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Abstract 

 
Degree of approximation of functions of different classes has been studied by several 

researchers by using different summability methods. In the proposed paper a new theorem 

has been established for the approximation of a function belonging to the )(Lip -class by 

),)(,,( sEqpN nn - product summability means of a conjugate series of Fourier series. The 

result obtained here is a generalization of several known theorems. 
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1 Introduction 

 
Approximations of a periodic function in a given period arose in connection with convergence 
of Fourier series. The objective of such study is to estimate minimum error obtained out of the 
approximations of a function in a given interval. The most important trigonometric polynomials 
used in approximation theory are obtained by different linear summability methods of Fourier 
series of 2  periodic functions in the real line R  (for example, Cesaro mean, Norlund mean, 
Matrix mean etc.). Many advances in the theory of trigonometric approximation have been 
studied by different researchers for periodic function of Lipschitz classes. The degree of 
approximation of functions belonging to classes ),(Lip ),,( rLip   ),),(( rtLip   )1( r  through 

trigonometric Fourier series expansion by using different summability methods has been 
proved by various investigators like [3], [4], [5], [7], [8], [9] and [10]. Furthermore, the degree of 
approximation of functions belonging to )(Lip  - class through conjugate series of the Fourier 

series expansion of a function by using )1,)(1,( CE mean has been proved by Nigam et al. (see, 

6). In an attempt to have an advance study in this direction, here we have established a new 

theorem on ),)(,,( sEqpN nn  mean of conjugate series of the Fourier series. 
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2 Definitions and Notations 

 

Let  nu be a given infinite series with the sequence of partial sum )( ns . Let )( np and )( nq be 

sequences of positive real number such that, 
 
    𝑃𝑛= 𝑃𝑘

𝑛
𝑘=0  and 𝑄𝑛= 𝑞𝑘

𝑛
𝑘=0 . 

  

  

The sequence to sequence transformation 
 

                    𝑡𝑛
𝑁 =

1

𝑅𝑛
 𝑝𝑘𝑞𝑘𝑠𝑘

𝑛
𝑘=0 ,                                              (2.1) 

where 
                           𝑅𝑛= 𝑝0𝑞𝑛 + 𝑝1𝑞𝑛−1 + ⋯⋯ + 𝑝𝑛𝑞0 ≠ 0     (𝑝−1 = 𝑞−1 = 𝑅−1 =0). 
 
Defines  𝑁 , 𝑝𝑛 , 𝑞𝑛  mean of the sequence  𝑠𝑛  generated by the sequence of coefficient 
 𝑝𝑛  and  𝑞𝑛  

and it is denoted by 𝑡𝑛
𝑁 . 

If lim𝑛→∞ 𝑡𝑛
𝑁 → 𝑠, then the series  𝑢𝑛   𝑖𝑠 ( 𝑁 , 𝑝𝑛 , 𝑞𝑛) summable to 𝑠. 

 
The necessary and sufficient conditions for regularity of (𝑁 , 𝑝𝑛 , 𝑞𝑛) summability are 
 

(i) 
𝑝𝑛𝑞𝑛

𝑅𝑛   
 → 𝑜 for each integer 𝑘 ≥ 𝑜 as 𝑛 → ∞ and  

 
(ii)   𝑝𝑘𝑞𝑘

𝑛
𝑘=0  < 𝐶 𝑅𝑛  , where 𝑐 is any positive integer of 𝑛.   

 
 

The sequence to sequence transformation 
 

                             𝐸𝑛
𝑠 =

1

(1+𝑠)𝑛
  

𝑛
𝑠
 𝑛

𝑣=0 𝑠𝑛−𝑣𝑠𝑣 .                                                                             (2.2) 

 
Defines the (𝐸, 𝑠) mean of the sequence (𝑠𝑛  ) and it is denoted by  𝐸𝑛

𝑠 . 
 
