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Abstract 

 
The objective of this study is to understand the convective heat transfer of water-based nanofluid flowing through a 
vertical duct.  The duct is  filled with nanofluid saturated with porous medium sandwiched between permeable fluid.  The 
two vertical walls of the enclosure are kept at constant temperature. The flow in the porous material is defined by Darcy 
equation.  The Boussinesq approximation is invoked so that the effect of density variation is combined with the buoyancy 
forces. Separate solutions are matched at the interface using suitable matching conditions. Continuity of velocity, 
continuity of shear stress, continuity of temperature and continuity of heat flux are assumed at the interface. The 
equations of momentum and energy are coupled and nonlinear. Approximate analytical solutions are obtained using 
regular perturbation method. Results for a wide range of governing parameters such as Grashof number, Brinkman 

number, porous parameter, and solid volume fraction  are plotted on the flow fields.  It is found that the presence of 
porous matrix  and solid volume fraction suppress the velocity and temperature  fields where as Grashof number  and 
Brinkman number promotes the flow. Numerical values for the skin friction and the Nusselt number at the left and right 
walls are also evaluated and are depicted in tabular form.  
 

Keywords :  Nanofluids, Porous media, Mixed convection, Vertical duct. 

 

1. Introduction 
Nanoparticle colloids have particular physical properties that make them useful for a wide range of 

applications including paints and coatings, ceramics, drug delivery and food industries [1-3]. Colloids 

composed of ultrafine nanoparticles (w100 nm or smaller) are called nanofluids. Growing attention has been 

recently paid to nanofluids because of their enhancement in heat transfer [4-6]. This desirable characteristic 

opens numerous applications of nanofluids as super-coolant in nuclear reactors, car engines, radiators, 

computers, X-rays and many other industrial products. Nanofluids are called super-coolant because they can 

absorb heat more than any traditional fluids, so they can reduce the size of system and increase its 

performance [3,7]. Oxide ceramics  2 3,Al o Cuo ; nitride ceramics  ,AlN SiN ; carbide ceramics  ,SiC TiC ; 

metals  , , , ,Ag Al Au Cu Fe ; semiconductors  2 2,Sio Tio ; single, double, or multi wall carbon nanotubes 

 , ,SWCNT DWCNT MWCNT ; and composite materials such as nanoparticle core-polymer shell composites 

are certain materials which are used to produce nanoparticles and are dispersed in a host liquid to make the 

nanofluid. Water is used as a traditional host liquid due to its high thermal conductivity, abundance, low cost, 

and friendliness to the environment [7]. 
 Depending on shape, size, and thermal properties of the solid nanoparticles, the thermal conductivity 

can be increased by about 40% with low concentration (1%–5% by volume) of solid nanoparticles in the 

mixture    [8-12]. The nanofluid is stable, it introduces very little pressure drop, and it can pass through 

nanochannels (for instance see Zhou [13]). The word “nanofluid” was coined by Choi [14]. Xuan and Li [15] 
pointed out that at higher nanoparticle volume fractions, the viscosity increases sharply, which suppresses 

heat transfer enhancement in the nanofluid. Therefore, it is important to carefully select the proper 

nanoparticle volume fraction to achieve heat transfer enhancement. 

Transport processes through porous media play important roles in numerous practical applications in 

modern industry, such as the design of building components for energy and environmental systems 

consideration, control of pollutant spread in groundwater, geothermal energy technology, compact heat 

exchangers, solar power collectors, food industries, and have wide potential applications in many engineering 

areas including the chemical, oil and gas recovery, polymer, food processing, pharmaceutical, biochemical 

engineering, etc. Recent decades have seen a spike in the number of studies (Shenoy [16]) devoted to the 

study of convective flow through porous media. Good literature reviews on convective flow and applications 

of nanofluids have been done by Buongiorno [17], Das et al. [18],  Kakac and Pramuanjaroenkij [19], Jaluria 
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et al. [20], Mahian et al.[21],      Sakai et al. [22], and many others. It is worth pointing out that Sakai et al. 

[22] have rigorously derived a macroscopic set of the governing equations for describing heat transfer in 

nanofluids saturated with porous media using a volume averaging theory, for possible heat transfer 

applications of metal foams filled with nanofluids as high performance heat exchangers. 

