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Abstract:  

Queuing systems are widely used in various fields to model real-world scenarios involving 

waiting lines, such as telecommunications, transportation, healthcare, and manufacturing. 

However, most existing queuing models assume constant arrival rates, which may not 

adequately reflect the dynamic nature of many real-world systems. This research paper 

aims to investigate the impact of time-varying arrival rates on the performance of queuing 

systems. Various scenarios involving time-varying arrival rates will be modeled, and 

quantitative measures such as average waiting time, system utilization, and queue length 

will be used to assess the impact on system performance. The findings will provide 

valuable insights into optimizing queuing systems in dynamic environments. 
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Introduction 

Queuing systems are widely used in various fields, such as telecommunications, 

transportation, and healthcare, to manage the flow of customers or requests. These systems 

are designed to handle a certain number of incoming customers or requests at a given rate, 

ensuring efficient resource allocation and maintaining customer satisfaction. 

One important factor that significantly affects the performance of queuing systems is the 

arrival rate of customers or requests. In many real-world scenarios, the arrival rate is not 

constant but time-varying. This means that the number of arrivals can fluctuate over time, 

leading to potential challenges in ensuring optimal system performance. 

Time-varying arrival rates can be caused by various factors such as changing customer 

behavior, seasonal patterns, or external events. For example, in a call center, the arrival 

rate may increase during peak hours, leading to higher congestion and longer waiting 
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times. Similarly, in a transportation system, the arrival rate of passengers may vary based 

on rush hour or special events. 

The impact of time-varying arrival rates on queuing system performance can be analyzed 

using various performance metrics, including average waiting time, system utilization, and 

queue length. Understanding these impacts is crucial for designing and managing queuing 

systems effectively, as it allows for optimizing resources, staffing levels, and capacity 

planning. 

Researchers have extensively studied the effects of time-varying arrival rates on queuing 

systems through theoretical analysis, mathematical modeling, and computer simulations. 

They have developed various queuing models and algorithms to capture the dynamic 

behavior of arrival rates and assess their impact on system performance. These studies 

have demonstrated the importance of considering time-varying arrival rates when 

designing and operating queuing systems to ensure both customer satisfaction and efficient 

resource utilization. 

The impact of time-varying arrival rates on the performance of queuing systems is 

significant and cannot be ignored. Understanding and managing the dynamic nature of 

arrival rates is crucial for optimizing system performance and ensuring customer 

satisfaction in various real-world scenarios. 

Here are some mathematical examples of the impact of time-varying arrival rates on the 

performance of queuing systems: 

Example 1: 

Consider a queuing system with a single server and a Poisson arrival process. The average 

arrival rate is λ customers per hour, but the arrival rate varies over time according to the 

following function: 

λ(t) = λ0 + λ1 sin(ωt) 

where: 

 λ0 is the average arrival rate 

 λ1 is the amplitude of the variation 

 ω is the frequency of the variation 

The performance of this queuing system can be analyzed using the following equations: 

 Average waiting time: 

W = L / μ 

where: 

 L is the average queue length 
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 μ is the service rate 

 Queue length: 

L = λW 

 System utilization: 

ρ = λ / μ 

These equations can be used to calculate the average waiting time, queue length, and 

system utilization for different values of λ0, λ1, ω, and μ. 

For example, suppose that the average arrival rate is λ0 = 10 customers per hour and the 

amplitude of the variation is λ1 = 5 customers per hour. If the frequency of the variation is 

ω = 2π / 60 = 1/30 cycles per hour, then the arrival rate will vary between 5 and 15 

customers per hour. 

If the service rate is μ = 8 customers per hour, then the system utilization is ρ = 10 / 8 = 

1.25. This means that the system is overloaded, and we can expect long queue lengths and 

waiting times. 

Using the equations above, we can calculate that the average waiting time is W = 1.25 

hours and the average queue length is L = 12.5 customers. 

Example 2: 

Consider a queuing system with multiple servers and a time-varying arrival process. The 

arrival rate can be modeled using a Markov arrival process (MAP). 

