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ABSTRACT 

 

A dominating set D of a graph G is a global cototal dominating set if D is both a global 

dominating set and a cototal dominating set. The global cototal domination number γgcot(G) 

is the minimum cardinality of a global cototal domination set of G. In this paper we 

determine the value of the global cototal domination number γgcot(G) for Friendship graph, 

Helm graph, Trestled graph, Total graph, Web graph and Grid graph. 
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1. INTRODUCTION 

 All graphs considered in this paper are simple, finite, undirected and connected. For 

graph theoretical terms we refer Harary [6] and for terms related to domination we refer 

Haynes et al. [7]. A set of vertices D in a graph G is a dominating set, if each vertex of G is 

dominated by some vertices of D. The domination number γ(G) is the minimum cardinality 

of a dominating set of G. A dominating set D of a graph G is a global dominating set if D is 

also a dominating set of �̅�. The global domination number γg(G) is the minimum cardinality 

of a global dominating set of G. This concept was introduced independently by Brigham and 

Dutton [2] (the term factor domination number was used) and Sampathkumar [11]. A 

dominating set D of a graph G is a cototal  dominating set  if the induced sub graph, <V−D> 

has no isolated vertices. The cototal domination number γcot(G) is the minimum cardinality 

of a cototal dominating set of G. This concept was introduced by Kulli, Janakiram and Iyer 

in [8]. A dominating set D of a graph G is a global cototal dominating set if D is both a global 

dominating set and a cototal dominating set. The global cototal domination number γgcot(G) 

is the minimum cardinality of a global cototal domination set of G. This new concept, the 

global cototal domination number γgcot(G) of a graph G was introduced by Sheeba Helen and 

Nicholas in [9]. In this paper we study the minimal condition of a global cototal dominating 

set and calculate the global cototal domination number in specific classes of graphs. 
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We need the following.  

Proposition 1.1.[9] For any complete graph Kn ,  γgcot(Kn) = n, n ≥ 3. 

Proposition 1.2.[9] For any star graph K1,n,  γgcot(𝐾1,𝑛) = 𝑛 + 1 , 𝑛 ≥ 3. 

Proposition 1.3.[9] For the cycle Cn, n ≥ 6 

            γgcot(Cn)= 

{
 
 

 
 

  

𝑛

3
,           𝑛 ≡ 0 (𝑚𝑜𝑑 3);

⌈
𝑛

3
⌉ ,        𝑛 ≡ 1 (𝑚𝑜𝑑 3);

⌈
𝑛

3
⌉ + 1, 𝑛 ≡ 2 (𝑚𝑜𝑑 3).

 

Proposition 1.4[9]. For any wheel Wn, γgcot(Wn ) = {
4      𝑖𝑓 𝑛 = 3;
  3    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

}. 

2. MAIN RESULTS 

Definition 2.1[9] 

A global cototal dominating set of a graph G is a set D of vertices of G such that D 

is both global dominating set and cototal dominating set. The global cototal domination 

number γgcot(G)  is the minimum cardinality of a global cototal dominating set of G. 

The following theorem of Ore characterizes the minimal dominating sets. 

Theorem 2.2. [10] A dominating set D is a minimal dominating set if and only if for each 

vertex v in D one of the following condition holds. 
(i) v is an isolated vertex of D. 

(ii) There exists a vertex u in V−D such that N(u) ∩ D = {v}. 

Theorem 2.3. A global cototal dominating set D is minimal if and only if for each vertex v 

in D one of the following conditions holds. 
(i) There exists a vertex u in V−D such that N(u) ∩ D = {v}. 

 
(ii) N(u) ∩ (V−D) ≠ ∅. 

Proof: Suppose D is the minimal global cototal dominating set of G. On contrary if there 

exists a vertex v in D such that v does not satisfy any of the given conditions, then by the 

previous theorem, D1 = D−{v} is a dominating set of G. By sub division(ii) <V−D1> has 

no isolated vertices. This implies that D1 is a global cototal dominating set of G which is a 

contradiction. Sufficiency is obvious. ■ 

 

 

Theorem 2.4. Let T be the spanning sub graph of a complete graph Kn, then  

γgcot(T) ≤ γgcot(Kn). 

Proof: Let D be the minimal global cototal dominating set of Kn. Let T be the spanning sub 

graph of a Kn. We know that γgcot(Kn) = n, n ≥ 3,  by Proposition 1.1. If T is a star then by 

Proposition 1.2 the global cototal domination number of a star graph of order n is n. Hence 

equality holds. If T is a cycle, by Proposition 1.3 for n ≥ 6 

            γgcot(Cn)= 

{
 
 

 
 

  

𝑛

3
,           𝑛 ≡ 0 (𝑚𝑜𝑑 3);

⌈
𝑛

3
⌉ ,        𝑛 ≡ 1 (𝑚𝑜𝑑 3);

⌈
𝑛

3
⌉ + 1, 𝑛 ≡ 2 (𝑚𝑜𝑑 3).