Stability analysis of nanofluid saturated with porous medium was investigated by Umavathi and 

Mohite [23-25] and Umavathi et al. [26]. Umavathi [27] studied the gravity modulation for Rayleigh-Benard 

convection in a horizontal channel filled with nanofluid saturated with porous medium. Recently Umavathi et 

al. [28] and Umavathi and Mikhail [29] discussed the stability analysis of double-diffusive convection for the 

nanofluid saturated with porous medium and for a micropolar nanofluid saturated with porous medium in a 

horizontal channel. Umavathi and Prathap [30] also worked for stability features using Oldroyd nanofluid. 

Umavathi and her group [31,32] investigated the heat transfer enhancement of nanofluid filled in a duct for 
both constant and variable prosperities. A multilayer liquid arrangement provides an improved model for 

buoyancy-driven convective process in growing high-quality crystals Schwabe [33].  The multilayer problem 

formulation now contains additional dynamical ingredients such as the interfacial stress and the deformation 

of the interface shape. Alazmi and Vafai [34] provided different types of interfacial conditions. In this paper 

the model considered is as given by Vafai and Thiyagaraja [35] which states that there is a continuity of shear 

stress and heat flux at the interface. Following the model of Vafai and Thiyagaraja [35],  Umavathi et al. [36-

42] published series of papers on heat and mass transfer of immiscible fluid in various geometries taking into 

account the mixture of Newtonian and non-Newtonian fluids also. 

 

The above literature review revealed that there is no any work done on mixed convection in a 

porous open ducts filled with a nanofluid for immiscible fluids. The present study is therefore an attempt to 
fill this deficiency. 

 

2. Mathematical Formulation  
          The physical configuration considered in this study is shown in Fig. 1. We consider a steady, laminar 

mixed convective flow of three immiscible fluids filled in a vertical channel. The X-axis is taken parallel to 

the channel, while the Y-axis is taken perpendicular to it. The region 0h y    and 2h y h   is occupied 

by the porous fluid having density f , the viscosity f , the thermal conductivity fk  and the thermal 

expansion coefficient f  and the region 0 y h   is occupied by nano fluid saturated with porous matrix 

having density nf , the viscosity nf , the thermal conductivity nfk  and the thermal expansion coefficient 

nf . The flow in all the three regions are assumed to be incompressible and fully developed.  The thermo 

physical  properties  are assumed to be constant except for the density in the buoyancy term in the 

momentum equation. The fluid rises in the channel driven by buoyancy forces. 

            The transport properties for both regular and nanofluid are assumed to be constant. The boundary 

walls of the channel are held at different constant temperatures, i.e., 1wT  at the left wall and 2wT  at the right 

wall with 1 2w wT T . We use the Boussinesq approximation, i.e., the density is constant everywhere except 

when it is multiplied by gravity. Further we also make the assumptions that, at the two interfaces, there is 

continuity of velocities, shear stresses, temperatures and heat flux.  Applying all the above assumptions the 
governing equations for the system defined become 
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Figure 1.  Schematic diagram 

To evaluate the constants for the solution of Eqs. (1), (3) and (5), six conditions are required. Two are 
obtained from the assumption that there is no slip at the walls and the other four conditions are obtained by 

assuming that the velocities and stresses are equal at the interfaces. Similarly to solve Eqs. (2), (4) and (6), 

the six boundary conditions needed are, constant wall temperature at the two plates, and the other four 

conditions are obtained assuming that the temperature and heat flux are equal at the interface. Therefore the 

boundary and interface conditions for the velocity and temperature are 
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The effective density of nanofluid is given as 
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where    is the solid volume fraction of the nanoparticles. The thermal diffusivity, heat capacitance and 

thermal expansion coefficients of the nanofluid respectively are given by  
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The effective dynamic viscosity of the nanofluid  given by Brinkman  [43]   is  

 
2.5

1

f

nf









                                                                                                                                                       

(13) 

In Eq (4), 
nfK  is the thermal conductivity of the nanofluid. For spherical nanoparticles, according to        

Maxwell [44],  this can be written as  
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Here the subscript ,nf f  and s  respectively are the thermo physical properties of the nanofluid, base fluid 

and the solid nanoparticles. The thermo physical properties of the base fluid and solid nanoparticles are given 

in Table1.  

