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Abstract
For any graph G, let V(G) and E(G) denote the vertex set and edge set of G respectively. The
Boolean function graph B(G, L(G), NINC) of G is a graph with vertex set V(G) E(G) and two vertices
in B(G, L(G), NINC) are adjacent if and only if they correspond to two adjacent vertices of G, two
adjacent edges of G or to a vertex and an edge not incident to it in G. For brevity, this graph is
denoted by B 1(G). In this paper, Connected edge domination and total edge domination numbers
of Boolean Function Graph B(G, L(G), NINC) of some standard graphs are obtained.
Keywords: Boolean Function graph, Edge Domination Number
1. INTRODUCTION
Graphs discussed in this paper are undirected and simple graphs. For a graph G, let V(G) and E(G)
denote its vertex set and edge set respectively. A subset D of V is called a dominating set of G, if every
vertex not in D is adjacent to some vertex in D. The domination number (G) of G is the minimum
cardinality taken over all dominating sets of G. An edge e of a graph is said to be incident with the vertex
v if v is an end vertex of e. In this case, it can also be said that v is incident with e.
A subset F  E is called an edge dominating set of G, if every edge not in F is adjacent to some edge
in F. The edge domination number (G) of G is the minimum cardinality taken over all edge dominating
sets of G. An edge dominating set X of G is called a total edge dominating of G if the induced subgraph
𝑋 has no isolated edges.