 

This proves the theorem ■ 
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Definition 2.5. Friendship graph 𝐶3
(𝑡)

 is a planar undirected graph with 2n+1 vertices and 

3n edges. It can be got by joining‘t’ copies of the cycle graph C3 at a common vertex. 

Theorem 2.6. γgcot(𝐶3
(𝑡)

) = 3 where t denotes the number of copies of the cycle C3 

identified at a common vertex. 

 

Proof: Let D be the minimal global cototal dominating set of 𝐶3
(𝑡)

. v0 be the apex vertex in 

𝐶3
(𝑡).Then v0 dominates all other vertices of 𝐶3

(𝑡)
.  Hence any minimal global cototal 

dominating set D must contain v0. Since v0 is isolated in Gc, it does not dominate any vertex 

in Gc. Therefore D has a vertex v1 ≠ v0. But in this case the sub graph induced by <V−{v1, 

v0}> has an isolated vertex v2 which is adjacent to both v0 and v1 in G. Hence D = {v0, v1, 

v2} ⊆ V(G). Now D is the minimal global cototal dominating set of 𝐶3
(𝑡)

 and hence 

γgcot(𝐶3
(𝑡)

) = 3. ■ 

Definition 2.7. A graph obtained from a wheel by attaching a pendant edge at each vertex 

of an n-cycle is a helm and is denoted by Hn. It is a graph of order 2n+1. 

Theorem 2.8. γgcot(Hn) = n+1. 

 

G 

Figure 2.4 
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Proof: Let u1, u2, u3, . . . , un be the vertices of the cycle. Let v1, v2, v3, . . . , vn be the 

corresponding pendant vertices and v be the center. Hn contains 2n+1 vertices. Let D be the 

minimal global cototal dominating set. Then D contains v. Since v dominates only the cycle 

vertices u1, u2, u3, . . . , un , D must contain a pendant vertex. Then D must contain all the 

pendant vertices, v1, v2, v3, . . . , vn ∈ D since otherwise it will violate the cototal property. 

Hence we claim that D = {v, v1, v2, v3, . . . , vn } is minimal. The vertex vi cannot be replaced 

with the corresponding ui, since otherwise, V – {v, u1, u2, u3, . . . , un} induce isolated vertices 

v1, v2, v3, . . . , vn which violates the cototal property. Therefore we choose D = {v1, v2, v3, . 

. . , vn, v} ⊆ V(G) as the minimal global cototal dominating set of Hn and hence γgcot(Hn) = 

n+1. ■ 

Definition 2.9. The trestled graph of index k denoted by Tk(G) is a graph obtained from G 

adding k copies of K2 corresponding to each edge uv of G and joining u and v to the 

respective end vertices of each K2. 

Theorem 2.10. If G is a trestled graph of index k of a cycle Cn, then γgcot(G) = n.  

 

 

 
Proof: Let u1, u2, u3, . . . , un be the vertices of the cycle Cn. The k copies of K2 corresponding 

to each edge u1u2 is labeled as w11, w12, w13, . . . , w1m and  v21, v22, . . . , v2m. In general k 

copies of K2 corresponding to each edge uiuj (1 ≤ 𝑖, 𝑗 ≤ 𝑛) is labeled as wi1, wi2, wi3, . . . , 

wim and  vj1, vj2, . . . , vjm. Let D be the minimal global cototal dominating set of G. The 

trestled graph of a cycle Cn of index k contains n+2kn vertices. ui is adjacent to wi1, wi2, wi3, 

G 

Figure 2.6 
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. . . , wim and  vj1, vj2, . . . , vjm of  k copies of K2 corresponding to each edge uiuj and ui is 

adjacent to the succeeding and preceding vertices ui+1, ui+2 of the cycle. The end vertices of 

each K2 is adjacent to the end vertices of each edge uiuj of the cycle. Thus D = {u1, u2, u3, . 

. . , un} ⊆ V(G) is minimal and the induced subgraph < V−D > results in a disconnected 

graph containing nk number of K2’s. Thus D is the minimal global cototal dominating set of 

G. Hence γgcot(G) = n. ■ 

Corollary 2.11. If G ≅ Tk(Cn), then γgcot(G) = γ(G). 

Theorem 2.12. If G ≅ Tk(Pn), then γgcot(Tk(Pn)) = n for every k ≥ 1.  

