 = 3 · 59 169 231 = 3 · 7 · 11 

20 21 = 3 · 7 70 169 = 13² 120 121 = 11² 170 171 = 3² · 19 

21 55 = 5 · 11 71 105 = 3 · 5 · 7 121 133 = 7 · 19 171 215 = 5 · 43 

22 69 = 3 · 23 72 85 = 5 · 17 122 123 = 3 · 41 172 247 = 13 · 19 

23 33 = 3 · 11 73 111 = 3 · 37 123 217 = 7 · 31 173 205 = 5 · 41 

24 25 = 5² 74 75 = 3 · 5² 124 125 = 5³ 174 175 = 5² · 7 

25 28 = 2² · 7 75 91 = 7 · 13 125 133 = 7 · 19 175 319 = 11 · 19 

26 27 = 3³ 76 77 = 7 · 11 126 247 = 13 · 19 176 177 = 3 · 59 

27 65 = 5 · 13 77 247 = 13 · 19 127 153 = 3² · 17 177 196 = 2² · 7² 

28 45 = 3² · 5 78 341 = 11 · 31 128 129 = 3 · 43 178 247 = 13 · 19 

29 35 = 5 · 7 79 91 = 7 · 13 129 217 = 7 · 31 179 185 = 5 · 37 

30 49 = 7² 80 81 = 3⁴ 130 217 = 7 · 31 180 217 = 7 · 31 

31 49 = 7² 81 85 = 5 · 17 131 143 = 11 · 13 181 195 = 3 · 5 · 13 

32 33 = 3 · 11 82 91 = 7 · 13 132 133 = 7 · 19 182 183 = 3 · 61 

33 85 = 5 · 17 83 105 = 3 · 5 · 7 133 145 = 5 · 29 183 221 = 13 · 17 

34 35 = 5 · 7 84 85 = 5 · 17 134 135 = 3³ · 5 184 185 = 5 · 37 

35 51 = 3 · 17 85 129 = 3 · 43 135 221 = 13 · 17 185 217 = 7 · 31 

36 91 = 7 · 13 86 87 = 3 · 29 136 265 = 5 · 53 186 187 = 11 · 17 

37 45 = 3² · 5 87 91 = 7 · 13 137 148 = 2² · 37 187 217 = 7 · 31 

38 39 = 3 · 13 88 91 = 7 · 13 138 259 = 7 · 37 188 189 = 3³ · 7 

39 95 = 5 · 19 89 99 = 3² · 11 139 161 = 7 · 23 189 235 = 5 · 47 

40 91 = 7 · 13 90 91 = 7 · 13 140 141 = 3 · 47 190 231 = 3 · 7 · 11 

41 105 = 3 · 5 · 7 91 115 = 5 · 23 141 355 = 5 · 71 191 217 = 7 · 31 

42 205 = 5 · 41 92 93 = 3 · 31 142 143 = 11 · 13 192 217 = 7 · 31 

43 77 = 7 · 11 93 301 = 7 · 43 143 213 = 3 · 71 193 276 = 2² · 3 · 23 

44 45 = 3² · 5 94 95 = 5 · 19 144 145 = 5 · 29 194 195 = 3 · 5 · 13 

45 76 = 2² · 19 95 141 = 3 · 47 145 153 = 3² · 17 195 259 = 7 · 37 
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46 133 = 7 · 19 96 133 = 7 · 19 146 147 = 3 · 7² 196 205 = 5 · 41 

47 65 = 5 · 13 97 105 = 3 · 5 · 7 147 169 = 13² 197 231 = 3 · 7 · 11 

48 49 = 7² 98 99 = 3² · 11 148 231 = 3 · 7 · 11 198 247 = 13 · 19 

49 66 = 2 · 3 · 11 99 145 = 5 · 29 149 175 = 5² · 7 199 225 = 3² · 5² 

50 51 = 3 · 17 100 153 = 3² · 17 150 169 = 13² 200 201 = 3 · 67 

 

Table-1[6] 

 

The above table will help us to find some square type pseudoprimes, with the help of them we can find the 

square type prime numbers. And also we can check all the primes are following the conjecture which is posed 

by M.Coman. 

Proposition#1: Find all primes t  such that 
t

t 12 1 

 is a perfect square 

Proof: 

Let us suppose that 
t

t 12 1 

=
2u  

tut 21 12 
 ----- (1) 

 for Nk let us take 12  kt kt 21  
kt 21 22 

 

1212 21  kt
 

tuk 22 12   Then    tukk 21212   , here    11212  kkGCD  

From (1) let us assume that 
212 pxk   and 

212 yk  ---- (2)  

 Or 
212 xk   and 

212 pyk  ---- (3) 

From (2) take 12 2  yk    kyy 211   

  nyei 21..   and   my 21   for some  0, Nnm ------(4) 

The possible m and n  are 2 and 1  respectively. 

Since 31221 2  yy m
also 31221 1  yy n

 

Therefore 3y  

From assumption 
212 yk  which implies that 3312 2  kk

 

For 3y , 3k  

 clearly t must be prime , 7)( primet  

Result: This clears that Perfect(9
7

63

7

164

7

12

7

12 617










)square  
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Now by cited above theorem we can get prime number in square form. The above preposition gives an idea to 

search for applicability of the above cited conjecture for all the square type prime numbers, fortunately on 

searching us successfully got a base-2 pseudoprimes in square form. By using that result we got scope to give 

a counter example to our conjecture which was posed by M Coman. 

Theorem#2: There exists at least one base-2 Fermat pseudoprime in perfect square form[9] 

Proof: We have from the definition )(mod12 212

pp 
 

2

1 12
2

p

p 


   

2

11 12

p

pp 




  clearly 
2p divides  the numerator in some cases. 

The below example will clarify the above. 

Example#6: Let us Take 1093p  and 11946492  pm  

Clearly m  satisfies our definition, By the definition )(mod12 1 mm 
 

)1194649(mod12 11194649 
 

1194649

21194648

  

Since 1093 is  one of the a Wiefrich prime, and other Wiefrich prime is 3511 

We achieved and also 1093,3511 both are prime numbers itself. 

Elegant solution for conjecture: 

Let ndddd ,...,, 321  be the consecutive prime factors of a number 72*360 k , then for any square prime 

2p  then, k  such that 1)1)...(1)(1( 21  nddd 2p [8] 

Example#7: let us take the below 13 prime numbers 3,5,7,11…are obtained for k=1,11,4,6… respectively. 

Let us take  p=3 and k=1 

912*13*2432721*360 3434   

Let us take p=5 and k=11 

7*3*240327211*360 26 = 2516*2*1 26   

Let us take p=7 and k=4 

4916*2*17*3*21512724*360 3333   

Let us take p=11 and k=6 

121130*2*131*3*22232726*360 2323   

But if we take the numbers 1093,3511 both are prime numbers and wiefrich primes so called,   

Let us take p=1039 and k=18413 

11946491547*13*7*3*2548*14*8*4*37218413*360 11131113   

 

but let us take p=3511 we cannot get in the above form  

Test:  3511p , 123271212 p  

1577*5*3*2112327120 134   

             The required form is 17978112578*6*4*372*360 134 k  

4.49939 k  

Conclusion : 
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With above counter example all the prime numbers in square form we cannot write in the form of 

72*360 k = 1)1)...(1)(1( 21  nddd 2p  i.e. we cannot get a suitable k to write in the above 

form. 
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