The total edge domination numbert(G) of G is the minimum cardinality taken over all of total edge
dominating sets of G. An edge dominating set X of is called a connected edge dominating sets of G, if the
induced subgraph 𝑋 is connected. The connected edge domination number c(G) of G is the minimum
cardinality taken over all connected edge dominating sets of G. The concept of edge domination was
introduced by Mitchell and Hedetniemi [6]. Arumugam and Velammal [1] have discussed edge
domination number and edge domatic number. Vaidya and Pandit [7] determined edge domination
number of middle graphs, total graphs and shadow graphs of P n and Cn. For graph theoretic notations
and terminology, Harary [2] is followed.
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For a real x, x denotes the greatest integer less than or equal to x.
Theorem 1.1. [6] For any (p, q) graph G, p/2
Therorem 1.2. [3] G and L(G) are induced subgraphs of B1(G)
Theorem 1.3.[3] Number of vertices in B1(G) is p+q and if di = degG(vi), viV(G), then the number of
edges is B1(G) is q(p-2)+ ½1i p di2.
Theorem 1.4.[3]The degree of a vertex of G in B1(G) is q and the degree of a vertex e of L(G) in B1(G) is
degL(G)(e) + p - 2. Also if d*(e) is the degree of a vertex eof L(G) in B1(G), then 0  d*(e)  p+q-3. The
lower bound is attained, if G  K2 and the upper bound is attained, if G  K1,n for n  2.
Theorem 1.5. [3] B1(G) is disconnected if and only if G is one of the following graphs: nK 1, K2, 2K2 and
K2nK1, for n  1.
In this paper, connected edge domination numbers of Boolean Function Graph B(G, L(G), NINC)
of some standard graphs are obtained.
2. Connected edge domination in B(G, L(G), NINC) of a Graph
In the following connected edge domination number of B1(Pn), B1(Cn),B1(Kn) B1(K1,n)B1(Wn) are found.
Theorem 2.1. For the Path Pnon vertices (n  4),c (B1(Pn)) =2n-3
Proof: Let v1, v2,...,vn and e12, e23, …, en-1,n be the vertices and edges of Pn respectively. Then v1, v2, ...,
vn, e12, e23, …en-1,n V((B1(Pn)) whereei,i+1 = (vi, vi+1), i= 1, 2, …, n -1.B1(Pn) has 2n-1 vertices and n2 – n-1
edges.
Let Fm ={(vi,vjk) / 1 ≤i≤ n, j≡ (i+m) (mod (n-1)),k ≡ i+(m+1)(mod(n-1))} and
F =( n−2
𝑚 =1 𝐹𝑚 )  {(v1, en-1), (vn,en-2 , n-1)}. Then E(B1(Pn)) = E(Pn)  E(Pn-1) F.
−2
If D = { 𝑛𝑖 =1
(𝑣𝑖, 𝑒𝑖+1,𝑖+2 ), (𝑒𝑖,𝑖+1, 𝑒𝑖+1,𝑖+2 )} {(vn-1, e12)}, then D′  E(B1(Pn)). D dominates
edges of Pn,Pn-1 andF. D′ is anedge dominating set of B1(Pn). Also,<D′>  Pn-1+.
Therefore, D′ is a connected edge dominating set of B1(Pn) and hence
c (B1(Pn))≤│D′│=2(n-2)+1=2n-3.Let D′′ be a minimum edge dominating set of B1(Pn) .To dominate the
edges of B1(Pn). D′′contains atleast (n-2)edges of L(Pn) and hence
│D′│≥ n-2+n-1 = 2n-3.Therefore, c (B1(Pn)) =2n-3.
Remark:2.1c (B1(P3)) = 3
Theorem:2.2. For the Cycle Cnon n vertices (n  5) vertices, c (B1(Cn)) =2n-3.
Proof: Let v1, v2, ...,vn be the vertices and e12, e23, …, en-1, n,en1 are the edges of B1(Cn) where
ei, i+1 = (vi,vi + 1), i = 1, 2, …, n – 1, en1= (vn, v1). B1(Cn) has 2n vertices and n2 edges.
Let Fm= {(vi, ejk) /1 ≤ i ≤ n, j ≡ (i+m)(mod n), k≡ (i+(m+1))(mod n), e01 = en1} and F = 𝑛−2
𝑚 =1 𝐹𝑚
−2
B1(Cn) = E(2Cn) F.│E(B1(Cn))│=2n +n(n-2) = n2. Let D´ = 𝑛𝑖=1
{( 𝑣𝑖 , 𝑒𝑖+1,𝑖+2 ), (𝑒𝑖,𝑖+1 , 𝑒 𝑖+1,𝑖+2 )} {(Vn1,e12)}. Then D´ is a edge dominating set of B1 (Cn).
Also < D´>  Pn-1+. Therefore ,D´ is a connected edge dominating set of B1 (Cn).
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c(B1(Cn)) ≤ │D´│ = 2 (n-2) + 1 = 2n – 3. Let D′′ be a minimum connected edge dominating set of B 1 (Cn).
D′′ contains atleast (n-1) edges of F and (n-2) edges of L(Cn).│D′′│ ≥ 2n-3. Therefore, c (B1(Cn)) = 2n-3.
Remark: 2.2
(i) c (B1(C3)) = 5
(ii) c (B1(C4)) = 6
Theorem:2.3. For the complete graph Kn on n (n≥5) vertices, c(B1(Kn)) = (n+3) (n-2) /2.
Proof:Let v1, v2, ..., vnbe the vertices of Knand E(Kn) = {eij = (vi,vj)/ 1≤i≤n,1≤j≤n,i ≠ j} B1(Kn) has
n(n+1)/2vertices. E(B1(Kn)│=│E(Kn)│+│E(L(Kn)│+ n(n-1) (n-2)/2 = n(n-1) (2n-3)/2 .
Let F1
= 𝑛𝑗=3{(𝑣1 𝑒2𝑗 ), 𝐹 2 = 𝑛𝑗=4{(𝑣2, 𝑒3𝑗 )}, F3 = 𝑛𝑗=5 {(𝑣3, 𝑒4𝑗 )}
. …. Fn-3 = 𝑛𝑗=𝑛−3{(𝑣𝑛−3, 𝑒𝑛−2,𝑗 )}, Fn-2 = 𝑛𝑗=2,𝑗 ≠𝑛−2{(𝑣𝑛−2, 𝑒1𝑗 )}, Fn-1 = 𝑛−1
𝑗 =1 {(𝑣𝑖 , 𝑣𝑖+1 )}
𝑛−1
and let F = 𝑖=1 𝐹𝑖 . Then F  E(B (Kn)). F is a dominating set of B (K ). Let P be the path induced by the
1

