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Introduction: Soft set theory was introduced in 1999 by Molodtsov [22] for dealing with uncertainties
and it has gone through remarkably rapid strides in the mean of algebraic structures as in [1, 2, 11, 14, 15, 186,
18, 25, 28]. Moreover, Atagun and Sezgin [4] defined the concepts of soft subrings and ideals of a ring, soft
subfields of a field and soft submodules of a module and studied their related properties with respect to soft
set operations. Operations of soft sets have been studied by some authors, too. Maji et al. [19] presented some
definitions on soft sets and based on the analysis of several operations on soft sets Ali et al. [3] introduced
several operations of soft sets and Sezgin and Atagun [26] studied on soft set operations as well.
Furthermore, soft set relations and functions [5] and soft mappings [21] with many related concepts were
discussed. The theory of soft set has also a wide-ranging applications especially in soft decision making as in
the following studies: [6, 7, 23, 29]. In this paper, we define a new concept, called soft intersection action
(SI) on M-N module structures on a fuzzy soft set. This new notions gathers fuzzy theory, soft set theory and
near-ring modulo theory together and it shows how a soft set effects on M-N module structure in the mean of
union and inclusion of sets. We then obtain its basic properties with illustrative examples and derive some
analog of classical M-N module theoretic concepts for Sl-action on M-N module. Finally, we give the
application of Sl-actions on M-N module

2.Preliminaries: In this section, we recall some basic notions relevant to near-ring modules. By a near-ring,

we shall mean an algebraic system (N,+,.),
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where

(N1)(N, +) forms a group (not necessarily abelian)

(N,) (N, .) forms a semi group and

(N3) (x +y)z =xz +yz for all x,y,z € N. (that is we study on right near-ring modules)

Throughout this paper, N will always denote right near-ring. A normal subgroup H of N is called a
left ideal of N if n(s+h)-ns € H for all n,s € N and h € | and denoted by H<,N. For a near-ring N, the zero-
symmetric part of N denoted by N, is defined by Ny={ne S/ n0=0}.

Let (S,+) be a group and A: NxS -S, (n,s)-s.
(S,A) is called N module or near-ring module if for all x,y € N,forall s € S.
(i) x(ys) = (xy)s
(ii) (x+y)s = xs+ys. It is denoted by NS. Clearly N itself is an N module by natural operations. A
subgroup T of NS with NTET is said to be N-sub module of S and denoted by
T<yS. A normal subgroup T of S is called an N-ideal of N° and denoted by a near-ring, S and  two N-
modules. Then h: S—y is called an M-N-homomorphism if s,§ € S, for all ne N,

(i) h(m(s+8)) = h(s)+h(5) and

(ii) h(ns) = nh(s).

For all undefined concepts and notions we refer to (24). From now on, U refers to on initial universe, E is a
set of parameters P(U) is the power set of U and A,B,C< E.

2.1.Definition[22]: A pair (F,A) is called a soft set over U, where F is a mapping given by F:
A—P(U).

2.2.Definition[6] :The relative complement of the soft set F over U is denoted by F'a, where

F'a: A — P(U) is a mapping given as F'a(a) =U \Fa(a), for all a €A.

2.3.Definition[6]: Let Fo and Gg be two soft sets over U such that ANB # @,. The restricted intersection of
Fa and Gg is denoted by FAUGg, and is defined as FAUGg =(H,C), where

C =ANB and for all ¢ €C, H(c) = F(c)NG(c).

2.4.Definition[6]: Let Fo and Gg be two soft sets over U such that ANB # @,. The restricted union of F and
Gg is denoted by FAURGE, and is defined as FAURGg = (H,C),where C = ANB and for all ¢ €C, H(c) =
F(c)uG(c).

2.5Definition[12]: Let Fa and Gg be soft sets over the common universe U and ybe a function from A to B.
Then we can define the soft set y(FA) over U, wherey (Fa) : B—P(U) is a set valued function defined by
(Fa)(b) =U{F(a) | a €A andy (a) = b},

ify '(b) # @, = Ootherwise for all b €B. Here, 1 (F,) is called the soft image of F, under 1. Moreover we
can define a soft sety (Gg) over U, where y (Gg) : A — P(U) is a set-valued function defined by
Y }(Gg)(a) = G(y (a)) for all a €A. Then, 1 (Gg) is called the soft pre image (or inverse image) of Gg under
Y.