 
Proof: Let v1, v2, v3, . . . , vn denote the vertices of the path Pn. The initial vertex v1 of the 

path Pn is adjacent to k vertices namely v11, v12, v13, . . . , v1k and the end vertex vn of the 

path Pn is adjacent to k vertices vn1, vn2, . . . , vnk. Each internal vertex vi of the path Pn of 

Tk(Pn) is adjacent to 2k vertices vi1, vi2, . . . , vik, wi1, wi2, . . . , wik. Then |V(Tk(Pn))| = 

(n−2)(2k+1) + 2k+2 = (2k+1)n – 2k. Let D be the minimal global cototal dominating set of 

Tk(Pn). We have ∆( Tk(Pn)) = 2k+2. Since deg(vi) = 2k+2, (2 ≤ 𝑖 ≤ 𝑛 − 1), vi ∈ D. The 

induced sub graph <V−D> has 2k isolated vertices v11, v12, v13, . . . , v1k, vn1, vn2, . . . , vnk. 

Therefore v1, vn  ∈ D. Thus D = {v1, v2, v3, . . . , vn} is the minimal global cototal dominating 

set of Tk(Pn) with |D| = n. Hence γgcot(Tk(Pn)) = n. ■ 

Theorem 2.13. If G ≅ Tk(K1,n), then γgcot(G) = n+1 for every k ≥ 1.  

 

G 

Figure 2.7 
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Proof: Let u be the center and u1, u2, u3, . . . , un be the pendant vertices of the star K1,n. Let 

vi1 wi1, vi2 wi2, . . . , vik wik  be the edges added to the edge uui of  K1,n as shown in the figure. 

Let D be the minimal global cototal dominating set of Tk(K1,n). The vertex u dominates u1, 

u2, . . . , un and one end of the edges vi1wi1, vi2wi2, . . . , vik wik. Since the degree of u is 

maximum u ∈ D. the only possible global cototal dominating sets of Tk(K1,n) are D1 = {u, 

v11, v12, v13, . . . , v1k, v21, v22, v23, . . . , v2k, . . . ,  vn1, vn2, . . . , vnk} with |D1| = nk+1 and  D2 

= {u, u1, u2, u3, . . . , un} with |D2| = n+1. Since |D2| < |D1| we take D2 = D = {u, u1, u2, u3, . . 

. , un} as a γgcot-set of  Tk(K1,n) with |D| = n+1. Also the induced sub graph <V−D> is 

disconnected containing nk number of K2 graphs. Hence γgcot(G) = n+1. ■ 

 

Definition 2.14. The total graph T(G) of a graph G = (V, E) has vertices that correspond one 

to one with elements of V ∪ E and two vertices in T(G) are adjacent if and only if the 

corresponding elements are adjacent or incident in G. 

 

 

Theorem 2.15. If G ≅ T(Pn), then γgcot(G) = ⌈
2𝑛−1

5
⌉. 

Proof: Let {u1, u2, u3, . . . , un, e1, e2, e3, . . . , en-1}be the vertex set of T(Pn) with 2n-1 vertices. 

Let D1 be the global cototal dominating set of T(Pn) containing vertices ui, 1≤ 𝑖 ≤ 𝑛. Let D2 

be the global cototal dominating set of T(Pn) containing vertices ei, 1≤ 𝑖 ≤ 𝑛 − 1. Let D3 be 

the minimal global cototal dominating set of T(Pn). Now let us choose the first five vertices 

of T(Pn) say e1, e2, u1, u2, u3 here u2 is adjacent to all the vertices of the above set. Hence u2 

∈ D3. Similarly for the set of five vertices ei, ei+1, ui, ui+1, ui+2 here ui+1 dominates all the other 

vertices. Hence ui+1 ∈ D3.Next we choose the proceeding five vertices of T(Pn) say e3, e4, e5, 

u4, u5. The vertex e4 dominates all the other vertices. Hence e4 ∈ D3. For the next set of five 

vertices ei, ei+1, ei+2, ui+1, ui+2 here ei+1 dominates all the other vertices in the set. Hence ei+1 

∈ D3. Proceeding like this we have the remaining vertices as i = 0, 1, 2, 3, 4. Among these 

vertices, choose a vertex which is having the maximum degree. Finally we have D3 < D2 < 

D1 with |D3| = ⌈
2𝑛−1

5
⌉. D3 is a minimal global cototal dominating set with |D3| = ⌈

2𝑛−1

5
⌉. Hence 

γgcot(G) = ⌈
2𝑛−1

5
⌉. ■ 

 

Definition 2.16. The web graph is a graph obtained by joining the pendant vertices of a Helm 

Hn to form a cycle and then adding a single pendant edge to each vertex of this outer cycle. 

It is a graph of order 3n+1. 

Theorem 2.17. For a web graph G, γgcot(G) =  n+1. 

Proof: V(G) = {u, ui, vi, wi /  i = 1, 2, . . . , n} and E(G) = {uui, uivi, viwi /  i = 1, 2, . . . ,n} ∪ 

{ ui ui+1, vivi+1 /  i = 1, 2, . . . ,n-1} ∪ { unu1, vnv1}. Let D be the minimal global cototal 

dominating set. Then D contains u, since u dominates only the cycle u1, u2, . . . ,un . D must 

contain a pendant vertex. Then D must contain all the pendant vertices w1, w2, . . . , wn which 

dominates the vertices of the outer cycle, since otherwise, it will violate the cototal property. 