If 𝐸𝑛

𝑠 → 𝑠 as 𝑛 → ∞,  then  𝑢𝑛  is summable to 𝑠 with respect to (𝐸, 𝑠) summability and (𝐸, 𝑠) 
method is regular (see  1  ). 
Now, we define a new composite transformation (𝑁 , 𝑝𝑛 , 𝑞𝑛) over (𝐸, 𝑠) of (𝑠𝑛  ) as 
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            𝑇𝑛
𝑁 𝐸 =   

1

𝑅𝑛
   𝑝𝑘𝑞𝑘    𝐸𝑘

𝑠 
𝑛
𝑘=0 =  

1

𝑅𝑛
 

1

(1+𝑠)𝑘
  

𝑘
𝑠
 𝑘

𝑣=0 𝑠𝑘−𝑣𝑠𝑣 .                           (2.3) 

 

If 𝑇𝑛
𝑁 𝐸  →  ∞ as 𝑛 → ∞ , then  𝑢𝑛  is summable to s by (𝑁 , 𝑝𝑛 , 𝑞𝑛 ) (𝐸, 𝑠) summability method. 

Moreover, as (𝑁 , 𝑝𝑛 , 𝑞𝑛 ) and (𝐸, 𝑠) methods are both regular, so (𝑁 , 𝑝𝑛 , 𝑞𝑛 ) (𝐸, 𝑠) method is 
also regular. 
Thus, we may write, 
 

                                        𝑇𝑛
𝑁 𝐸 =   𝑡𝑛

𝑁  𝐸𝑛
𝑠    𝑠𝑛     → 𝑠  (𝑛 → ∞). 

 
 
Remark 1. If we put 𝑞𝑛 = 1,  in equation (2.1) then (𝑁 , 𝑝𝑛 , 𝑞𝑛 ) summability method reduces to  
(𝑁 , 𝑝𝑛) summability and for 𝑝𝑛 = 1, the ( 𝑁 , 𝑝𝑛) summability reduces to (𝐶, 1) summability. 
 
               Let (𝑓) be 2𝜋 periodic function belonging to 𝐿𝑟   0, 2𝜋  (𝑟 ≥ 1) with the partial sum 
𝑠𝑛   𝑓  defined by, 
                     

                                       𝑠𝑛   𝑓 =
𝑎0

2
 +  𝑎𝑘𝑐𝑜𝑠𝑘𝑥 + 𝑏𝑘  𝑠𝑖𝑛𝑘𝑥  .∞

𝑘=1                                       (2.4) 

 
The conjugate series of the Fourier series (2.4) is given by 
 

                       𝑓 =   𝑎𝑘𝑐𝑜𝑠𝑘𝑥 − 𝑏𝑘  𝑠𝑖𝑛𝑘𝑥  ∞
𝑘=1                                                             (2.5). 

 
A function 𝑓  𝜖 𝐿𝑖𝑝  𝛼 , 𝑖𝑓 
 
                                         𝑓 𝑥 + 𝑡 − 𝑓(𝑥) = 𝑂  𝑡𝛼          0 < 𝛼 ≤ 1  𝑡 > 0 . 
 
The 𝐿∞ - norm of a function 𝑓: 𝑅 → 𝑅 is defined by 
                                             
                                             𝑓 ∞= 𝑠𝑢𝑝  𝑓(𝑥) : 𝑥𝜖𝑅  
 
and 𝐿𝑟  - norm of a function 𝑓: 𝑅 → 𝑅 is defined by 

 𝑓 𝑟 =    𝑓 𝑥  
𝑟
𝑑𝑥

 

 0,𝜋 
 

1
𝑟

    𝑟 ≥ 1 . 

The degree of approximation of a function 𝑓: 𝑅 → 𝑅 by a trigonometric polynomial (𝑡𝑛) of order 𝑛 
under  .  ∞ is defined by 

 𝑡𝑛 − 𝑓 𝑥  ∞ = 𝑠𝑢𝑝  𝑡𝑛 𝑥 − 𝑓 𝑥 : 𝑥𝜖𝑅   

and the degree of approximation of  𝐸𝑛 𝑓 of a function  𝑓 𝜖 𝐿𝑟  is given by  
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                                                         𝐸𝑛 𝑓 = min𝑡𝑛
 𝑡𝑛 − 𝑓 𝑟 . 