2.6.Definition[13]: Let F5 and Gg be soft sets over the common universe U and ibe a function from A to B.
Then we can define the soft set y*(Fa) over U, where y*(F,) : B—P(U) is a set-valued function defined
by y+(Fa)(b)=n{F(a) | a €A andy (a) = b}, if () = &,

=0 otherwise for all b €B. Here, y*(F,) is called the soft anti image of F, under .
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2.7 Definition [8]:Let fabe a soft set over U and a be a subset of U. Then, upper a-inclusion of a soft set fa,

denoted by f°A, is defined as f “A = {x € A : fa(x) 2a}

3.Sl-action on M-N module structures and M-N-ideal structures
In this section, we first define fuzzy soft union action, abbreviated as Sl-action on M-N module and
M-N-ideal structures with illustrative examples. We then study their basic results with respect to soft set

operation.

3.1 Definition: Let S be an M-N module and f; be a soft set over U.Thenf, is called Sl-action on M-N
module over U if it satisfies the following conditions;

(SIM-1) fo(m(x+y)) 2f(X) Nfs(y)

(SIM-2) fi(-x) 2£;(x)

(SIM-3) f(nx) 2£,(x)

Forallx,yeSandneNmeM.

3.2 Example: Consider the module M-N ={0,x,y,z},be the near-ring under the operation defined by the

following table:

+ 0 x y z 0 x vy z
0 0 x vy z 0 0 0 0 O
X x 0 z vy X X X X X
y y z 0 x y 0O 0 0 O
z z y x 0 z X X X X

Let S=M-N and S be the set of parameters

and Uz{[g Z] /abe Z6},2><2 matrices with Z, terms, is the universal set .we construct a fuzzy soft set.

o (5 B 3G W 3 31 36 3
fs )= {[(2) g} and f, (2)= {[g %}

Then one can easily show that the soft set f; is a Sl-action on M-N module.

3.3 Proposition: Let f; be a Sl-action on M-N module over U. Then, £;(0) 2 f.(x)
for all xe 5.

Proof: Assume that /#; is Sl-action over U.Then, for all xeS,

/5 (m0)= fy (m(x-x)) 2/5 (X)n fs ('X):fs (X)n fs (X):/s (X)

3.4 Theorem: Let S be a Sl-action on M-N module and /£ be a soft set over U.

Then/ . is Sl-action of M-N module over U if and only if
/s (Mx-y) 2 /() NS (Y)

68 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.765

(i) Ay (nx) 2 £, (x) forall x,y eSandneN.

Proof: Suppose/ . isa fuzzy Sl-action on M-N module over U. Then, by definition-3.1,
Ss(xy) 2 /s(y) and £ (M(x-y)) 2 /() N/ (Y) = /() n /s (y) forallxy € S

Conversely, assume that /. (xy)=2 /. (y) and /£, (m(x-y))=2 /. (X) n £, (y) for all x,y €S.

If we choose x=0,then /. (0-y)= /. (-y) 2 /() n £, (y) =/, (y) by proposition-3.1. Similarly / (ny)=
S (=(y) 2 f(y),thus £ (-y) = /. (y) forall y €S. Also ,by assumption
S s(MX-Y)2 /s (X) N/ (-y) = /5(X) N/ 5(y). This complete the proof.

3.5 Theorem: Let £, be a Sl-action on M-N module over U.
MO/ s (mx-y))= /5(0) forany x,y €S then /5 (x) = /4 (y).
(i) /s (m(x-y))= /,(0) forany x,y €S, then /"5 (x) = /;(y).
Proof: Assume that /. (x-y)= /,(0) for any x,y €S ,then
fy (mx) = fs (m(x-y+y)) 2 /s (X'y)n fs (y)
=0 N /() =/5(Y)
and similarly,
fy (ny) = fs (72 (y'X)+X))Q fs (y'X)n fs (X)
=/ s (=(y-x)) N/ s(X)
=/0)N /s(X)=/5(X)
Thus, /. (X) =/, (y) which completes the proof .Similarly, we can show the result (ii).
It is known that if S is M-N module, then (S, +)is a group but not necessarily abelian. That is, for any X, y €