1

n

n

vertices v1, v2, …, vn . < F > is a graph obtained by attaching n-2, n-3, n-4, …, 2 and n-2 pendant edges at v1,
v2, …, vn-3, vn-2 of Pn respectively. Therefore, F is a connected edge dominating set of B 1(Kn) and hence,
−1
c(B1(Kn)) ≤│F│=│ 𝑛𝑖=1
𝐹 𝑖 │= (n-2) + (n-3) + ...+ 2+ n-2 + n-1=(n-1)n / 2 -1+n-2 = (n2 –n -2 +2n – 4 ) /2 =
2
(n + n -6) / 2 = (n+3)(n-2) / 2. F is also a minimum connected edge dominating set of B 1(Kn) and hence
c(B1(Kn)) = (n+3) (n-2) /2.
Remark: 2.3
(i) c (B1(K3)) = 5
(ii) c (B1(K4)) = 6
Theorem:2.4. For the star K1,n on (n+1) vertices (n≥4), c (B1(K1,n)) = n+1.
Proof: Letv, v1, v2,... ,vn be the vertices of K1,n with v as the central vertex. Letei= (v, vi),i =1, 2, 3, …, n be
the edges of K1,n. Then v1, v2,...,vn, e1, e2,…., en V((B1(K1,n)).B(K1,n) has 2n+1 vertices andn(3n-1)/2
edges.
−1
Let D′= { 𝑛𝑖=1
(𝑒𝑖, 𝑒𝑖+1 )}  { v, 𝑣1 , (𝑣1, 𝑒𝑛 )} . Then │D′│= n+1. The edge (v,v1) in D′ dominates all the
−1
edges of G and the edges 𝑛𝑖=1
(𝑒𝑖, 𝑒𝑖+1 ), (v1, en) dominate remaining edges of K1,n and<D′>  Pn+2.
Therefore, D′ is a connected edge dominating set of B1(K1,n) and hence
 (B1(K1,n) ≤│D′│= n+1. Let D′′ be a connected edge dominating set of k1,n. To dominate edges of k1,n ,D′′
contains one edge of k1,n, and to dominate n(n-1) edges of the form (vi,ej) (ej is not incident with vi). D′′
contains atleast (n-1) edges. Since <D′′> is connected, D′′ contains one more edge and hence │D′│ ≥ n+1.
Therefore,c (B1 (K1,n)) = n+1.
Therorem 2.5: For the Wheel Wn on n vertices (n ≥ 5),c (B1 (Wn)) = 3n-5.
Proof: Letv1,v2, …, vnbe the vertices of Wn with v1 as the central vertex ande12, e13, …, e1n, be the edges of
B1(Cn) where e1, i+1 = (vi,vi + 1), i = 2,3, …, n. Then v1, v2, ...,vn, e12,e13, …, e1n, e23, …, en2  V((B1(Wn)).B1(Wn)
has 2n-1 vertices and (n-1) (3n-4) / 2 edges.
−1
−2
Let F1= 𝑛𝑖 =1
{(𝑣𝑖, 𝑣𝑖+1 )}, F2 = 𝑛𝑖=2
{(𝑣𝑖, 𝑒𝑖+1,𝑖+2 )}
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F3 = 𝑛−2
𝑖=2 {( 𝑒 i,i+1,e1,i )} (en-1, n ,e1n)
Let D′ = F1 F2F3 .F1 and F2 dominates all the edges of Wn and edges of the form
( vi,ejk) where ejk is not incident with vi. F2F3 dominates all the edges of L(Wn). Therefore, D′ is a edge
dominating set of B1(Wn). │D′│ ≤ n-1+n-2+n-2 = 3n-5. <D′> is a graph obtained from Pn-2+ by subdividing
each pendant edge and then attaching a path of length 2 at a pendant vertex of Pn-2. D′ is a connected
edge dominating set of B1(Wn).
Let D′′ be a minimum connected edge dominating set of B1(Wn). To dominate edges of Wn and edges of
the form (vi, ejk) and to maintain connectedness of <D′′>, D′′ contains atleast (n-1) edges of Wn, (n-2)
edges of the form (vi,ejk) and(n-2) edges of L(Wn).
Therefore, │D′│ ≥ 3n-5. Hence,c (B1(Wn)) = 3n-5.
Remark:2.4Since every connected edge dominating set is also an edge dominating set of a graph G,
(B1(G)) ≤ c (B1(G))
Remark: 2.5 Any connected edge dominating set is also a total edge dominating set and hence
t (B1(G)) ≤ c (B1(G)).
3.Total edge dominationin B(G, L(G), NINC) of a Graph
In the following total edge domination number of B1(Pn), B1(Cn),B1(K1,n)B1(Wn) are found.
Theorem : 3.1 For thePath Pn on n (n  4 ) vertices, t (B1(Pn))  n.
Proof: Let v1, v2, ... , vn be the vertices and ei,i + 1 = (vi,vi + 1) (i = 1, 2, …, n-1) be the edges of Pn. Then v1,
v2, ... ,vn, e12, e23,…, en-1,nV(B1(Pn)). B1(Pn) has2n-1vertices and n2 - n -1 edges.
Case (i): n is even
Let D =

