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Abstract: 

            We obtain infinitely many non-zero integer quintuples ),,,,( YXzyx  satisfying the 

biquadratic equation with five unknowns )()(2 222244 YXzyxxyyx .  Various 

interesting properties between the values of x, y, z, X, Y and special number patterns, namely, 

polygonal numbers, centered pyramidal and polygonal numbers, Jacob-lucas numbers and kynea 

numbers are presented. 
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Notations: 

                   nmT , =   Polygonal number of rank n with size m. 

                  m
nP   =   Pyramidal number of rank n with size m. 

                 m

nCP  =   Centered pyramidal number of rank n whose generating polygon has  

                               m sides. 

                  nS    =   Star number of rank n 
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                   nj   =   Jacobsthal-Lucas number of rank n 

                   nky  =   kynea number of rank n 

                 5,,4 nF  =   Four dimensional pentagonal figurate number of rank n. 

 

Introduction: 

        Biquadratic Diophantine equations, homogeneous and non-homogeneous, have aroused the 

interest of numerous Mathematicians since ambiguity as can be seen from  

[1-7].  Particularly in [8,9] biquadratic diophantine equations with five unknowns are analysed  

for their non-zero integral solutions.  In this paper, another interesting biquadratic equation with 

five unknowns given by  )()(2 222244 YXzyxxyyx  

is considered and five different patterns of integral solutions are illustrated.  A few interesting 

properties between the solutions and special number patterns are exhibited.   

 

Method of analysis: 

 

          The biquadratic with five unknown is 

 

                                )()(2 222244 YXzyxxyyx                                (1) 

 

 It is seen that (1) is satisfied by the quintuple ).2,2,16,2,2( 2222 babauababuabu    

 

However, we have other patterns of solutions to (1) which are illustrated as follows. 

 

 Introduction of the transformations 

 

,vux    ,vuy      uvz 8                                                                      (2) 

 

in (1) leads to     222 2vYX                                                                       (3)  
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We present below different methods of solving (3) and thus, in view of (2), one obtains different 

patterns of solution to (1). 

 

Pattern:1 

                

              Let 22 bav                                                                                  (4) 

 

Write 2 as   

 

             2 = )1)(1( ii                                                                                    (5) 

 

Using (4) and (5) in (3) and applying the methods of factorization, define  

 

             2))(1( ibaiiYX   

             2))(1( ibaiiYX   

 

Equating real and imaginary parts, we have 

 

              
abbaY

abbaX

2

2

22

22

                                                                      (6) 

 

 

Using (4) in (2), it is seen that 

 

             

)(8 22

22

22

bauz

bauy

baux

                                                                            (7) 

 

Thus (6) and (7) represent the non-zero distinct integral solutions to (1). 
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Properties: 

 

(i)  )( yxz is a sum of two squares. 

(ii)  6 1)1,(2)1,,()1,,( aXauyaux  is a nasty number 

(iii) )15(mod1)1,,1()1,,1()1,,1( ,34 atayaxaz  

(iv) )7(mod3)1,,1()1,,1()1,,1( ,18 atazayax    

(v) ),(2),(2 baYbaX  is a difference of two squares. 

(vi) )2(mod02)1,2()1,2( 4,3 ataYaX   

(vii) )6(mod03)1,,( 16
aCPaaz  

(viii) 
1622

2
3)1,,( CPz  is a nasty number 

(ix) )9(mod012)3,()3,,()3,,( ,12 nCPnXnuynux  

(x)   1)2,1()2,1,4( ,16 nCPnYnny  

 

Pattern:2 

 

Write (3) as      1*2 222 XYv                                                             (8) 

 

Let         222 baX                                                                                (9) 

 

Write 1 as 

 

                 )12)(12(1                                                                   (10) 

 

Substituting (9) and (10) in (8) and employing the factorization method, define 

 

                   )12()2(2 2baYv  
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Equating the rational and irrational parts, we get 

                     abbaY 42 22                                                             (11) 

 

                      abbav 22 22                                                             (12)  

 

Using (12) in (2), we have, 

 

          

)22(8

22

22

22

22

22

abbauz

abbauy

abbaux

                                                               (13) 

 

Thus (9), (11) and (13) represent the non-zero distinct integral solutions to (1). 

 

Properties: 

 

(i)  10 10),,1(),,1(),,1( bazbaybax  is a sum of two squares. 

(ii)  1)1,,()1,,(6 auyaux  is a nasty number. 