S, X +y needs not be equal toy + x. However, we have the following:

3.6 Theorem : Let /', be Sl-action on M-N module over U and x €S. Then,
Ss () =/ Q)= fo(xty) = fo(y+x) = f(y) forally €S.
Proof: Suppose that /. (x+y)= /. (y+Xx) = /£, (y) forall y €S. Then, by choosing y=0,
we obtain that /. (X) =/, (0).
Conversely, assume that /. (x) =/, (0). Then by proposition-3.1,we have
S 0)=/,()2 f.(Y),VYES. ..ot (1)
Since /', Sl-action on M-N module over U, then
SsMX+Y)2 /,.00n £ (y)= /5 (Y),VyES. Moreover, forally €S
F (W) = 5 ((X)4)+Y)) = £ (XX + ) 2 £ (00 5 (x+Y)
=/ (N S5 (xty)= /5 (xty)
Since by equation (1),/,(X) 2 /£, (y) forally €S and x, y €S ,implies that x + y €S .Thus, it follows that
F(X) 2 o (x+y). S0 £, (x+y) = £ (y) forall y €.
Now, let x €S. Then, forall x,y €S
S sy +X) = /5 (7Ay+x+(y-y)))
= /s (7y+(x+y)-y))
2 /s WN S5 (x+y)n /5 (y)

=N S5 (xty)= /5 (y)
Since £, (x+y) = /', (y).Furthermore, forally €S
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/s (ny) = /s (n(y+(x-x)))
=/ s ((y +x)-x)
2/ (y+x)N /:(X)
=/ (y + x) by equation(1).
It follows that /. (y+x) = £, (y) and s0/, (x+y)= /. (y+X)= £, (y) , for all y €S ,which completes the

proof.

3.7 Theorem: Let S be a near-field and /. be a soft set over U. If /. (0)2 /. (1)= /. (X)

for all 0+ x € S, then itis Sl-action on M-N module over U.

Proof: Suppose that /£, (0)2 /£, (1) = /,(x) forall0+ x €S. In order to prove that it is

Sl-action on M-N module over Uit is enough to prove that /. (m(X-y))=2 /. (X)N /£, (Y)

and /; (NX)2 /5 (X).

Let X,y €S. Then we have the following cases:

Case-1: Suppose that x+ 0 and y=0 or x=0 and y= 0. Since S is a near-field, so it follows that nx=0and
/S (nx) = £, (0).since £,(0)=2 F,(x),forall xeS sof, (nx)=/,(0) =2/, (x),and

Ss(X) = /:(0) 2 £ (y). Thisimply /', (nx) 2 /5 (X).

Case-2: Suppose that x+ 0 and y=0. It follows that nx+0.Then, /. (nxX) = /(1) = /', (x)and

/(X)) = £ (1) = £, (y),which implies that /. (nX)2 /£, (X).

Case-3: suppose that x= 0 and y=0, then clearly £, (nx)2 /. (x).Hence /. (nX)2 / (X),

forall x,y€S.

Now, let X, y € S. Then x-y=0 or x + y+ 0.If x + y=0,then either x=y=0 or x# 0,y 0 and x=y.

But, since /,(x+y) = /,(0) 2 £, (x)for all x € N, it follows that /; (72x+y)) = /,(m0) 2 £, (X)N

S s
If x + y=+0,then either x+ 0,y 0 and x=y or x= 0 and y=0 or x=0 and y+ O.

Assume that x= 0,y+ 0 and x=y.This follows that
fs (m(x—y)) = fs (1) = fy (X)Q /s (X)n /s (y)
Now, let x=# 0and y=0. Then /., (m(x +y)) 2 /. (X)N £, (y). Finally, let x=0 and y=+ 0.

Then,/ s (M(X +Y)) 2 /()N /5 (y). Hence /5 (x-y) 2 /()N /5 (y), forall x, y €S.
Thus, / ;. is Sl-action on M-N module over U.