n/2
i=1 {

n −2/2
i=1 {

v2i−1 , v2i } and D =
n

v2i+1 , e2i−1,2i } and D = D D{ ( vi, en-2,n-1)}

n−2

Then D  E (B1(Pn)) and │D│= 2 + 2 +1 = n. D is an edge dominating set of B1(Pn) and
with central vertices v1, v2, ... , vn-1 respectively.

n

< D > 2 P3

Therefore, D is a total edge dominating set of B1 (Pn) and hence t (B1(Pn)) │D│= n.
Case(ii): n is odd
Let F =

n−1/2
i=1 {

v2i−1 , v2i } and F =

n−3/2
i=1 {

v2i+1 , e2i−1,2i }

and let F = F F {(vn-1, vn) ( vi, en-2,n-1)} then F  E (B1(Pn)) and │F│=
n−3

n−1
2

+

n−3
2

+2 = n.

F is an edge

dominating set of B1(Pn) and < F >
P3P4 where the central vertices ofP3 arev1, v2, ... , vn-4and P4 is
2
induced by the edges (vn-2, vn-1), (vn-1, vn) and (vn-2, en-4,n-3). Therefore, F is a total edge dominating set of
B1 (Pn) and hence t (B1 (Pn)) │F│= n.
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Example:
(1) Let V(P8) = { v1, v2, ... , v8} and E(P8) = {((vi,vi + 1) (i = 1, 2, …, 7).
Then D = {(v1, v2) (v3, v4) (v5, v6) (v7, v8) (v1, e67) (v3, e12) (v5, e34) (v7, e56)} is an edge dominating set
ofB1(P8) and D E (B1(P8)) and <D> 4 P3. D is a total edge dominating set of B1(P8). Therefore, t(B1(P8 ))
 8.
(2) Let V(P7) = { v1, v2, ... , v7} and E(P7) = {((vi,vi + 1) (i = 1, 2, …, 6).
Then D = {(v1, v2) (v3, v4) (v5, v6) (v6, v7) (v1, e56) (v3, e12) (v5, e34)}is an edge domination set of B1(P7) and
D E ( B1(P7) and <D> 2 P3  P4 and D is a total edge dominating set of B1(P7). Therefore, t(B1(P7 ))  7.
Theorem:3.2 For the cycle Cn on n( n 3) vertices, t(B1(Cn ))  n, if n is even
n+1, if n is odd
Proof: Let v1, v2, ... , vn be the vertices and ei,i + 1 = (vi,vi + 1) (i = 1, 2, …, n-1) and en1 = (vn, v1) be the edges of
Cn. Then v1, v2, ... ,vn, e12, e23,…, en-1,nen1V(B1(Cn)).B1(Cn) has2nvertices and n2 edges.
Case (i): n is even
Let D =

