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Abstract 

The present paper deals with the theory of [0, 1] valued maps defined on a nonempty set X. We 

have concentrated over the study of two types of functions, viz. tight functions and smooth 

functions. The notions of lower and upper envelopes of a function  defined on a sublattice K of 

XI  are introduced, and are extensively used to prove several results.  Finally it is obtained that 

every supermodular and smooth from above function can be extended to an inner regular quasi*-

measure. 

Introduction 

In measure theory, a basic procedure is that of extending the notion of a "measure" on a 

given class of sets to a larger class of sets. Kelley, Nayak and Srinivasan [4] proved that a 

nonnegative real valued function  defined on a lattice A of sets is a premeasure (meaning that it 

extends to a countably additive measure on a -ring of sets containing A) provided  is tight and 

continuous at . The extension of this theorem to the case of a real valued (not necessarily 

nonnegative real valued) function is dealt in [9]. In 1981, Morales [8] established a quite general 

extension theorem for a uniform semigroup-valued tight set function  on a lattice L, the domain 

of extension being the -ring generated by L. He also discussed the extension of  on the -

algebra of locally L-measurable sets. The problem of generation of measures by tight functions 

defined on a lattice of sets has been taken up by several workers [2, 6, 10, 11, 12]. Adamski [1] 

proved that every nonnegative, semifinite, smooth at , tight function defined on a lattice of sets 

can be extended to an inner regular measure. Besides proving results on the approximation of 

measurable sets by members of a lattice A, Kelley and Srinivasan [5] proved that every function 

 RA: , which is tight and smooth from above at  is a premeasure (here A is closed under 

countable intersections). In [9], a weaker condition for tightness than in [5] is used, aiming at its 
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adaptation to the vector valued case. Recently we have obtained a Jordan decomposition type 

theorem for a weakly tight function under suitable conditions [7].  

           In Section 2 of this paper we have proved a theorem on characterization of a modular  [0, 

1] valued function  defined on a lattice K of elements in XI . The notions of lower and upper 

envelopes of , introduced in this section, are extensively used in the rest of the paper. These 

notions lead to the definition of a tight function, a particular case of a -tight function which 

turns out to be monotone and modular. 

           Section 3 deals with the study of functions which are smooth from above and we also 

obtain that if IK:  is smooth from above, then for any Kf , its upper envelope )(* f  

can be expressed as the limit of the sequence 

1)}({ nnf , where 


1}{ nnf  is a sequence in K 

decreasing to f. While giving the notion of a ̂ -function with the help of upper envelopes, we 

observe that ̂  is K -inner regular. Finally, it is proved that every supermodular and smooth 

from above function defined on K can be extended to a K -inner regular quasi*-measure. 

Notations. Throughout this paper, X denotes a nonempty set and I [0, 1] is the closed 

unit interval of the real line R; C denotes a subfamily of 
XI  of all functions from X to I; K stands 

for a sublattice of XI  containing the least element 0 and the greatest element 1, where 0 and 1 

are constant functions sending each xX to 0 and 1 respectively; IK: and II X :  

denote functions satisfying  (0) = 0 and  (0) = 0. We call the triple (X, K, ) a premeasure 

space. The family of all countable meets of elements in K is denoted by K .  

2.   Measuring Envelopes and Tight Functions 

           Let C XI  be a lattice and  : CI be a function. We call monotone if, gf , C, 

)()( fgfg   . The function  is to be called modular if

 gfgfgfgf ,),()()()(  C. A function IK: is called semifinite if, for 

every f K,  .,:)(  sup)( K gfggf   

Proposition 2.1. Let ),,( KX be a premeasure space. The function  is modular if and only if 
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)()()()( 2211 gfgf   ,                                                   2.1.1 

 where 2121 ,,, ggff K with 2211 gfgf  and 2211 gfgf  . 

Proof. Let  be modular. For 2121 ,,, ggff  K such that 2211 gfgf  and 2211 gfgf 

,we have )()( 2211 gfgf   , and so

)()()()()()( 22221111 gfgfgfgf   .Since 2211 gfgf  , we get

)()()()( 2211 gfgf   . 