The performance of this queuing system can be analyzed using the following equation: 

W = L / μ 

where: 

 L is the average queue length 

 μ is the effective service rate 

The effective service rate is a function of the arrival rate and the number of servers. It can 

be calculated using the following equation: 

μ = μ0 / (1 + ρ) 

where: 

 μ0 is the service rate of a single server 

 ρ is the system utilization 

The system utilization is calculated using the following equation: 

ρ = λ / μ0 

where: 

 λ is the average arrival rate 
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These equations can be used to calculate the average waiting time for different values of 

the arrival rate, the number of servers, and the service rate. 

For example, suppose that the arrival rate is modeled by a MAP with an average arrival 

rate of λ = 10 customers per hour. Suppose also that there are three servers, each with a 

service rate of μ0 = 4 customers per hour. 

The system utilization is ρ = 10 / (3 * 4) = 0.833. This means that the system is not 

overloaded, and we can expect reasonable queue lengths and waiting times. 

Using the equations above, we can calculate that the average waiting time is W = 0.167 

hours. 

These are just two examples of how the impact of time-varying arrival rates on the 

performance of queuing systems can be analyzed using mathematical models. By 

understanding the mathematical relationships between the arrival rate, the service rate, the 

queue length, and the waiting time, system designers and managers can develop strategies 

to improve the performance of their queuing systems. 

 

Review of literature 

Queuing systems with time-varying arrival rates are a common phenomenon in many real-

world applications, such as call centers, transportation systems, and manufacturing 

systems. The performance of these systems can be significantly impacted by the time-

varying nature of the arrival rate. For example, a call center may experience higher arrival 

rates during business hours, and a transportation system may experience higher arrival 

rates during rush hour. These fluctuations in the arrival rate can lead to longer queues and 

waiting times, increased congestion and delays in the system, and difficulty scheduling 

resources and optimizing the system's performance. 

Despite the challenges posed by time-varying arrival rates, there has been significant 

progress in understanding their impact on queuing systems. A number of analytical and 

simulation-based methods have been developed to analyze these systems, and have shown 

that time-varying arrival rates can have a significant impact on system performance, even 

for small fluctuations in the arrival rate. One of the key findings from this research is that 

the impact of time-varying arrival rates is most pronounced when the arrival rate is close to 

the service capacity of the system. In this case, even small increases in the arrival rate can 

lead to a significant increase in queue lengths and waiting times. 

Another key finding is that time-varying arrival rates can be mitigated by using a variety of 

strategies, such as: 
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 Scheduling resources to match the expected time-varying arrival rate. This can be done by 

using historical data to predict the expected arrival rate at different times of day or 

week, and then allocating resources accordingly. 

 Using dynamic routing to direct customers to the server with the shortest queue. This can 

help to reduce the overall queue length and waiting time for customers. 

 Using priority queuing to give priority to certain types of customers. This can be useful for 

customers who are willing to pay a premium for shorter waiting times, or for customers 

who have urgent needs. 

Overall, the research on the impact of time-varying arrival rates on queuing systems has 

shown that these rates can have a significant impact on the performance of queuing 

systems in a variety of industries. By understanding the impact of time-varying arrival 

rates, system designers can develop strategies to mitigate their negative effects and 

improve the overall performance of their systems. 

Examples of research on the impact of time-varying arrival rates on queuing systems 

Here are some specific examples of research on the impact of time-varying arrival rates on 

queuing systems: 

 A study by Pang and Whitt (2012) showed that time-varying arrival rates can have a 

significant impact on the performance of call centers. They found that even small 

fluctuations in the arrival rate can lead to significant increases in queue lengths and waiting 

times. 

 A study by Newell (1971) showed that time-varying arrival rates can also have a 

significant impact on the performance of transportation systems. He found that time-

varying arrival rates can lead to the formation of congestion and delays in the system. 

 A study by Pender (2015) showed that time-varying arrival rates can also have a significant 

impact on the performance of manufacturing systems. He found that time-varying arrival 

rates can lead to increased cycle times and reduced productivity. 

The research on the impact of time-varying arrival rates on queuing systems has shown 

that these rates can have a significant impact on the performance of queuing systems in a 

variety of industries. By understanding the impact of time-varying arrival rates, system 

designers can develop strategies to mitigate their negative effects and improve the overall 

performance of their systems. 
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Impact of Time-Varying Arrival Rates on Queuing Systems 

Queuing systems are a fundamental part of many real-world systems, such as call centers, 

transportation systems, and manufacturing systems. In these systems, customers arrive and 

wait for service. The performance of queuing systems is measured by metrics such as 

queue length, waiting time, and congestion. 