3.8 Theorem: Let /£, and /, be two Sl-action on M-N module over U. Then/ ;A £, is
soft Sl-action on M-N module over U.
Proof: let (x4, 71), (x5, ¥,) € SXT.Then
fmr(”l((i’uﬁ) - (1’2,}’2))) :fyAr(”Z(l’l_ffz,Jﬁ—J/z))
=fs @0 frVye)
2/ s (@ )INSs @2 DN 7 )N S7r(r2))
=(fs NS NN s (x2)nfr(r2))

= /Mr(fl,)/l) n/mr(«‘fz,}/z)
and

70 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.765

S sar ((” 1,72 2)' (/1’2,)’2)) = fmr(” 14X 2,72 z)’z)
= fs(mx) N fr(2ay2)
2fc(xr)n/fr(r2)
:ffAT(XZ,yZ)
Thus /. Af ,is Sl-action on M-N module over U.

Note that /. Vv /£, isnot Sl-action on M-N module over U.

3.9 Example: Assume U =g ;is the universal set. Let S= 73 and H :{ Z Z] /a, b€ 23}

2x 2 matrices with Z3 terms, be set of parameters. We define Sl-action on M-N module # cover U=p 3 by
S s(0)=p3

Ss(1)={(1),(12),(132)}

Ss(2)={(1),(12),(123),(132)}

We define Sl-action on M-N-module / ,over U=z 3 by

r{ly o} =
743 =@ a,as2)

Then £,V /£, is not Sl-action on M-N module over U.

3.10 Definition : Let /¢ g » be Sl-action on M-N module over U. Then product of fuzzy
Sl-action on M-N module # candg , is defined as /¢ X g , =hgyT, Where

hsxr(x, 7)) = f5(x) X g 7(y) forall (xy) €S x T.

3.11 Theorem : If fs@ud g, are Sl-action on M-N module over U. Thensois £ ¢ X g
over UxU.

Proof: By definition-3.2, let /¢ X g 7 =hgyt, Where hgyt (¥, ¥) = fo(x) X g 7(Y)

for all (x,y) €S x T. Then for all (xy, 1), (¥2,7,) €S x T and (721,72,)=NxN.

hsxr(m((x1.71) = (X2,72))) = hswr (x|, 257 1472))
=f s (mx 22X gy (Y, ,72))
2 s ()NS5 (2 DX @ri)Ngr(r2))
(s (@) xgr DN s (x2) xg7r(2))
= hSXT(Il,J/l) - hSXT(-rZ,.yZ)
hsxt ((72 1,72 2)(/1’2,72)) = h3x'r(72 112,772}’2)
= /5 (max)) X g7 (2252)
2/ s(x2) X g7(r2)
=h5xT(Iz,J/2)

Hence /¢ X g, =hgyt IS Sl-action on M-N module over U.

3.12Theorem: If /' and hg are Sl-action on M-N module over U, then so is /¢ N hg over U.

Proof: Letx,y€ s and n € N then
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(/s D hs) (m(x+y)) =/ 5 (M(X +y)) N hs(M(x+y))
2/ s )N fs NN s (x)Nhs (7))
=(fs@)Nhe(x NV s)Nhe (7))
=(fs N hs)(x) N(f s N hs)(¥)
(s Ohs)(nX) =[5 (nr ) Nhs(nr)
2 fe (r)Nhg(x) =(f 50 hg)(X).Therefore, (/¢ N hg) is Sl-action on N-module over U.
4.Sl-action on M-N-ideal structures
4.1 Definition: Let S be an M-N module and /£, be a soft set over U. Then £ cis
called Sl-action on M-N-ideal of S over U if the following conditions are satisfied:
@ Sfsmx +p))2/f:(x) 0 fs (V)
i)  fsCEn)=L(0)
(i) /@ +r-2)2/,0)
(iv) Ssnx+y)—nr )2/, (y)forall x,ye S and ne N.
Here, note that
Sfs@+y)2/fsa)n/f)and £ (=x) =/ (x)imply /£ (xr =y) 2 /()N /. (V)
4.2 Example: Consider the near —ring N={0, X, y, z} with the following tables

+ 0 x y z 0 x y z
0 0 x vy z 0 0 0 0 O
X X z Yy X 0 0 0 x
y y z 0 X y 0 x y vy
z z y x 0 z 0 x y z

Let S=N be the parameters and U=2, ,dihedral group, be the universal set. We define a fuzzy soft set /. over

Uby/ () =2, /s(x)={e, 0,60}, /i) ={a, b} fs(z)={4}

Then, one can show that /. is Sl-action on M-N-ideal of S over U.