We use the following functions throughout the paper, 

𝜑 𝑡 = 𝑓 𝑥 + 𝑡 + 𝑓(𝑥 − 𝑡) 

                  𝐾𝑛
     𝑡 = 

1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣
cos

𝑡

2
−cos  𝑣+

1

2
 𝑡

sin
1

2

 . 

3 Known Theorem  

Theorem1.  6  If a function 𝑓 ,   conjugate 2𝜋 periodic function 𝑓, belonging  to 𝐿𝑖𝑝(𝛼) class, then its 
degree  of approximation (𝐸, 1)(𝐶, 1) means of conjugate Fourier series is given by  
 

                                      𝑠𝑢𝑝   𝐸𝐶     𝑛
1  𝑥 − 𝑓 = 𝑂 (𝑛 + 1)−∝           0 < 𝛼 < 1 ,                             

(3.1) 

where  𝐸𝐶     𝑛
1   denotes the (𝐸, 1)(𝐶, 1) transform as define in (2.3). 

4 Main Theorem 

The objective of this paper is to prove the following theorem 

Theorem 2. If a function 𝑓 ,   conjugate 2𝜋 periodic function 𝑓, belonging  to 𝐿𝑖𝑝(𝛼) class, then its 

degree  of approximation  by (𝑁 , 𝑝𝑛 , 𝑞𝑛) (𝐸, 𝑞) means of conjugate series of the Fourier series is given 
by 

                                    𝑇 𝑛
𝑁 𝐸 − 𝑓   ∞ = O 

1

 𝑛+1 𝛼
           0 < 𝛼 < 1 ,                                                         

(4.1) 
 

where  𝑇𝑛
𝑁 𝐸 denotes the (𝑁 , 𝑝𝑛 , 𝑞𝑛) (𝐸, 𝑠) transform as defined in (2.3).     

 
To prove the theorem we need the following Lemmas.        
 

Lemma 1.   𝐾𝑛
     𝑡  =  𝑜 𝑛       0 ≤ 𝑡 ≤

1

𝑛+1
 . 

Proof.  For 0 ≤ 𝑡 ≤
1

𝑛+1
, we have sin 𝑛𝑡 ≤ 𝑛 sin 𝑡 

                       𝐾𝑛
     𝑡  =   

1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣
cos

𝑡

2
−cos  𝑣+

1

2
 𝑡

sin
1

2

                  

                                        =
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  
cos

𝑡

2
−cos 𝑣𝑡 .cos

𝑡

2
+sin 𝑣𝑡 sin

𝑡

2

sin
1

2
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                                        =
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  
cos

𝑡

2
 2𝑠𝑖𝑛2 𝑣

𝑡

2
 

sin
1

2

+ sin 𝑣𝑡    

                                            =
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  𝑜  2 sin 𝑣
𝑡

2
 sin 𝑣

𝑡

2
  +

𝑣sin𝑡 

                                       = 
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣 𝑜 𝑣 + 𝑜(𝑣)    

                                       = 
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
𝑜(𝑘)   

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣   

                                       = 
 𝑂(𝑛)

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘  (1 + 𝑠)𝑘   

                                       =O (n). 

Lemma 2.    𝐾𝑛
     𝑡  =  𝑂  

1

t
       (

1

𝑛+1
< 𝑡 ≤ 𝜋). 

Proof   For (
1

𝑛+1
< 𝑡 ≤ 𝜋)  and by using Jordans Lemma, sin

𝑡

2
≥

𝑡

𝜋
, and  sin 𝑛𝑡 ≤ 1. 

 𝐾𝑛
     𝑡  =   

1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛

𝑘=0

 
1

(1 + 𝑠)𝑘
  

𝑘
𝑣
 

𝑘

𝑣=0

𝑠𝑘−𝑣
cos

𝑡
2 − cos  𝑣 +

1
2 𝑡

sin
1
2

   

                                      =
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  
cos

𝑡

2
−cos 𝑣𝑡 .cos

𝑡

2
+sin 𝑣𝑡 sin

𝑡

2

sin
1

2

     

                                      =
1

2𝜋𝑅𝑛
 
π

t
   𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  cos
t

2
 2𝑠𝑖𝑛2 𝑣

𝑡

2
 +

sin𝑣𝑡 

                                     =
1

2𝜋𝑅𝑛
  𝑝𝑘𝑞𝑘   

𝑛
𝑘=0  

1

(1+𝑠)𝑘
  

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣   

                                     =O 








t

1
.  