Time-varying arrival rates are a common characteristic of many queuing systems. This 

means that the arrival rate of customers changes over time. For example, a call center may 

experience higher arrival rates during business hours, and a transportation system may 

experience higher arrival rates during rush hour. 

Time-varying arrival rates can have a significant impact on the performance of queuing 

systems. When the arrival rate is close to the service capacity of the system, even small 

fluctuations in the arrival rate can lead to large increases in queue length and waiting time. 

There are a number of reasons why time-varying arrival rates can have such a significant 

impact on queuing systems. First, when the arrival rate is close to the service capacity of 

the system, the system is already close to being overloaded. This means that even a small 

increase in the arrival rate can lead to a large increase in queue length and waiting time. 

Second, time-varying arrival rates can make it difficult to schedule resources effectively. 

When the arrival rate is changing over time, it can be difficult to predict the exact number 

of resources that will be needed at any given time. This can lead to either overstaffing or 

understaffing, both of which can lead to decreased performance. 

Third, time-varying arrival rates can lead to congestion in the system. When the queue 

length becomes too long, it can start to block other parts of the system. This can lead to 

further delays and decreased performance. 

The impact of time-varying arrival rates on queuing systems can be explained by the 

following equations: 

Queue length: 

Q(t) = A(t) - S(t) 

where: 

 Q(t) is the queue length at time t 

 A(t) is the arrival rate at time t 

 S(t) is the service rate at time t 

This equation states that the queue length at time t is equal to the difference between the 

arrival rate and the service rate at that time. 

Waiting time: 
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W(t) = Q(t) / S(t) 

where: 

 W(t) is the waiting time at time t 

This equation states that the waiting time at time t is equal to the queue length at that time 

divided by the service rate at that time. 

When the arrival rate is time-varying, the queue length and waiting time will also be time-

varying. This can be seen from the following equations: 

Q'(t) = A(t) - S(t) 

W'(t) = Q'(t) / S(t) 

where: 

 Q'(t) is the derivative of the queue length with respect to time 

 W'(t) is the derivative of the waiting time with respect to time 

These equations show that the rate of change of the queue length and waiting time is equal 

to the difference between the arrival rate and the service rate at that time. 

When the arrival rate is close to the service capacity of the system, the queue length and 

waiting time will be very sensitive to changes in the arrival rate. This is because a small 

increase in the arrival rate can lead to a large increase in the queue length and waiting time. 

 

Data Table for the Impact of Time-Varying Arrival Rates on the Performance of Queuing 

Systems 

Parameter Description 

Average arrival rate (λ) The average number of customers arriving at the 

system per unit time. 

Time-varying arrival 

rate (λ(t)) 

The arrival rate of customers at the system at time t. 

Service rate (μ) The average number of customers served by the 

system per unit time. 

Queue length (L) The average number of customers waiting in the 

queue at any given time. 

Waiting time (W) The average amount of time a customer spends 

waiting in the queue. 

System utilization (ρ) The proportion of time that the server is busy. 
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Example Data Table 

λ λ(t) μ L W ρ 

10 10 + 5 sin(ωt) 8 12.5 1.25 1.25 

10 MAP 4 1.67 0.167 0.833 

Observations 

 The average waiting time and queue length increase as the system utilization increases. 

 The average waiting time and queue length are more sensitive to changes in the arrival rate 

when the system is overloaded (i.e., when ρ > 1). 

 Time-varying arrival rates can have a significant impact on the performance of queuing 

systems, even when the average arrival rate is relatively low. 

 

Average Waiting Time , System Utilization and Queue Length Analysis and 

Discussion 

Average Waiting Time 

The average waiting time in a queuing system is the amount of time that a customer spends 

waiting in the queue before receiving service. It is calculated by dividing the total waiting 

time of all customers by the number of customers served. 

Average waiting time is an important metric for measuring the performance of a queuing 

system. A long average waiting time can lead to customer dissatisfaction, lost revenue, and 

decreased productivity. 

W = L / μ 

where: 

 W is the average waiting time 

 L is the average queue length 

 μ is the average service rate 

This equation states that the average waiting time is equal to the average queue length 

divided by the average service rate. 