n/2
i=1 {

v2i−1 , v2i } and D =
n

(n−2)/2
{
i=1

v2i+1 , e2i−1,2i } and D = D D{ ( vi, en-2,n-1)}

n−2

Then D  E (B1(Cn)) and │D│= +
+1 = n. D is an edge dominating set of B1(Cn) and
2
2
with central vertices v1, v2, ... , vn-1 respectively.

n

< D > P3
2

Therefore, D is a total edge dominating set of B1 (Cn) and hence t(B1(Cn )) │D│= n.
Case(ii): n is odd
Let F =
F =

n/2
i=1 {

(n−1)/2
{
i=1

v2i−1 , v2i }
n

v2i+1 , e2i−1,2i }and let F = F F {(v1, en-1, n)} then F  E (B1(Cn)) and │F│= 2 +
n−3

n−1
2

+1 =

n+1. D is an edge dominating set of B1(Cn) and < D > 2 P3P5 where the central vertices ofP3 arev1,
v3, ... , vn-4and P5 is induced by the edges (vn-2, vn-1), (vn-1, vn) and (vn, en-2,n-1)and (vn-2, en-4,n-3). Therefore,
D is a total edge dominating set of B1 (Cn) and hence t(B1(Cn )) │D│= n+1.
Theorem: 3.3 For the star K1,n on (n+1) vertices (n3), t(B1(K1,n))  n+1
Proof: Let v1, v2, v3, …, vn+1 be the vertices of K1,n, with v1 as the central vertex. Let
e1,i+1 = (v1, vi), i = 2 , 3, …, n+1 be the edges of K1,n. Then v1,v2, …, vn+1, e12, e13 …, e1n+1V(B1(K1,n)).B1(K1,n)
has 2n + 1 vertices and 2n+1 and (n(3n-1))/2 edges.
Case(i): n is odd
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(n+3)/2
{
i=3

Let D =

vi , e2i−2 , (e1,2i−2 , e1,2i−1 )} where e1, n+2 = e12and let D = D {(v1, v2), (v2,e13)}Then D
n+3

 E (B1(K1, n) and│D│=2[
<D>

n+1
2

2

− 2] +2 =2(

n−1
2

)+2 = n+1. D is an edge dominating set of B1(K1, n) and

p3 with central vertices v2, e14, e16 ,… ,e1,n+1. Therefore D is a total edge dominating set of B1(K1, n)

and hence t(B1(K1,n)) │D│= n+1.
case(ii): n is even
n+2/2
i=3 {

Let F =

vi , e1,2i−2 , (e1,2i−2 , e1,2i−1 )} and F = F {(v1, v2) (v2, e13) (e1, n+1, e12)}

F  E (B1 (K1, n) and │F│=2 [

n+2

n−2

2

− 2] +3 = n -2+3 = n+1. D is an edge dominating set of B1(K1, n) and

<D>
P3 P4 , where the central vertices of P3 are v2, e14, e16 ,… ,e1,n-2 and the P4 is induced by the
2
edges (vn-2, e1n) (e1n, e1,n+1) (e1, n+1, e12) . Therefore, D is a total edge dominating set of B1(K1, n) and hence
t (B1(K1,n)) │D│= n+1.
Theorem:3.4 For the Wheel Wn(n 5) on n vertices, t (B1(Wn))  2n – 2
Proof:Let v1, v2, v3, …, vn be the vertices of Wn with v1 as the central vertex. Let
e1,i = (v1, vi)(i = 2 , 3, …, n) and ei , i+1 = (v1, vi+1) (i = 2 , 3, …, n-1) en2 = (vn, v2) be the edges of Wn. Then
v1,v2, …, vn, e12, e13 …, e1n,e12, e23,…, en-1,nen2 V(B1(Wn)).B1(Wn) has n+ n -1+n-1= 3n - 2 vertices and (n1)(3n- 4))/2 edges.
Case(i): n is even
n/2
i=3 {