(iii) 12)2,1,()2,1,( 224

22

nn

nn jjuyux  

(iv) 32)2,1,()2,1,( 3224

1212

nn

nn jjuyux  

(v)   142421,1,1,,1 ,4,6,3
12

nnnn tttCPnXnYnx  

(vi)  )36(mod0212261,, ,5,21
317

nnnn ttCPCPnnz  

(vii) )5(mod0,1,1,1,1,1,1,1 ,14 nCPnYnynxnz  

(viii) 1231,1,,1,1,, ,4,3,24
16

nnnn ttCPCPnYunuynXunux  

 

Pattern:3 

 

           Instead of (10), we write 1 as  
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49

125125
1  

Following the procedure as presented in pattern 2, the corresponding non zero distinct integral 

solutions to (1) are obtained as 

 

              ABBAux 25107 22    

              ABBAuy 25107 22  

              ABBAuz 251056 22  

             22 7147 BAX  

             ABBAY 140714 22  

 

Properties: 

 

 (i) )84(mod70281,,1,, 2,3 AtAuyAux  

 (ii) )5(mod014281,,1,, ,142,3 AA ttAuyAux  

 (iii) 
n

nnn
nn jkyjX 19849492,2 14

2  

 (iv) 2
77 YXyx is a nasty number 

  (v)  5312141,,11,,11,81,,1 ,3 AtAyAxAXAz  

  (vi) )44(mod3241,,1 ,29 nCPnx                

(vii) )21(mod2281414,12,12),1,(,1, ,9,16,28 nnn tCPCPnYnXnuynux  

(viii) )39(mod814142142421,1, ,3,15
42826

nnnnn tCPCPCPCPnYnX  

(ix) 1622414,),,1( ,3
3

5,,4
22

nnn tCPFnnYnnx  

 

Pattern:4 

 

       Again, choosing 1 as  
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241

12291229
1   

 

and repeating the process similar to pattern 2, the corresponding non-zero distinct integral 

solutions to (1) are found to be  

 

                 ABBAux 2295841 22  

                  ABBAuy 2295841 22  

                  ABBAuz 22958328 22  

                  22 418241 BAX  

                   Y = 41 ABBA 1162 22  

 

Properties: 

 

(i) )11(mod4
164

16401312)1,()1,()1,,()1,,( 1,3,3 AA ttAYAXAuyAux
 

(ii) BAyBAxBAz ,,1(,,1),,1(  is a perfect square. 

(iii) 592982)1,2,1()1,2,1( 1214

22

nn

nn jjyx     

(iv) 572982)1,2,1()1,2,1( 2234

1212

nn

nn jjyx  

(v) 5929328)1,2,1( 1214

2

nn

n jjz  

(vi) 5729328)1,2,1( 2234

12

nn

n jjz  

(vii) )4305(mod41)(41)1,( ,14,24,16 nnn CPCPtnY  

(viii) )222(41)1,( ,3,4,6,4

2

nnnn tttCPnX  

(ix) 397710241)1,()1,,()1,,( ,4,20,26,23
222

nnnn tCPCPtnXnuynux   

 

 



            IJESM            Volume 2, Issue 2             ISSN: 2320-0294 
_________________________________________________________         

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage, India as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Engineering, Science and Mathematics 

 http://www.ijmra.us  

 199 

June 
2013 

Pattern:5   

          Consider the transformations 

 

,vux     ,vuy       ,4uvz   ,qpX  ,qpY                          (14) 

 

Using(14) in (1),we have, 

 

                   222 2vqp  

 

Which is satisfied by  

 

                    abbap 222  

                    abbaq 222  

                    22 bav  

 

Substitute the above values of p, q, v in (14),the non-zero distinct integral solutions to (1) are 

represented by  

 

                    22 baux  

                    22 bauy  

                    )(4 22 bauz  

                   22 22 baX  

                    abY 4  

 

Properties: 

(i) )3,1,()3,1,()3,1()3,1( uyuxYX  is a perfect square 

(ii) )],(),,(),,([6 baXbauybaux is a nasty number 

(iii) atayaxaYaX ,38)1,,1()1,,1()1,()1,(  

(iv) )8(mod0),,(),,(),,( bauybauxbauz  
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(v) ataYaXauyaux a 22)1,()1,()1,,()1,,( ,6  

(vi) 58))1(,( aPaaaY  

(vii) 44)1,(6 aSaaY  

(viii) )5(mod06)1,,()1,( 8

aCPuauyaY  

(ix) )80(mod024)1,,()1,(13 13

aCPuauyaY  

(x) )42(mod06)1,,1()1,,1()1,,1()1,( 24

nCPnznynxnY  

(xi) )3(mod03),1(),1( 16

nCPnYnX  

 

Conclusion: 

One may search for other patterns of integral solutions to (1) and their corresponding properties. 
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