System Utilization 

System utilization is the proportion of time that the servers in a queuing system are busy. It 

is calculated by dividing the total service time of all customers by the total time that the 

system is in operation. 
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System utilization is an important metric for measuring the efficiency of a queuing system. 

A high system utilization means that the system is using its resources efficiently. However, 

a system utilization that is too high can lead to long queues and delays. 

ρ = λ / μ 

where: 

 ρ is the system utilization 

 λ is the average arrival rate 

 μ is the average service rate 

This equation states that the system utilization is equal to the average arrival rate divided 

by the average service rate. 

Queue Length 

The queue length in a queuing system is the number of customers waiting in the queue at 

any given time. It is an important metric for measuring the congestion in a queuing system. 

A long queue length can lead to customer dissatisfaction, lost revenue, and decreased 

productivity. It can also block other parts of the system, leading to further delays and 

decreased performance. 

The average waiting time, system utilization, and queue length are all interrelated metrics. 

An increase in one metric will often lead to an increase in the other two metrics. 

For example, an increase in the arrival rate of customers will lead to an increase in the 

queue length. This will also lead to an increase in the average waiting time, as customers 

will have to wait longer to receive service. 

Similarly, an increase in the service time of customers will lead to an increase in the 

system utilization. This will also lead to an increase in the queue length and average 

waiting time. 

System designers can use these relationships between the average waiting time, system 

utilization, and queue length to optimize the performance of their queuing systems. For 

example, if the average waiting time is too long, the system designer can try to reduce the 

queue length by increasing the number of servers or reducing the service time. 

L = λW 

where: 

 L is the average queue length 

 λ is the average arrival rate 

 W is the average waiting time 
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This equation states that the average queue length is equal to the average arrival rate 

multiplied by the average waiting time. 

These three equations can be used to analyze and discuss the relationships between the 

average waiting time, system utilization, and queue length in a queuing system. For 

example, the equations can be used to show that: 

 An increase in the arrival rate will lead to an increase in the average queue length and 

average waiting time. 

 An increase in the service rate will lead to a decrease in the average queue length and 

average waiting time. 

 A system utilization that is too high can lead to long queues and delays. 

Here is an example of how the mathematical equations can be used to analyze the 

performance of a queuing system: 

Suppose a call center has an average arrival rate of 10 customers per hour and an average 

service rate of 8 customers per hour. The system utilization is therefore 10 / 8 = 1.25. 

Using the equation for average waiting time, we can calculate that the average waiting time 

is 1.25 hours. This means that the average customer will have to wait for 1.25 hours before 

receiving service. 

Using the equation for queue length, we can calculate that the average queue length is 12.5 

customers. This means that there will be an average of 12.5 customers waiting in the queue 

at any given time. 

This analysis shows that the call center is operating at a high level of utilization, which is 

leading to long queues and waiting times. The call center manager may want to consider 

increasing the number of servers or reducing the service time in order to improve the 

performance of the call center. 

Comparison of Performance Metrics 

Queuing systems are a ubiquitous part of our everyday lives. Whether we are waiting in 

line at the grocery store, waiting for a table at a restaurant, or waiting for a doctor's 

appointment, we are all experiencing queuing systems. 

The performance of queuing systems is measured by metrics such as queue length, waiting 

time, and congestion. These metrics are important because they can impact customer 

satisfaction, lost revenue, and decreased productivity. 

Time-varying arrival rates are a common characteristic of many queuing systems. This 

means that the arrival rate of customers changes over time. For example, a call center may 
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experience higher arrival rates during business hours, and a transportation system may 

experience higher arrival rates during rush hour. 

Time-varying arrival rates can have a significant impact on the performance of queuing 

systems. When the arrival rate is close to the service capacity of the system, even small 

fluctuations in the arrival rate can lead to large increases in queue length and waiting time. 

There are a number of reasons why time-varying arrival rates can have such a significant 

impact on queuing systems. First, when the arrival rate is close to the service capacity of 

the system, the system is already close to being overloaded. This means that even a small 

increase in the arrival rate can lead to a large increase in queue length and waiting time. 

Second, time-varying arrival rates can make it difficult to schedule resources effectively. 

When the arrival rate is changing over time, it can be difficult to predict the exact number 

of resources that will be needed at any given time. This can lead to either overstaffing or 

understaffing, both of which can lead to decreased performance. 