To transform the Eqs. (1)-(8) into dimensionless form, we introduce the following dimensionless  parameters 
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           Substituting the above quantities into   Eqs.  (1) - ( 8) ,  after dropping  asterisks we get the following  

 non- dimensionalized  equations. 
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The boundary and interface conditions in the non- dimensional forms become
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3. Solutions  
The equations which govern the flow along with respective boundary and interface conditions as 

defined in Eqs. (16) to (21) are ordinary nonlinear coupled equations. Hence closed form solutions are not 

possible. Therefore we resort to finding approximate analytical solutions. The method opted is regular 

perturbation method. This is a justifiable method because if one choose Brinkman number as the perturbation 

parameter, the limitations imposed on the perturbation method is satisfied. It is well known that in many of 

the practical applications Brinkman number cannot exceed the value one. In view of the above, choosing 

Brinkman number as the perturbation method, approximate solutions for the velocity and temperature fields 

can be assumed as 
2
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Using Eqs. (24 ) and (25)  into Eqs. (16) to (23)  and equating the coefficients of like powers of  Brinkman 

number Br  to zero, we obtain the zeroth and first order equations along with their respective boundary and 

interface conditions as follows.                                                                                                                                                                                   
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First order equations 
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Zeroth order boundary and interface conditions are  
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First order boundary and interface conditions are 
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The solutions of Eqs. (26) to (41) along with their boundary and interface conditions can be obtained directly 

by integrating the equations and hence the solutions are not presented. 

To understand the physical significance, results for the skin friction and Nusselt number are evaluated 

numerically and shown in Table 2. 

The Nusselt number for the nanofluid in the non-dimensional form is defined as 
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The skin friction in non-dimensional form is defined as 
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4. Results and discussion 
The convective heat transfer of water-based nanofluid flowing through a vertical duct filled with 

nanofluid saturated with porous medium sandwiched between permeable fluid is studied analytically. The 

graphical analysis has been carried out on  various pertinent parameters, namely Grashof number Gr , 

Brinkman number Br , porous parameter  , solid volume fraction    and are depicted in   Figures 2 to 11.  

The Nusselt number and Skin friction are evaluated and illustrated in the form of Tables. 

The effect of Grashof number on the velocity and temperature fields are shown in Figures (2) and 

(3) considering copper as a nano particle and water as a base fluid. These pictures shows that as Grashof 

number increases both the velocity and temperature profiles are enhanced in all the three regions. The 

optimum velocity is observed in the middle of the channel. One can justify this result because Gr >0 is 

buoyancy assisting flow which supports the motion. The Grashof number acts as the driving force in the 

momentum equation. The velocity and/or velocity gradient increases and therefore the effect of dissipation 

increases, which results in the enhancement of temperature field also. The effect of Grashof number on the 

flow field is a classical result for single fluid flowing in a vertical channel. The similar nature is also 

observed for three immiscible fluid flowing in a vertical channel. The effect of Grashof number on the flow 

is also the similar result observed by Vajravelu et al. [45]. Vajravelu et al [45] studied the convective 

transport of nanofluid sandwiched between viscous fluids including the effects of Brownian and 

thermopheric diffusion. In the present problem  Tiwari and Das [46] model is applied to define the 

nanofluids. 

The effect of Brinkman number on the velocity and temperature fields are shown in Figures (4) and 

(5) respectively for Gr >0 and using Copper-water based nanofluids. It is observed that increasing value of 

Brinkman number increases the velocity and temperature in all the regions. However the effect of 

enhancement is dominating in region-II when compared to region-I and Region-III. This is also a classical 

result observed when the channel is filled with one fluid. This is due to the fact that an increase in the 

Brinkman number  results in the increase of dissipation effect which results in the increase of temperature 

and hence velocity is also enhanced for the increase in buoyancy force  in the momentum equation. 

The effect of porous parameter on the velocity and temperature fields are shown in Figures (6) and 

(7) for Gr >0 and Copper-water based nanofluid. It is observed that increasing the porous parameter, the 

velocity and temperature decreases in all the three regions. The flow profiles of both velocity and 

temperature are parabolic in nature. That is the profile increases initially at the left wall then become 

parabolic in nature in the middle channel and finally go to zero at the right channel for velocity profiles and 

one for the temperature profiles at the right channel. 
The effect of solid volume fraction is seen in Figures (8)  and (9) on the flow field. As the solid 

volume fraction increases both the velocity and temperature decreases. One can justify this result by saying 

that as the nanoparticle is added to the pure fluid, the density of the fluid increases and the fluid become 

denser which results in the decrease of momentum of the fluid in the channel. The effect of solid volume 

fraction on the flow was the similar result as observed by Umavathi and Shekhar [47] who studied the 

electrically conducting Jeffery Hamel nanofluid flow in a convergent /divergent channel. The same authors 