Let D =
n
2

D =

i=2

vi , e1,2i−2 , (e1,2i−2 , e1,2i−1 )}

{ vn +i , e2i−3 ,2i−2 (e 2i−3,2i−2 , e2i−2,
2

2i−1 )}and

let D=D D {(v1, v2), (v2, e13) (vn/2+1, e1n),

(e1n, en2)} then D  E (B1 (Wn)) and │D│= 2 (n/2 -2) + (n/2 -1) +4 = 2n – 2. D is a total edge dominating set
of B1(Wn) and <D> (n-1) P3 with central vertices v2, e14, e16 ,… ,e1,n,2, e12, e34 ,… ,e n-3,n-2.
Case(ii): n is odd
Let F =
F =

n −1
2

(n+1)/2
{
i=3

i=1

vi , e1,2i−2 , (e1,2i−2 , e1,2i−1 )}

{ vn +1 +i , e2i−1 ,2i (e 2i−1,2i , e2i,
2

2i+1 )}and

let F=F F {(v1, v2), (v2, e13) F  E (B1 ( Wn)) and

│F│= 2 (n+1/2 -2) +2(n-1/2) +2 = 2n – 2. F is a total edge dominating set of B1(Wn) and < F> (n-1)
P3.Therefore, F is a total edge dominating set of B1(W n) and hence t(B1(Wn)) │F│= 2n-2.
Theorem:3.5 G have a perfect matching, t (B1(G))  2 1(G) if 1(G) 0(L(G))
 20(L(G)) if 1(G) 0(L(G))
Proof: Let K E(G) be a perfect matching such that │K│= k = 1(G). Then KE(B1(G)).
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Let K = {(v1, u1) (v2, u2) , …, (vk,uk)}. Let M be a point cover of L(G) and let │M│= 0(L(G))= m = {e1, e2 …, em}
Case: (i) k m ( 1(G)0)
Choose one of ui and vi. Let it be vi (i= 1, 2, … ,k). Choose a distinct vertex ei in M such that the
corresponding edge in G is not incident with v i. Then the edge (vi,ui) E(B1(G)). Let L be the set of all
these edges. │L│= k. Then L E(B1(G)). Let D = K LE(B1(G)). K dominates all the edges of G inB1(G) and
edges of the form (w, e) where eE(G) is not incident with w V(G). L dominates all the edges of L(G).
Therefore, D is an edge dominating set of B1(G). Also < D> contains no isolated edges. Therefore, D is a
total edge dominating set of B1(G) and hence t (B1(G))  │D│=│ K  L│ = 2K = 2 1(G) .
Case(ii): k  m, that is 1(G) 0(L(G)). For each vertex eiM, choose a vertex ui(or) vi, which is not
incident with ei. Then the edge (vi, ei) E(B1(G)). Let N be the set of all these edges. │N│= m, NE(B1(G)).
Then the set D = K N is a total edge dominating set of B1(G) as in case(i). Therefore, t (B1(G))  │D│=│
K  N│ = 1(G) + m = 1(G) + 0(L(G)0(L(G)).
Therefore, t (B1(G))  2 1(G) if 1(G) 0(L(G))
 20(L(G)) if 1(G) 0(L(G)).
4. CONCLUSION
In this paper, connected edge and total edge domination numbers of Boolean Function
GraphB(G,L(G),NINC) of paths , cycles, complete graphs, stars, wheels are obtained.
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