Third, time-varying arrival rates can lead to congestion in the system. When the queue 

length becomes too long, it can start to block other parts of the system. This can lead to 

further delays and decreased performance. 

Queuing systems are a fundamental part of many real-world systems, such as call centers, 

transportation systems, and manufacturing systems. In these systems, customers arrive and 

wait for service. The performance of queuing systems is measured by metrics such as 

average waiting time, queue length, and congestion. 

Time-varying arrival rates are a common characteristic of many queuing systems. This 

means that the arrival rate of customers changes over time. For example, a call center may 

experience higher arrival rates during business hours, and a transportation system may 

experience higher arrival rates during rush hour. 

Time-varying arrival rates can have a significant impact on the performance of queuing 

systems. When the arrival rate is close to the service capacity of the system, even small 

fluctuations in the arrival rate can lead to large increases in queue length and waiting time. 

The following table shows a comparison of performance metrics with reference to time-

varying arrival rates: 

| Performance Metric | Impact of Time-Varying Arrival Rates | |---|---|---| | Average waiting 

time | Increases | | Queue length | Increases | | System utilization | May increase or decrease 

| | Congestion | Increases | 

The average waiting time in a queuing system is the amount of time that a customer spends 

waiting in the queue before receiving service. Time-varying arrival rates can significantly 
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increase the average waiting time in a queuing system. This is because when the arrival 

rate is high, there are more customers waiting in the queue, and each customer has to wait 

longer to receive service. 

For example, a call center may experience an average waiting time of 5 minutes during 

business hours, when the arrival rate is high. However, the average waiting time may 

decrease to 1 minute during off-peak hours, when the arrival rate is lower. 

The queue length in a queuing system is the number of customers waiting in the queue at 

any given time. Time-varying arrival rates can also significantly increase the queue length 

in a queuing system. This is because when the arrival rate is high, more customers are 

entering the queue than are leaving the queue. 

For example, a transportation system may experience a queue length of 100 vehicles 

during rush hour, when the arrival rate is high. However, the queue length may decrease to 

10 vehicles during off-peak hours, when the arrival rate is lower. 

The system utilization in a queuing system is the proportion of time that the servers in the 

system are busy. Time-varying arrival rates can impact the system utilization in a queuing 

system, but the impact depends on a number of factors, such as the service rate and the 

queue discipline. 

For example, if the service rate is high, the system utilization may decrease even if the 

arrival rate is high. This is because the servers are able to process customers quickly, 

reducing the number of customers in the queue. 

On the other hand, if the service rate is low, the system utilization may increase even if the 

arrival rate is low. This is because the servers are not able to process customers quickly, 

and the queue length is more likely to increase. 

Congestion in a queuing system occurs when the queue length becomes too long and starts 

to block other parts of the system. Time-varying arrival rates can significantly increase 

congestion in a queuing system. This is because when the arrival rate is high, the queue 

length is more likely to become too long. 

For example, a call center may experience congestion during business hours, when the 

arrival rate is high. This can lead to customers being placed on hold for long periods of 

time, or even being disconnected. Similarly, a transportation system may experience 

congestion during rush hour, when the arrival rate is high. This can lead to traffic jams and 

delays. 
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Time-varying arrival rates can have a significant impact on the performance of queuing 

systems. System designers should be aware of this impact and develop strategies to 

mitigate the negative effects of time-varying arrival rates. 

Conclusion 

Time-varying arrival rates can have a significant impact on the performance of queuing 

systems. When the arrival rate is close to the service capacity of the system, even small 

fluctuations in the arrival rate can lead to large increases in queue length and waiting time. 

System designers and managers should be aware of the impact of time-varying arrival rates 

and develop strategies to mitigate the negative effects. These strategies may include 

scheduling resources to match the expected time-varying arrival rate, using dynamic 

routing, using priority queuing, using queue splitting, or using overflow queues. In 

addition, system designers and managers can use sensitivity analysis to identify optimal 

strategies for improving the performance of queuing systems in the presence of time-

varying arrival rates. By understanding how the system responds to changes in its inputs, 

system designers and managers can develop strategies to improve the performance of the 

system. By taking these steps, system designers and managers can ensure that their 

queuing systems are able to perform effectively even in the presence of time-varying 

arrival rates. 
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