Conversely, let (2.1.1) hold. Let gf ,  K. Since  )()( gfgf  gf   and

))()(( gfgf  gf  , (2.1.1) yields ),()()()( gfgfgf    i.e.  is 

modular. 

Proposition 2.2. Let  : K  I be a function. Suppose that K2121 ,,, ggff , 

2121 , ggff  and 1212 ggff  . If  satisfies )()()()( 1212 ggff   , 

then  is modular. 

           Proof. Let gf ,  K. Since ),()( gfgfgf  we get )()( fgf  

),()( gfg   or ).()()()( gfgfgf    

Definitions 2.3. We define II X :* and 

sup)(* f {  gfgg ,:)( K } 

and 

)(* f inf {  ggfg ,:)(  K }, 

for 
XIf    and call *

*  and  the lower envelope and the upper envelope of respectively. 

We obtain: 

  (i) )(0)( *
* 00   ; 

 (ii) both *
*  and   are monotone; 

(iii) KK  |  | *
*   ; 

(iv)  is semifinite iff  is monotone iff | *  K *  | K . 
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Definitions 2.4. Let  : KI and  : II X   with  (0) = 0 and  (0) = 0. Then  is called -

tight if 

 211212 ,),()()( ffffff   K , 21 ff  . 

The function  is called tight if  is * -tight. 

           Proposition 2.5. Let  be -tight. Then 

(i) is an extension of ; 

(ii) is monotone; 

(iii) is modular. 

Proof. We shall proved only (iii). 

 (iii) Let 21, ff K. Since )()( 211221 ffffff  , we get     

)()()( 221221 ffffff   )( 211 fff   )()( 211 fff   . 

 

Definitions 2.6. Let II X :  be a function with  (0) = 0. We call XIf  -

measurable if 

)()()( fggfgg    

for all g in XI . The family of all -measurable functions is denoted by M (). We define 

M } allfor  )()()(:{);( KK  gfggfggIf X  ; 

and, for D XI , F(D) =  gfIf X :{ D, for all gD}. 

              We obtain : 

 (i) The functions 0 and 1 are -measurable. 

(ii) If f is -measurable, then )()()( ff   1 , for )(1 )()( ff  111  . 

Here ff  1 . 

Proposition 2.7.If K  M (; K ) and  is an extension of , then  is -tight. 

           Proof. Let 21, ff  K with .21 ff  Then 21, ff M(; K ) and so, for any g K ,                                      

.2 ,1  ),()()(  ifggfgg ii  Consequently,

)()()()( 2122122 fffffff    = ),()( 121 fff   showing that  is -tight. 
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           Proposition 2.8. Let II X :  satisfy (0) = 0. Let  be -tight. Then 

(i) K M (; K ); 

(ii) for any D XI with K  D  M (; K ), F(D)  M(; K ). 

           Proof. (i) Since  is -tight, by Proposition 2.5,  is an extension of . Let fK . Then, for 

any g  K, )()()()( fggfggg    )( fg )( fgg  . Hence K 

M(; K ). 

(ii) Let gF(D). Then  gf D  M(; K ), for each f D. Let h K . Then h D, and 

so  gh M(; K ). Also 

)()()( ghhhghhh   ),()( ghhgh    

which yields that g  M(; K ). 

 

Theorem 2.9 . Let  be monotone. Then the following statements are equivalent: 

(i)  is tight. 

(ii) K M (*; K ). 

(iii) F(K  )  M ( *; K ). 

Proof. Since  is monotone, by (2.3) (iv), * | K =  . 

(i)  (ii). Follows from Proposition 2.8 (i). 

(ii)  (i). Follows from Proposition 2.7. 

(ii)  (iii). Let  g F (K  ).  Then, for  each  hK,  gh  K ) ;( * KM  .  

Hence, for hK , )()( ** ghhgh   )(* h , i.e. g M (*; K  ). 

Finally, since K F (K  ), (iii)  (ii) holds. 