Shekhar and Umavathi [48] also obtained the similar result for the effect of solid volume fraction for the 

saturated nanofluid flowing in a vertical channel. Using Tiwari and Das model, Umavathi et al. [31,49] also 

observed the similar results for the effect of solid volume fraction on the flow. In all the above studies the 
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authors have considered one fluid model. Figure 5 and 6 also suggests that the effect of solid volume fraction 

is also observed in Region-III which is occupied by a viscous fluid saturated with porous matrix. This is due 

to the dragging effect of the interfacial conditions. 

Flow observation using different nanoparticles using water as a base fluid is shown in Figures 10 

and 11. The global view indicates that there is no distinguishable effect on both velocity and temperature 

fields. However when the graph is enlarged it is seen that for velocity profile the optimal flow is observed 

using Silver as a nanoparticle and minimal is observed using Silicon oxide( 2Sio ) as a nanoparticle and for 

temperature profiles optimal flow is observed using Silicon oxide as a nanoparticle and minimum is observed 

using diamond as a nanoparticle. However Umavathi and Shekhar [47] obtained maximum velocity for 

Silicon oxide nanoparticle and minimal for silver nanoparticle when the channel is filled with only nanofluid. 

When the nanofluid is filled in a vertical rectangular ducts the optimal velocity is obtained with Silver 

nanoparticle as observed by Umavathi et al. [49]. 

The values of Nusselt number and  Skin friction is shown in Table 2  for all the governing 

parameters at both the plates. This table reflects that as the Grashof number, Brinkman number increases the 

Nusselt number decreases at the left wall , increases at the right wall.  Skin friction increases at the left plate 

and decreases at the right plate where as for solid volume fraction,  skin friction increases at the left plate and 

decreases at the right plate and Nusselt number decreases at the left plate and increases at the right plate. 
These results are obtained using Copper as nanoparticle and water as a base fluid. The value of Nusselt 

number and Skin friction using different nanoparticles keeping water as a base fluid shows that Nusselt 

number is maximum for Silicon oxide nanoparticle and minimum for  Silver nanoparticle where as  Skin 

friction is maximum for Silver nanoparticle and minimum for Silicon oxide nanoparticle. However the values 

tell that there is no influential effects on the Nusselt number and Skin friction for all nanoparticles under 

study. 
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Figure 2. Velocity profiles for different values of Grashoff Number .Gr  
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Figure 3. Temperature profiles for different values of Grashof Number .Gr     
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Figure 4. Velocity profiles for different values of Brinkman Number .Br  
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Figure 5. Temperature profiles for different values  Brinkman Number .Br  
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Figure 6. Velocity profiles for different values of porous parameter .  
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Figure 7. Velocity profiles for different values of porous parameter .  
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Figure 8.  Velocity profiles for different values of solid volume fraction .  
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Figure 9. Temperature profiles for different values of solid volume fraction .  
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Figure 10. Velocity profiles for different Nanoparticles. 
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Figure 11. Temperature profiles for different Nanoparticle. 

 

 

Table 1.  Thermo physical properties for pure water and various types of nanoparticles. 
 

Property Pure water Ag Cu Diamond SiO2 TiO2 

 (kg/m2) 997.1 10500 8933 3510 2200 4250 

 (Nm/s) 0.001 - - - - - 

k (W/mK) 0.613 429 400 1000 1.2 8.5938 

pC (kJ/kgK) 4179 235 385 497.26 703 686.2 

 (1/K) 207.10-6 18.10-6 17.10-6 1.0.10-6 5.5.10-6 0.17.10-6 

 
 

 

 

 

Table 2. Values of Nusselt number and skin friction fixing the values as 

Gr =5, P =1, Br =0.01 ,  =0.02,  =2 except the varying parameter 

 
1y

Nu


 
2y

Nu


 
1y




  
2y




 

Gr  

1 

5 

10 

 

-0.433621 

-0.479456 

-0.568725 

 

-0.27889 

-0.192874 

-0.0402591 

 

