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The concept “weak topological 

contraction” and a generalization 

of Banach contraction mappings 

called “p-contraction” has been 

used to prove fixed point theorem 

for orbitally complete mapping 

from a metric space into itself 

satisfying metric p-contraction. 

 

 

 Copyright © 2018 International Journals of Multidisciplinary 

Research Academy. All rights reserved. 

 

 

1. INTRODUCTION-  
Banach [2] proved the following famous fixed point theorem: 

Let X be a complete metric space with metricd and let f be a mapping from X into itself such that there exists 

[0,1)r Î  with ( , ) ( , )d fx fy rd x y£  for every ,x y XÎ  , then f  has a unique fixed point. 

Later this theorem is generalized in several directions. For example Ciric [2] proved a fixed point theorem for 

a quasi contraction. Sujuki and Takahasi [4] also proved a fixed point theorem for a weakly contractive 

mapping which is generalization of Banach contraction principle. Many authors has done the work in this 

field. 

Recently Pathak H.K. [5] has give a result in fixed point theory by using p-contraction mapping, which is 

more general than the key ingredient of the Banach contraction principle. The aim of this paper is to extend 

the work of Pathak H.K.[5]. 

An operator :f X X®  is said to be orbitally continuous if 

 i
n

f x u®  then 

 ( )i
n

f f x fu®  as x ® ¥  

A metric space ( , )X d  is said to be f-orbitally complete if f  is a self mapping of X  and if any Cauchy 

subsequence { }i
n

f x  in orbit ( , )O x f  where x XÎ , converges in X . 

Let ( , )X d  be a metric space. A mapping  
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 :f Y X XÌ ®  

is said to be a metric p -contraction mapping if Y  is f -invariant and it satisfies the following inequality 

 2( ( ), ) ( ) ( , )f x f x p x d x fx£  for all x  in Y  and  

 : [0,1]p Y ®  

Theorem 1: Let ( , )X d  be a metric space and f  is orbitally complete. Suppose :f X X®  be a p -

contraction mapping such that, 

 2 1

2
( , ) ( ){ [ ( , ) ( , ) ( , )]}d fx f x p x d x fy d x fx d y fy£ + +  (1.1) 

and : [0,1]p Y ® , Y XÌ . Then f  has a unique fixed point. 

Proof. Let x  be an arbitrary point of X  construct an iterative sequence 
0

{ }
n n

x ¥

=
 defined by 

0
x x= , 

1n n
x fx

-
=  for n NÎ ; Now using (1.1) we observe 

2

1 1 1
( , ) ( , )

n n n n
d x x d fx f x

+ - -
=   (1.2) 

2 2

1 1 1 1 1 1 1

1
( ) ( , ) ( , ) ( , )

2n n n n n n n
p x d x f x d x fx d fx f x

- - - - - - -

í üï ïé ùï ï£ + +ì ýê úë ûï ïï ïî þ
 

1 1 1 1 1

1
( ) ( , ) ( , ) ( , )

2n n n n n n n
p x d x x d x x d x x

- - + - +

í üï ïï ïé ù£ + +ì ýê úë ûï ïï ïî þ
 

1 1

1
( ) 2 ( , )

2n n n
p x d x x

- -

í üï ïï ïé ù£ ì ýê úë ûï ïï ïî þ
 

1 1
( ) ( , )

n n n
p x d x x

- -
£  

By using property of p -contraction we observe that 

 
1 2 0 0 1 2 3 1 1 2

( , ) ( ) ( , ), ( , ) ( ) ( , )...d x x p x d x x d x x p x d x x£ £  (1.3) 

Continuing this process, we obtain 

 
1 0 1

1

( , ) ( , )
n

n n i
i

d x x p d x x
+

=

£ Õ  (1.4) 

where 
1

1 0
( ) ( ( ))i

i i
p p x p f x-

-
= = , i NÎ . Since  

http://www.ijesm.co.in/


 ISSN: 2320-0294 Impact Factor: 6.765  

626 International Journal of Engineering, Science and Mathematics 

http://www.ijesm.co.in, Email: ijesmj@gmail.com 

 

 
0

max{ ( ), sup ( ( ))} 1.
x X

p x p f x l
Î

£ <  (1.5) 

It follows from (1.4) 

 
1 0 1

( , ) ( , )n

n n
d x x d x x n Nl

+
£ " Î  (1.6) 

For ( , )m n m n N> Î , we have 

1 1 2 1
( , ) ( , ) ( , ) ( , )

m n n n n n m m
d x x d x x d x x d x x

+ + + -
£ + + ×××+  (1.7) 

1 1

0 1
( , )n n m d x xl l l+ -é ù£ + + ×××××+ê úë û

 

0 1
( , )

1

n

d x x
l

l
£

-  

It follows that the sequence 
0

{ }
n n

x ¥

=
 is a Cauchy sequence in X . Since X  is f -orbitally complete, it 

follows that there exists a Cauchy subsequence { ( )}i
n

f x  of { }
n

x  in orbit ( , )O x fx , x XÎ , 

which converges to a point z  in X . We now show that z  is indeed, a fixed point of f . Suppose that 

( )z f z¹ . Since f  is a p -contraction it follows that 

 
2( ( ); ( )) ( ) ( , ( ))

i i i i i
n n n n n

d f x f x p x d x f x£  (1.8) 

sup ( ( )) ( , ( ))
i i

n n
x X

p f x d x f x
Î

£
 

Now taking the superior limit, we get  

2( , ( )) lim sup ( ( ), ( ))
i i

n n
i

d z f z d f x f x
® ¥

= (1.9) 

sup ( ) lim sup ( , ( ))
i i

n n
ix X

p fx d x f x
® ¥Î

£  

sup ( ) ( , ( ) ( , ( ))
x X

p fx d z f z d z f z
Î

= <  

It is a contradiction. Thus z  is a fixed point of f . 

Example 2.1. Let [ 1,1]X = -  equipped with usual metric d . Let  

:f X X®  be a mapping 

defined by 
4

( )
9

f x x= for 0x ³ , ( ) 1f x =  for 0x <  (1.10) 
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Let 

 : [0,1]p X ®  (1.11) 

be a function defined by 
4

( )
9

p x x X= " Î f  is a fundamental p -contraction and it has also fixed 

point at 0x = . 

2( , ) ( ) ( , )d fx f x p x d x fx£    

 
4

2 9
44 4 16

( ) , ( )
9 9 9 81

x
x x

f x f f f x x
æ öæ ö ×÷ç ÷ç ÷÷= = = =ç ç ÷÷ç ç ÷÷çç è øè ø

 (1.12) 

2 4 16 20 4 5
( , ) ( ) ( ; )

9 81 81 9 9

x x x
d fx f x x p x d x fx= - = = × =   

( )p x= .  (1.13) 

References: 

[1] Banach S.: Surles operations dans les ensembles abstraits et leur application aux 
equations integrals, Fund. Math., 3, 133-181, (1922). 

[2] Ciric Lj.: A generalization of Banach’s contraction principle. Proc. Amer. Math. Soc. 45, 
267-273, (1974). 

[3] Meir A. And Keeler E.: A theorem on contraction mappings, MJ. Math. Anal. Appl. 28, 
3126-329, (1969). 

[4] Sujuki T. And Takahashi W.: Fixed point theorems and characterization of metric 
completeness. Appeared in Topol. Methods Nonlinear Anal. 

[5] Pathak H.K., Shahzad Naseer: Fixed points for generalized contraction and applications to 
control theory. Non linear Analysis 68, 2181-2193, (2008). 

 

http://www.ijesm.co.in/