           Similarly, we obtain the following : 

           Proposition 2.10.Let  be monotone. Then (i)  (ii)  (iii), where 

(i) F (K  )  M (*); 

(ii) K M (*); 

(iii) is tight. 
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Smoothness From above and Quasi*-Measure 

           Definition 3.1. LetC XI . A function  : CI is called smooth from aboveat f C if  is 

monotone and, for any sequence 

1}{ nnf in C with ,ffn   

).()(lim ffn
n

 


 

If  is smooth from above at each fC, then  is to be called smooth from above. 

           Remark 3.2. A function  : KI is smooth from above at fK  if and only if  is 

monotone and, for any sequence 

1}{ nnf in K with ,ffn   

 ggf :)(inf{)(   K  and nfg  for some n }. 

           Definition 3.3. We call a family C XI semicompact if, every sequence in C having 

finite meet property (i.e. any finite subcollection of C has nonzero meet) has nonzero meet. 

           Theorem 3.4. If : K  I is monotone and K is semicompact, then  is smooth from 

above at 0. 

           Proof. Let 

1}{ iif be a sequence in K with if 0. Then  if 0. Since K is semicompact, 

fn = 0 for some n, and so 0)( mf for mn. Thus ,0)(lim 


n
n

f  showing that  is smooth at 

0. 

           Lemma 3.5.Let  : K  I be smooth from above. Then, for any f  K, there exists a 

sequence

1}{ nnf in K such that .}{ ffn  For each such sequence ).(inf)(*

n
n

ff    

Proof. Let f K. Then n
n

hf





1
for some sequence }{ nh in K, which yields a sequence 


1}{ nnf

in K such that .ffn   

Let gK such that .gf  Then gfg n  }{  and so .)(
1

gfg n
n





 Since  is smooth 

from above, we have ).()(inf)(lim gfgfg n
n

n
n

 


Also, since  is monotone,

)()( nn fgf   , for each n, which implies that ).()(inf gfn    Consequently, 
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).()(inf * ffn    Next, for any Nn , we have ,nff  and so )()( **
nff   ).( nf  

Hence )(inf)(*
n

n
ff   . Thus ).(inf)(*

n
n

ff    

           Definition 3.6. We define II X :̂ by  

 gfggf ,:)(sup{)(ˆ * K}, XIf  . 

We obtainthe following : 

(i) ̂ (0) = 0 and ̂ is monotone. 

(ii) *ˆ   . 

(iii) ̂ | K = * | K; in particular, ̂ |K = * |K. 

(iv) If is monotone, then ̂ |K = , i.e. ̂ is an extension of . 

           Proposition 3.7.If K = K,then  

(i) *
ˆ   , 

(ii)  is semifinite  .ˆ
*   

           Proof. (i) Let XIf  and gK with .fg   Since * | K * | K and *  is monotone, we 

get ).()()( **
* fgg    Hence ).()(ˆ * ff    

(ii) For XIf  , using 2.3 (iv), we get ).()(ˆ * ff    

           Theorem 3.8.If : KIis smooth from above, then * |K is smooth from above. 

           Proof. Suppose that 

1}{ nnf is a sequence in K and  ffn K. For each n, we obtain a 

sequence 

1}{ mnmf in K such that nmnm ff 

1}{ and ).(lim)(*
nm

m
n ff 


  For ,Nn  set 

nnnnn fffg  ...21 . Then ng K, }{ ng is decreasing, nn fg  for all n, and 

.lim: ffggg nnn   Also nkn gf  for nk  . Therefore .lim gff kn
n

k 


It follows 

that kff  g. Thus f = g. We obtain, by Lemma 3.5,          

).(lim)(lim)(lim)( ***
n

n
n

n
n

n
fggf 
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Also, since nff   for each n, and * is monotone, we conclude that ).(lim)( **
n

n
ff 


 Thus 

)(lim)( **
n

n
ff 


 , i.e. * | K is smooth from above. 

Definition 3.9. Let C XI be a lattice. Then  : C I is called supermodular 

(submodular respectively) if, for gf , C, )()()()( gfgfgf    

)()()()(( gfgfgf    respectively). 

           Proposition 3.10. (i) If  is supermodular, then * is supermodular. 

(ii) If  is submodular, then * is submodular. 