4.3 Example: Consider the near —ring N={0,1,2,3} with the following tables

+ 0 1 2 3 0 x y z
0 0 1 2 3 0 0 0 0 0
1 1 2 3 0 X 01 0 1
2 2 3 0 1 y 0 3 0 3
3 3.0 1 2 z 0 2 0 2

Let S=N be the set of parameters and U= Z* be the universal set. We define a fuzzy soft set /. over U by
/.0 = {1,2,35,6,7,9,10,11,17}
fsW)=/,3)=1{1357911}

/(@)= {157,911}
Since f,(2.83+1)—-23)=/,21-23)=/,3-3)=/,0 ¢ £, (1)
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Therefore, / ;. is not Sl-action on M-N-ideal over U.
It is known that if N is a zero- symmetric near-ring, then every M-N-ideal of S is also

M-N module of S. Here, we have an analog for this case.

4.4 Theorem : Let N be a zero- symmetric near-ring. Then, every Sl-action on M-N-ideal is

Sl-action on M-N module over U.

Proof: Let /. be an Sl-action on M-N-ideal on S over U. Since /. (n(x +y)- nx) 2/ (y), for all

X, ¥ € S, and neN, in particular for x=0, it follows that /", (n(0+y)-n.0) = /£, (ny-0)=/,(y) 2 /; (¥).

Since the other condition is satisfied by definition-4.1, /. is Sl-action on M-N-ideals of S over U.

4.5 Theorem : Let/, be Sl-action on M-N-ideal of S and /"~ be Sl-action on M-N-ideal of T over U. Then
/ +Nf 7 is Sl-action on M-N-ideal of SXT over U.

4.6 Theorem : If £, is Sl-action on M-N-ideal of S and /- be Sl-action on M-N-ideal of T over U, then
/s X fris Sl-action on M-N-ideal over UxU.

4.7 Theorem : If /£, and &, are two Sl-action on M-N modules of S over U, then /¢ 1 &g is

Sl-action on M-N-ideal over U.

5.Application of Sl-action on M-N-module

In this section, we give the applications of soft image, soft pre-image, lower
a-inclusion of soft sets and N-module homomorphism with respect to Sl-action on
M-N module and M-N-ideals.

5.1Theorem : If £, is Sl-action on M-N-ideal of S over U, then S/={x €S/ £, (X)=/, (0)} is a M-N-ideal
of S.
Proof: It is obvious that 0 € .5/ we need to show that (i) x-y € .5/, (ii) s+x-s € .5/ and
(i) n(s + x)-ns € 5/ for all x,y € 5/ and neN and s€S.
If x, ye 57, then £, (X)=/, (y) = /(0). By proposition-3.1,
f.0) 2/, (xy), f5(0) 2/, (s+x-s), and £, (0) 2/, (n(s+x)-ns) for all x,y € .S/ and neEN and s€S.
Since £, is Sl-action on M-N-ideal of S over U, then for all x, y € .5/ and n € N and s€eS.

(i) £ (MxY)) 2/, () N £ (y) = /5 0).

(i) /5 (s+x-5) 2/, (x) =/ (0).

(i) /5 (n(s+x)-ns) 275 (x) =/, (0).
Hence /. (x-y) = £ (0), £, (5+x-8)=/,(0) and £, (n(s+x)-ns) =/, (0),for all x,y € .S/ and neN and S€S.
Therefore .5/ is M-N-ideal of S.