5 Proof of main theorem 

Let 𝑠𝑛  𝑓  denotes the nth partial sum of the series (2.5), then we have (see  2 ) 

𝑠 𝑛(𝑥) − 𝑓 (x)=
1

2𝜋
 𝜑(𝑡)

 

 0,𝜋 
 

cos
𝑡

2
−cos  𝑣+

1

2
 𝑡

sin
1

2

 𝑑𝑡. 

              So, using the and (𝐸, 𝑠) transform of 𝑠𝑛  𝑓 ,  we have 
                                    

                          𝐸 𝑛
𝑠 − 𝑓 (x) = 

1

2𝜋 1+𝑠 𝑛
 

𝜑 𝑡 

sin
1

2

 

 0,𝜋 
   

𝑛
𝑘
 𝑛

𝑘=0 𝑠𝑛−𝑘  cos
𝑡

2
− cos  𝑘 +

1

2
 𝑡  𝑑𝑡.  

Furthermore, considering the (𝑁 , 𝑝𝑛 , 𝑞𝑛) (𝐸, 𝑠) transform of 𝑠𝑛  𝑓   by  𝑇 𝑛
𝑁 𝐸 , we have 
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                     𝑇 𝑛
𝑁 𝐸 − 𝑓 (x) = 

1

 2𝜋𝑅𝑛
 𝑝𝑘𝑞𝑘

𝑛
𝑘=0  

𝜑(𝑡)

sin
1

2

 

 0,𝜋 
   

𝑘
𝑣
 𝑘

𝑣=0 𝑠𝑘−𝑣  cos
𝑡

2
− cos  𝑣 +

1

2
 𝑡  𝑑𝑡 

                                         =    
 

 0,
1

𝑛+1
 

+   
 

 
1

𝑛+1  
 ,0 

  𝜑(t)𝐾 𝑛 𝑡 𝑑𝑡 

                                         =  𝐼1 + 𝐼2(say).  
Now using Lemma-1, 

𝐼1=   𝜑(t) 
1

𝑛+1
0

 𝐾𝑛
    (𝑡)  𝑑𝑡 

= 𝑜(𝑛)   𝜑(t) 
1

𝑛+1
0

dt 

                                                                  = 𝑜(𝑛)   𝑡 𝛼
1

𝑛+1
0

dt 

                                                                  = 𝑜(𝑛)  
𝑡𝛼+1

𝛼+1
 

0

1

𝛼+1
 

                                                                  = 
𝑂(𝑛)

𝛼+1
 

1

 𝑛+1 𝛼+1  

                                                     =O 
1

 𝑛+1 𝛼+1                                                                     (5.1) 

Next, by using Lemma – 2 

 𝐼2 =   𝜑(t) 
𝜋

1
𝑛+1

𝐾𝑛  (𝑡)  𝑑𝑡 

=   𝑡𝛼  
𝜋
1

𝑛+1

 𝑂  
1

𝑡
  dt 

=  𝑡𝛼−1
𝜋

1
𝑛+1

  𝑑𝑡 

                                                                            = 
𝑡𝛼

𝛼
 1

𝑛+1

𝜋

 

                                                              =O 
1

 𝑛+1 𝛼
                                                                       (5.2) 

Cleary, by using (5.1) and (5.2), we have 

 𝑇 𝑛
𝑁 𝐸 − 𝑓  = O 

1

 𝑛+1 𝛼
  

Hence, if 𝑓 ∈  𝐿𝑖𝑝(𝛼) and 0 < 𝛼 < 1, then 

 𝑇 𝑛
𝑁 𝐸 − 𝑓   ∞ =

𝑆𝑢𝑝

−𝜋<𝑥<𝜋
 𝑇 𝑛

𝑁 𝐸 − 𝑓  = O 
1

 𝑛+1 𝛼
 . 
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