           Proof. (i) Let XIff 21, . For 0 , we obtain 21,gg K, 11 gf  , 22 gf  such that

)(2/)( 11* gf   and ).(2/)( 22* gf    It follows that 

)()()()( 21212*1* ggggff   ).()( 21*21* ffff    

Since  is arbitrary, we get ).()()()( 21*21*2*1* ffffff    

Proof of (ii) follows analogously. 

           Theorem 3.11.Let :KI be smooth from above. Then (1)  (2)  (3), where  

(1) is supermodular ; 

(2) * | Kis supermodular ; 

(3) (a) ̂ is supermodular ;  

     (b) ̂ is smooth from above. 

           Proof. (1)  (2). Let  be supermodular. Let gf ,  K. Then, by Lemma 3.5, there exist 

sequences 

1}{ nnf  and 


1}{ nng  in K such that ff n  , ggn  , 




n
f lim)(* )( nf  and 

)(lim)(*
n

n
gg 


 . Since )()( gfgf nn  , gfgf nn  )(  and  is supermodular, we 

obtain using Lemma 3.5,  

)(lim)(lim)()( **
n

n
n

n
gfgf 


 ).()( ** gfgf    
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           (2) (3) (a). Let XIgf , . For > 0, we obtain 
21,hh in K such that ghfh  21 , ,  

)(2/)(ˆ 1
* hf    and ).(2/)(ˆ 2

* hg    It follows that 

)()()(ˆ)(ˆ 2
*

1
* hhgf   ).(ˆ)(ˆ gfgf    

Since  is arbitrary, we get 

).(ˆ)(ˆ)(ˆ)(ˆ gfgfgf    

(2)  (3) (b). Suppose that 

1}{ nnf is a sequence in 

XI such that  fffn ,}{ IX. Since 

̂  is monotone, we have ),(ˆ)(ˆ ffn    for each n, which yields ).(ˆ)(ˆlim ffn
n

 


 

We proceed to prove that ).(ˆ)(ˆlim ffn
n

 


 Let > 0. We choose ng  Ksuch that 

nn fg  and 

... ,2 ,1  ,2/)(ˆ)(*  nfg n
nn   .                             (3.11.1) 

Put nn gggh  ...21 . Then nh  K and  hhn}{  K. Now, by (3.11.1), we get

.2/)(ˆ)()( 11
*

1
*   fgh  Since * | K is supermodular, using (3.11.1), 

)()( 21
*

2
* ggh   ).2/2/()(ˆ 2

2   f  

Suppose that 



m

i
imm fh

1

*

2
)(ˆ)(


 . Using supermodularity of *  on K  and (3.11.1), we 

obtain 

)()( 1
*

1
*

  mmm ghh  )()()( 1
*

1
**

  mmmm ghgh   




 
m

i

mmmmim ffff
1

111 )(ˆ  
2

  )(ˆ

2
)(ˆ 





  






 
1

1

1 .
2

)(ˆ
m

i
imf


  

Thus, by induction, we deduce that  





n

i
inn fh

1

* ,
2

)(ˆ)(


   for all n.                         (3.11.2) 
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Note that, since ,nn fg   for all n, ffghh n
n

n
n

n
n












 111
. Also, by Theorem 3.8, * | K 

is smooth from above. Hence, by (3.11.2), we obtain 

)(lim)()(ˆ **
n

n
hhf 


   )(ˆlim nf , 

 and therefore ).(ˆlim)(ˆ n
n

ff 


 Thus ̂ is smooth from above. 

           Definition 3.12. Let C XI . We call a function II X : C-inner regular if, for each 

XIf  ,  

 gfggf ,:)(sup{)(  C}. 

           Proposition 3.13. The function ̂ isK-inner regular. 

           Proof. Since * | K = ̂ | K, the result follows. 

           Definition 3.14. We call a supermodular, smooth from above function II X :  a 

quasi*-measure on X if  (0) = 0, and call the pair ) ,( X , a quasi*-measure space. 

           Theorem 3.15.Every supermodular, smooth from above function defined on a lattice K in 

XI  containing 0 and 1, can be extended to a K -inner regular quasi*-measure on 
XI . 

           Proof. Follows from Definition 3.6 (i), Theorem 3.11 and Proposition 3.13. 
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