 

Figure 2.9 
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That is w1, w2, . . . ,wn ∈ D. We claim that {u, w1, w2, . . . , wn} is minimal. The vertex wi 

cannot be replaced with the corresponding vi, since otherwise V – {u, v1, v2, . . . vn} induce 

a cycle Cn and isolated vertices w1, w2, . . . , wn which violates the cototal property. Therefore 

we choose D = {u, w1, w2, . . . . , wn} ⊆ V(G) as the minimal global cototal dominating set 

of the web graph and hence γgcot(G) =  n+1. ■ 

 

Definition 2.18. The Grid graph Pm x Pn is the Cartesian product of two paths Pm and Pn 

Theorem 2.19. The global cototal domination number of a grid graph is given by   

γgcot(Pm x Pn) = 

{
  
 

  
 
𝑚𝑛

4
+
𝑚

2
             𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛, 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;

[
𝑚𝑛

4
] + ⌈

𝑚

2
⌉         𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑, 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛;

⌈
𝑚𝑛

5
⌉ + [

𝑚

3
] + [

𝑛

3
]  𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑, 𝑛 𝑖𝑠 𝑜𝑑𝑑;

𝑚

2
⌈
𝑛

2
⌉                       𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑛 𝑖𝑠 𝑜𝑑𝑑.

 

 

 
Proof: Let V(Pm x Pn) = {uij / i = 1, 2, 3, . . . , m, j = 1, 2, 3, . . . , n}  

Consider the following sets  

D1 = ⋃ {⋃ 𝑈(2𝑡−1)(4𝑠−3)⋃ 𝑈2𝑡,(4𝑠−1)
⌊𝑛/4⌋
𝑠=1

⌈𝑛/4⌉
𝑠=1 }

𝑚/2
𝑡=1 ⋃ 𝑈2𝑡,𝑛

𝑚/2
𝑡=1  , where m is even and n is 

even. 

D2 = ⋃ {⋃ 𝑈(2𝑡−1)(4𝑠−3)⋃ 𝑈2𝑡,(4𝑠−1)
⌊𝑛/4⌋
𝑠=1

⌈𝑛/4⌉
𝑠=1 }

(𝑚+1)/2
𝑡=1 ⋃ 𝑈2𝑡,𝑛

(𝑚−1)/2
𝑡=1  , where m is odd and n 

is even.  

D3 = ⋃ {⋃ 𝑈(2𝑡−1)(4𝑠−3)⋃ 𝑈2𝑡,(4𝑠−1)
⌊𝑛/4⌋
𝑠=1

⌈𝑛/4⌉
𝑠=1 }

𝑚/2
𝑡=1  , where m is even and n is odd.  

D4 = ⋃ {⋃ 𝑈(2𝑡−1)(4𝑠−3)⋃ 𝑈2𝑡,(4𝑠−1)
⌊𝑛/4⌋
𝑠=1

⌈𝑛/4⌉
𝑠=1 }

(𝑚+1)/2
𝑡=1  , where m is odd and n is odd. 

Consider  a 4- square centered at uij ∈ D contains 9 vertices namely ui-1,j-1, ui-1,j, ui-1,j+1, ui,j-

1, ui,j, ui,j+1, ui+1,j-1, ui+1,j, ui+1,j+1.Then uij dominates the vertices of N(uij) = {ui,j-1, ui,j+1, ui-1,j, 

ui+1,j }. The vertices ui-1,j-1, ui-1,j+1, ui+1,j-1, ui+1,j+1 are dominated by ui-1,j-2, ui-1,j+2, ui+1,j-2, 

ui+1,j+2 respectively. Hence D is a dominating set of Pm x Pn. Obviously D dominates Gc.  

Moreover V(G)−D induces a subgraph containing paths Pm’s and P3’s and no isolated 

vertices. Hence D is a global cototal dominating set of Pm x Pn. Let x ∈ D. Suppose we 

Figure 2.11 
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remove x from D the vertex x is not even dominated by any of the vertices of D since D is 

an independent set.  

Hence |D1| = 
𝑚𝑛

4
+
𝑚

2
, if m is even, n is even. 

 |D2| = [
𝑚𝑛

4
] + ⌈

𝑚

2
⌉  , if m is odd, n is even. 

 |D3| =  
𝑚

2
⌈
𝑛

2
⌉, if m is even, n is odd. 

 |D4| =  ⌈
𝑚𝑛

5
⌉ + [

𝑚

3
] + [

𝑛

3
], if m is odd, n is odd. ■ 
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