2.70142 

3.14581 

3.86471 

 

-3.05194 

-4.9103 

-7.44025 
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Table 3.  Comparison Table 

y  Velocity Temperature 

 present Vajravelu et al. [45] 

[4 
present Vajravelu et al. [45] 

-1 -5.14E-16 -7.59E-16 -2.30E-16 -2.09E-16 

-0.8 4.6835 4.6835 1.0418 1.0418 

-0.6 8.9641 8.9640 1.7608 1.7608 

-0.4 12.6966 12.6966 2.2310 2.2310 

-0.2 15.7859 15.7859 2.5206 2.5206 

0 18.1731 18.1731 2.6897 2.6897 

0.2 19.7438 19.7438 2.7840 2.7840 

0.4 20.5982 20.5982 2.8493 2.8493 

0.6 20.7236 20.7236 2.9067 2.9067 

0.8 20.1091 20.1091 2.9627 2.9627 

1 18.7442 18.7442 3.0067 3.0067 

1.2 16.5095 16.5095 3.0080 3.0080 

1.4 13.4749 13.4749 2.9064 2.9064 

1.6 9.6621 9.6621 2.6186 2.6186 

1.8 5.1305 5.1305 2.0316 2.0316 

2 3.01E-15 5.62E-15 1.0000 1.0000 

 

 

5. Conclusions. 
Analytical studies were carried out to understand the flow nature for the porous nanofluid sandwiched 

between porous fluid. Tiwari and Das [47] model was used to define the nanofluid. The regular perturbation 

method was opted to solve the nonlinear coupled equations in all the three regions using Brinkman number as 

the perturbation parameter. It was concluded that 
1. As the Grashof number, Brinkman number and porous parameter increases the flow is promoted in 

all the three regions where as the solid volume fraction demotes the fluid motion. 

Br  
0.01 

0.05 

0.1 

 

-0.479456 

-0.955083 

-1.54962 

 

-0.192874 

0.477827 

1.3162 

 

3.14581 

3.6133 

4.19765 

 

-4.9103 

-5.43367 

-6.08787 

  

0.0 

0.02 

0.05 

 

-0.443242 

-0.479456 

-0.537997 

 

-0.171541 

-0.192874 

-0.227568 

 

3.00676 

3.14581 

3.37144 

 

-4.69995 

-4.9103 

-5.25321 

Copper 

Silver 

2SiO  

Diamond 

2TiO  

-0.479456 

-0.479495 

-0.452812 

-0.479443 

-0.473052 

-0.192874 

-0.192716 

-0.179711 

-0.193576 

-0.190266 

3.14581 

3.14656 

3.13885 

3.14286 

3.14183 

-4.9103 

-4.91117 

-4.91153 

-4.90684 

-4.90783 
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2. Optimal flow was observed using Silver as a nanoparticle and minimal flow was observed for 

Silicon oxide( 2Sio )  nanoparticle keeping water as base fluid. However there was no distinguishable 

influence on the flow using any nanoparticle. 

3. The Nusselt number decreases at left wall, Skin friction increases at the left plate and at the right 
plate skin friction decreases and Nusselt number increases. The solid volume fraction decreases the 

Nusselt number and increases Skin friction at the left plate but the Nusselt number increases and 

skin friction decreases at right plate. Optimal Nusselt number and Skin friction was obtained using 

Silver as a nanoparticle. 

Nomenclature 

Br  Brinkman number 
 

3

2 2

1 2

f

f w w f

Br
h T T k





 
 

  

 

g            Acceleration due to gravity 

Gr          Grashof number
 1 2 3

2

f w w

f

g T T h
Gr





 
 

 
 

 

h             Channel width 

k  Coefficient of thermal conductivity 

P             Non dimensional pressure

3

2

f

f

h p
P

x





 
  

  

 

T              Temperature 

u              Dimensional velocity 

y              Space co-ordinate 

              Skin friction 

              Mixed convection parameter 

Greek symbols 

  Co-efficient of thermal Expansion 

  Viscosity  

            Kinematic viscosity 

            Solid volume fraction  

  Dimensionless temperature 

  Density of clear fluid 

           porous parameter  

Subscripts 

 nf Thermo-physical properties of clear and the nanofluids 

f Base fluid 
s Solid nanoparticles 

i  Refer quantities for the fluids in region 1 region 2 and region 3 
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