5.2 Theorem : Let /. be soft set over U and « be a subset of U such that 722 2 £, (0). If /', is Sl-action
on M-N-ideal over U, then /. =“is an N-ideal of S.
Proof: Since /,(0)2 @, then0€ /2% and g # /£, <?2 S. Let x,y € /2%, then /£, (X)2 @ and £, (y)2

«. We need to show that
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() x-y€e =7
(iiys+x-s€ /.27
(iii) n(s + x)- ns € /.27 for all x,y € /,2“and neN and seS.
Since /', is Sl-action on M-N-ideal over U, it follows that
) /s (MX-Y)2/ ()N fs(Y) 2 ana =a,
(i) /,(s+Xx-5)2/,(X) 2 « and
(iii) /£, (n(s+x)-ns) 2/, (X) 2 «. Thus, the proof is completed.

5.3 Theorem : Let /', and /£, be soft sets over U and » be an M-N-isomorphism from Sto T.If /7, is SI-
action on M-N-ideal of S over U, then (/) is Sl-action on M-N-ideal of T over U.
Proof: Let J'1,d, and n€ N. Since y is surjective, there exists 5 1,5, € S such that y(.s 1) = J'; and
x(s2)=d5. Then
W s) (5 -F3)) =V { /() /SES , y(s)=J1-J7 }
=U{/s(5)/s€S,s=r7(F1-d7) }
=U{/s(6)/s€S, 5=y (¥(51-52))= 51752}
sU{/fs(s1-5s)/s5, €ES,u(s,)=0,; .7 =12,...}
2U{ /DN Sfi(s))ls, €S, xs,)=0;,7 =12,...}
:({U {/s(s)/s1€ S,x(s1) = Jl}}n {U s(s/s2€ S,x(s2) = Jz}})
= (/) (01) n((/,)) (62)
Also (/) (J1+d5-01) =U{ /() /SE€ES , (8)=J1+J -1 }
=U{/s()/s€S 5=y H(I1+F-01) }
=U{/5(5)/S€S, 5=y (r(s1tso-51))= 5145751}
sU{f (s1tso-s) /s, €ES,xs,)=0,,7 =12,...}
2U{/ (s2)/52€ S,x(s2) = J3}
=((/,)) (d2)
Furthermore,(y/'5) (N(&',+d2)-nd1) =U { /5(s) / SE S, x(s) =n(J,+J3)-nd'1 }
=U{/,(5)/s€S,s= 7 (n(F1+F2)-nd1) }
=U{/(5)/s€S,s=n(s+ts,)-ns 1}
=U{/fs(s1ts)Nns) /s, €ES,us,)=d,,7 =1,2,...}
2U{/ (s2)/52€ S,x(s2) = J2}
=/ ,)) (d2).
Hence (/") is Sl-action on M-N-ideal of T over U.

5.4 Theorem : Let /', and /, be soft sets over U and y be an M-N-isomorphism from Sto T.
If #,is Sl-action on M-N-ideal of T over U, then #~*(#,) is Sl-action on M-N-ideal of S over U.
Proof: Let 54,5, €Sand ne N. Then
W) (s =5 2)) = (1 (5175 2))
=/ 7r(x (s )5 2))
2/ 700 (s)) N /7 (s2)
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=)V s ).
Also (F (7)) (s1+s2—51) = /7 (s 15— 51))
=/ (s Dtus ) —r(s1)

2/ 7(x(s)) = )5 2)

Furthermore, (7~ (/ 7)) (N(s ;+55) = Ns1) =/ 7(1 (N(s ;+52) —ns1))
=/ (G (s ) +u(s 2)) —nr(s1))

2/ 7 (s)) = )5 2)

Hence, (#*(/)) is Sl-action on M-N-ideal of S over U.

Conclusion: we have defined a new type of M-N-module action on a soft set, called Sl-action on M-N-
module by using the soft sets. This new concept picks up the soft set theory and M-N-module theory together
and therefore, it is very functional for obtaining results in the mean of M-N-module structure. Based on this
definition, we have introduced the concept of Sl-action on M-N-ideal. We have investigated these notions
with respect to soft image, soft pre-image and uppera-inclusion of soft sets. Finally, we give some
application of Sl-action on M-N-ideal to M-N-module theory.

Future Work: To extend this study, one can further study the other algebraic structures such as different
algebra’s like KU-ideals and R- ideals in view of their Sl-actions.
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